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PREFACE 


Nonlinear equations come to us in tremendous variety, each with its own 
questions and its own difficulties. At one extreme are the completely integrable 
equations, with constants of the motion and a rich algebraic structure. At the 
other extreme is chaos, with turbulent solutions and statistical averages. 
Between these two possibilities, algebraic and ergodic, lies the full range of 
nonlinear phenomena. There are smooth solutions which develop shocks, or 
bifurcate, or maintain slow and nearly periodic variations that imitate the linear 
theory. Each of these questions requires a separate treatment, and the subject 
would be simpler if we know for every equation which behavior to expect. 

Nevertheless these equations, the nonlinear partial differential equations 
which arise in applications, share one crucial property. They are all vulnerable 
when the right pattern in found. It is a slow process, to uncover and reveal their 
structure, but it is moving forward. 

The papers in this volume reflect a part of that progress. They were 
presented at the U.S.-Japan Seminar in Tokyo in July 1982. 

One goal of the seminar was to establish personal contact among those 
mathematicians who are actively working for these difficult but fascinating 
equations in the U.S. and in Japan. The other goal was a wider one, that is, to 
invoke most advanced scientific talks and discussions on major topics in this 
developing field of applied analysis. 

Thanks to the cooperation of all participants from the U.S., Japan, and 
some third countries including China, the seminar was successful in both sense 
mentioned above and we believe that these proceedings of the seminar which 
contain all papers delivered there will contribute much to the progress of the 
study of nonlinear problems. 

Finally, we, who served also as the coordinators of the seminar, wish to 
express our gratitude to the governmental agencies, i.e., National Science 
Foundation and Japan Society for the Promotion of Science, for their support 
and to industrial companies in Japan for practical assistances which they gave as 
institutional participants. Last but not least, our gratitudes go to all of our 
committee members and staff members of the secretariat of the seminar for their 
enthusiasm and devotion. 


September 15, 1983 
H. FUJITA 


P. D. LAX 
G. STRANG 
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CONSERVATION LAWS AND THE WEAK TOPOLOGY 


Ronald J. DiPerna 


Duke University 
Durham, North Carolina 27706 


We shall discuss some results concerning the convergence of 
approximate solutions to hyperbolic systems of conservation laws. 
The general setting is provided by a system of n conservation 
laws in one space dimension, 


(1) uy + Flu), = 0 


where u = u(x,t) @€ R” and f£ is a smooth nonlinear map from R” 
to R . We assume that f is strictly hyperbolic in the sense 


that its Jacobian has n real and distinct eigenvalues 
A, (a) < Ao Cu) BeBe SE Af). 


With regard to approximation, one is interested in sequences of 


approximate solutions generated by parabolic systems 


uy + flu), =eD Wye US u, (x,t) 
and by finite difference schemes 
d,u + df (u) = 0, ue= Ujy (Xt), 


which are conservative in the sense of Lax and Wendroff [8]. A 
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standard strategy for convergence seeks to establish uniform esti- 
mates on both the amplitude and derivatives of the approximate solu- 
tions in appropriate metrics and then appeal to a compactness argu- 
ment to produce a subsequence that converges in the strong topology. 
One may regard convergence of the entire sequence as a question of 
uniqueness of the limit. We recall that in the setting of hyper- 
bolic conservation laws the maximum norm and the total variation 
norm yield a natural pair of metrics in which to investigate the 
stability of the solution. The L” norm measures the solution 
amplitude and the total variation norm measures the solution grad-~ 
ient. Their relevance for conservation laws is established by the 
following theorem of Glimm [5] dealing with the stability and con- 
vergence of the approximate solutions generated by his random 


choice method applied to the Cauchy problem. 


Theorem 1. If the total variation of the initial data Ug (x) is 
sufficiently small then a sequence of random choice approximations 
Uy, converges pointwise almost everywhere to a globally defined 


distributional solution u maintaining uniform control on the am- 


plitude and spatial variation: 
Ju,,(ert)],, < const. lugl.s 


TV Uay frst) < const. TV u 


0° 
The constants are independent of the mesh length and depend only on 
the flux function f. 

The proof is based on a general study elementary wave inter- 
actions in the exact solution and in the random choice approxima- 
tions Urge It remains an open problem to prove or disprove the 
corresponding estimates for conservative finite difference schemes 


and parabolic systems. In the latter direction we refer the reader 
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to [3] which contains an analysis of discrete wave interactions in 
conservative schemes together with a stability and convergence 
theorem for a class of methods involving the hybridization of the 
random choice method with first order accurate conservative methods. 

Here we shall discuss new compactness theorems for sequences 
of approximate solutions generated by diffusive systems and conser- 
vative difference schemes. The proof involves the theory of com- 
pensated compactness which originates in the work of Tartar [11] and 
Murat [9,10] and the main step provides a proof of a conjecture of 
Tartar [11]. The analysis appeals to the weak topology and aver- 
aged quantities rather than the strong topology and the fine scale 
features. Regarding the weak topology and the elliptic conserva- 
tion laws of elasticity we refer the reader to the work of Ball [1]. 
The principle statement is that for a class of approximation 
methods, which respect the entropy condition, ae stability alone 
implies convergence. Gradient estimates are not required to pass 
to the limit in the nonlinear functions. 

We shall first recall some background involving Tartar's work 
on weak convergence and compensated compactness. Consider a se- 


quence of functions 


uy ly): R™ + R® 


which is uniformly bounded in L°. It is well-known that one may 
extract a subsequence which converges in the weak-star topology of 


ios) 


Li: 
lim des u,(y)dy = I u(y) dy 


for all bounded BCR”. We recall that in general the sequence 


un need not contain a strongly convergent subsequence, i.e. a sub- 


sequence converging pointwise a.e. to u. In particular, if g is 
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a real-valued map on R™ 


lim gu, (y)) # g(u). 


However, after passing to subsequence, composite weak limits may be 
represented as expected values of associated probability measures 

in the following sense. There exists a subsequence of Un {still 
denoted here by u,) and a family of probability measures over the 


n 
range space R, 


such that for all continuous g: R > R, 


li = A)da Xr a 
ee g(u, (y)) Jn g(h) vy ) 


The limit on the left hand side is taken in the weak-star topology 
of Land equality holds for almost all y in R", Here A de- 
notes a generic point in the range space R". This result stems 
from the work of L. C. Young and was first used in the setting of 
conservation laws by Tartar [11]. It is not difficult to show that 


strong convergence corresponds to the case where the representing 


measure Yy reduces to a point mass concentrated at uly): 


= 6 
Yy u(y} 
More generally, the deviation between weak and strong convergence 
is measured by the spreading of the support of vp If g is 
Lipschitz then 


|g(lim uj) - lim g(u,)|,, < const. es diam spt v, 


In the framework of conservation laws, the goal is to show that the 


representing measures associated with a family of exact or approxi- 
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mate solutions reduces to a point mass or is contained in a set 
whose geometry allows one to deduce the continuity of the special 
nonlinear maps appearing in the equations. In the case of a scalar 
conservation law Tartar [ll] has shown that Yy reduces to a point 
mass if f is convex and that, in general, Yy is supported on an 
interval where f is affine. Here we shall discuss the reduction 
of v for strictly hyperbolic systems of two equations with non- 
degenerate eigenvalues. The analysis is based on a study of the 
Lax progressing entropy waves in state space [7], specifically on 
connections between their structure and the structure of wave pat- 
terns in the physical space, cf. [2] for details and additional 
references. We also refer the reader to Lax [6] which contains a 
discussion of the scalar conservation law and the viscosity method 
in the setting of the weak topology. 

Before discussing the general case we shall cite an example. 
Consider the equations of elasticity in Lagrangian form with arti- 


ficial viscosity 


XxX 


t x xX 


and assume that o' > 0 while sgn vo” > 0. Given initial data 
in om there exists for each fixed e« a globally defined solution 
the amplitude of which remains uniformly bounded as the viscosity 


parameter ¢ vanishes, 
ju(+,t)| + Iv(+,t) |, < const. 


Here the constant depends only on o and iin the L norm of the 
data. The bound follows from the presence of invariant regions in 
the state space [14]. We claim that by appealing only to the ie 


stability and the entropy condition, one may extract a subsequence 
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(u ru, ) which converges pointwise a.e. to a globally defined 
k k 


distributional solution of the associated hyperbolic system 


I 
°o 


ur ov), 


(2) 


A similar result can be established for a class of first order 
finite difference schemes which are based on averaging the Riemann 
problem, e.g. the Lax-Friedrichs scheme and Godunov's scheme. 

The source of the compactness in the strong topology lies in 
the nonlinear structure of the wave speeds and in the dissipation 
of generalized entropy along propagating shocks. We shall first 
recall the notion and some basic properties of generalized entropy 
as for mulated by Lax [7]. Consider a system of n_ conservation 


laws (1). A pair of real-valued mappings on the state space R” 


n: R” +R; q: R” > R 


is called an entropy pair if all smooth solutions of (1) satisfy an 


addition conservation law of the form 
(3) n(u), + q(u), = 0 


For the purposes at hand we shall restrict our attention to the 
class of systems having an entropy pair with n strictly convex. 
As observed by Lax and Friedrichs [15] this class includes the 
basic systems of continuum mechanics. Furthermore, Lax [7] showed 
that all strictly hyperbolic systems of two equations has at least 
a locally defined strictly convex entropy and that a broad class 
has a globally defined strictly convex entropy. The basic compati- 
bility condition which links the entropy n to its flux g_ may 


be derived as follows. Suppose u(x,t) isa ct solution and 
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consider the quasilinear forms of the systems of conservation laws 


(1) together with the extension (3): 


u 
oS 


uy + VE(u)uy 


t 
o 


Yn (a) u, + Vq(u)u, = 


By replacing the time derivative of u by the spatial derivative 


we find that (3) is equivalent to 
{=-Vn(u) V£(u) + Vq(u) tu, = 0 


Hence the condition 


(5) VYn(u) VE(u) = Vq(u), u € R® 


is a necessary and sufficient for the existence of an entropy pair. 
We observe that (5) represents a system of n linear, variable 
coefficient partial differential equations in two unknowns yn and 
q. If n> 2 it is formally over determined but fortunately has 
a (convex) solution in the setting of mechanics. Concerning the 
structure of (5) we recall the observation of Loewner that the 
compatibility condition (5) retains the same classification as the 
original system (1). In our setting the demonstration that (5) is 
hyperbolic is straightforward: consider the right eigenvectors of 


the Jacobian of £ 
VE( r. = A, : 
u) (a) (u) r (u) 


Taking the inner product of (5) with rs immediately yields the 


characteristic form of (4): 


Os Yn - Vq) ° ry =0, j=1,2 


In the following discussion we shall be mainly interested in the 


determinate case n = 2 which can be illustrated with a variety of 
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examples. In particular, it is useful to keep in mind that the 
smooth motion of an elastic medium which conserves mass and momen- 


tum also conserves mechanical energy. For system (2) one may take 
1 ' 
n=zZu + Z(v), @'(v) = o(v) . 


The convex function nN serves as a generalized entropy for (2) 


with generalized entropy flux 
q = u Lv) 


The identity (5) states the time rate of change of mechanical ener- 
gy is balanced by the rate at which the stress tensor performs work. 
Within the class of conservation laws with a convex extension 


it is standard to impose the Lax entropy inequality 
(6) n(u), + qa), < 0 


on weak solutions u(x,t) for the purpose of distinguishing the 
physically relevant weak solutions from the set of all possible weak 
solutions. Solutions satisfying (6) are called admissible. We note 
that the distributional inequality is meaningful if u is merely a 
locally bounded function. For our current purposes we shall re- 
strict our attention to weak solutions which lie in the space 

L’ BV. Here BV denotes the class of functions of several vari- 
ables which have bounded variation in the sense of Cesari, i.e. 
first order partial derivatives representable as locally bounded 
Borel measures [4,12]. Experience with conservation laws has shown 
that L ABV is a natural function space for the solution opera- 
tor. In this connection we note that solutions constructed by the 
random choice method lie in the space L 9 BV by virtue of the 
Stability estimates of theorem 1. Within L” 9 BV. one can demon- 


strate that the measure 
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def. 


8 = n(a)y + atu), 


is concentrated on the shock set of [(u) the solution u, i.e. 
the set of points of discontinuity and consequently that the entropy 
inequality (5) holds if and only if all shock waves in u dissipate 


generalized entropy: 


8,(E) < 0 


for all Borel ECYT(u). This inequality reduces to the second law 
of thermodynamics in the setting of fluid flow. Finally, we shall 
restrict attention to systems with non-degenerate eigenvalues, i.e. 
systems for which the wave speeds are monotone functions of the 
wave amplitudes, Technically we assume that ay is monotone in 


the corresponding eigendirection: 


i OVENS 5 
(7) rs V 5 # 0 


We note that the genuine nonlinearity condition (7) introduced by 
Lax [16] is satisfied by several systems of interest: the isentro- 
pic equations of gas dynamics for a polytropic gas, the equations 


of shallow water waves, the equations of elasticity if o" # 0. 


Theorem 2. Consider a strictly hyperbolic genuinely nonlinear sys- 
tem of two conservation laws with a strictly convex entropy. Sup- 


pose u, is a sequence of admissible solutions in fo Ce BYS~ Ee 


lu,l <M 
n'y — 


where the constant M is independent of n, there exists a sub- 
sequence that converges pointwise a.e. to an admissible solution. 


Thus the exact solution operator restricted to admissible 


1 


- The 
loc source 


solutions forms a compact mapping from L to L 
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of the compactness lies in the loss of information associated with 
admissible shock waves and in the nonlinear structure of the eigen- 
values. We emphasize that the compactness is established without 
derivative estimates. 

Next, we shall discuss the compactness of solution sequences 


generated by diffusion processes 
(8) u 


where for simplicity D is a constant n* n matrix. In order to 
ensure correct entropy production in the limit as ¢« vanishes, it 
is sufficient (and nearly necessary) to require that the diffusion 
matrix D be non-negative with respect to the second derivative of 


nN, i.e. 


With regard to the general question of admissibility shock struc- 
ture and proper diffusion matrices we refer the reader to R. Pego 


[17,18]. 


Theorem 3. Suppose f is a strictly hyperbolic genuinely non- 
linear map on R? with a strictly convex entropy mn and suppose 
that the diffusion matrix D is positive definite with respect to 


Ven. If u, is a sequence of smooth solutions to (8) satisfying 


there exists a subsequence which converges pointwise a.e. to an 
admissible solution u of the associated hyperbolic system (1). 


Hence the solution operators Ss. of the parabolic system (8) 


provide a family of mappings which is compact from L to em 
uniformly with to ¢. The compactness present at the hyperbolic 


level is preserved uniformly in ¢€ provided that the diffusion 
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matrix enduces favorable entropy production in the limit. 

In the setting of continuum mechanics we recall that the stan- 
dard diffusion matrices are merely positive semi-definite because 
mass diffusion is neglected. However with additional work one can 


establish the corresponding result. 


Theorem 4. Suppose that (9. ,U,) is a sequence of smooth solu- 


tions of compressible Navier-Stokes 


de (pu) | = 0 


(pu), + (pu? + plp)), = eu, 


for a polytropic gas p=Ap', y > 1. If the flow is uniformly 


bounded and avoids the vacuum state, i.e. 


O<m<p, <M and Ju. | <M, 


then there exists a subsequence which converges pointwise a.e. to 
an admissible solution of the compressible Euler equations. Wenote 
that the compressible Euler equations losses its strict hyperboli- 
city at the vacuum state. It is an interesting open problem to 
establish the corresponding result without the hypothesized uniform 
lower bound on the density p. At a more fundamental level, it re- 
mains an open problem to prove uniform L estimates in general 
circumstances. For example in the case of hyperbolic systems (1), 


it remains an open problem to prove that 


(9) lu(+,t) |. < const. Jug! 


for admissible solutions in L BV with small data. The esti- 
mate (9) is motivated by physical considerations but has only been 
verified for solutions constructed by the random choice method. 


The proof of the theorems described above utilizes the theory 
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of compensated compactness. In this connection we refer the reader 
to the work of Tartar [11] and Murat [9,10] and to the forthcoming 
Proceedings of the NATO/LMS Advanced Study Institute on Systems of 
Nonlinear Partial Differential Equations held at Oxford 1982 and 
organized by J. Ball et al. Here we shall simply mention one of 

the problems which the theory addresses: characterize the nonlinear 
functions g(u): R” + R which are continuous in the weak topology 
when restricted to sequences of functions uy ly): R™ + R” which 
satisfy linear constant coefficient partial differential con- 
straints. As an example we mention a result from electrostatics 


which historically motivated the general theory. Consider vector 


fields 


converging weakly in L 


Suppose that the expansion in 24 is controlled as well as the 
rotation in w, to the extent that both the sequences of distri- 


butions 
div z and curl w 
n n 


lie in a compact subset of the negative Sobolev space eae Here 
distinguished linear combinations of partial derivatives are com- 
pact after the loss of one derivative. Under these circumstances 


there is precisely one smooth real-valued function $(z,w) which 


is continuous in the weak topology, i.e. satisfies 
¢(z,w) = lim $(z Ww.) , 


and its given by the inner product 
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o(z2,w) = <zZ,w>. 


Although, in general, the individual terms zJw? of the inner pro- 
duct are not weakly continuous, there exists compensation among the 


terms of the sum 


3 aaene 
<Z,w> = 2- zIw 


which allows for weak continuity. From the point of view of elec- 
trostatics, there is precisely one quantity, the electrostatic 
energy density which can be measured, provided one agrees that the 
process of measurement is modeled by averaged quantities. 

For the purpose of applications to conservation laws, let us 


recall the duality between the divergence and the curl in the plane, 
div z = curl z* 


where z* denotes the orthogonal complement of z and consider 
the basic entropy inequality formulated with respect to two dis- 
tinct entropy pairs (nj +5) j = 1,2. If, for example, uy is a 


sequence of admissible weak solutions in L’ 9 BV it can be shown, 


by appealing to Sobolev embedding, that the sequence of distribu- 


tions 
nay) + q(u,) 
Aa x 
lies in a compact subset of Beet if nn is convex and consequent- 
ly that 
-{u_) + qg.(u_) 
ns (uy : 95 ()) 
lies in a compact subset of Hee for arbitrary (N45 +d5)- Thus 
the divergence of the entropy field (ny +4q) and the curl of the 


cate 


entropy field (—qysNy) both lie in a compact subset of Hic’ 
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The continuity of the inner product yields a commutativity relation 
for the representing measure v. For all entropy pairs (yrd4)s 
j = 1,2 we have 


(9) <VsNydo - 199)? = <V iN? SV 1 G9? * <ViNg?<Vi dy? 


where \v denotes representing measure at an arbitrary point, i.e. 
v= VG Oo Tartar showed that (9) implies v is a Dirac measure 
for a genuinely nonlinear Scalar conservation law. In [2] it is 
shown using the Lax progressing entropy waves that (9) implies that 
v is a point mass for general genuinely nonlinear systems of two 
equations and for the special case of elasticity which has a linear 


degeneracy alone an isolated curve. 
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$1. Introduction 


Global phenomena of pattern formation in systems of reaction-diffusion equa- 


tions is the main theme of the present paper. The system is written as 


u, = dju_. + f(u,v) 
oa in (t,x) € (0,4) x I, 
(P) vo divx + g(u,v) 
Oe 0 on (t,x) € (0,40) x al, 


where I = (0,7), and 3I its boundary. The system (P) is assumed to possess 

Turing's diffusion induced tnstability, which appears typically in mathematical bi- 

ology [7]. In other words, we are interested in the structure of global bifurca- 
2 


tion diagram - "global" with respect to the two diffusion parameters (d, 5d.) eR, - 


of the following stationary system : 


dju.. + f(u,v) 0, 
(SP) mics in I, 


0, 


1 
a Ke g(u,v) 


with the boundary conditions (P), on 91; here, we put qd, = l/a. 
The system (P) has been studied by a number of authors from various kind of 
viewpoints. In particular, the bifurcation theoretic work of Mimura, Nishiura and 


Yamaguti [3] has motivated the studies which succeed, such as Mimura, Tabata and 


Hosono [4] who studied the singular limit d) + Oof (SP) using the singular perturbation 


17 
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technique; the second author [5] has obtained a complete bifurcation diagram with 
respect to dy of (SP) in the limit case qd, t +@(i.e., @ ¥ 0}. His limit system is 
called the shadow system. The first author has developed a new numerical algorithm 
to detect and trace all bifurcating branches using a group theoretic method [2]. 
Fujii, Mimura and Nishiura [1] studied local structures of (SP) near double bifur- 
cation points (adopting a group theoretic argument), and drew a global picture of 
bifurcation diagram, integrating the above analytical and numerical results. 
The purpose of this paper is, in part, to give a survey of those works, and 
in part, to describe new results which have been obtained after the publication of 
{1]. Our method is based on the study of: 
(1) local structure at double bifurcation points introducing the Lie group Dot 1], 
(2) the complete bifurcation analysis of the shadow system [5], 
(3) the singular-shadow limit of d, t +00, dy ¥ QO - which we call the stngular- 
shadow edge, 
(4) the structure of "singular solutions" at the singular limit di ¥ 0, and 
(5) an integration of these analytical results to have a global picture of bifur- 


cating branches. 


A key in our paper is the discovery of singular branches which possess both 
boundary and interior transition layers, and of singular limit points as its con- 
sequence. We shall see in the present paper that the structure of soluttons at the 
singular- shadow edge seems to play the role of “organtatng centre” of the whole 


global structure. 


The solution space for the system (SP) will be Rr xX ( 3 (Cd; .%),U), where 


X is the Hilbert space Ke = cH)? = (H? (1) f\ (the boundary conditions (P))). 


We state the assumptions on the nonlinearities f and g. 

(A.1)( i) There exists a unique constant solution U = U = (u,v) >0 of (SP). See, 
Fig. Q.1, 
(ii) U is a stable solution of the kinetic system of (P). I.e., the Jacobian 
matrix at U, B = {3 (f,g)/3(u,v)}|U, satisfies tr(B) < 0 and det(B) > 0. 


(iii) (P) is an activator-inhibitor system, i.e., the elements of B have the 
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b b + - 
bo, P22 Ae 


(A. 2) The zero level curve of f(u,v) is S-shaped and f < 0 in the upper region 


sign 


of the sigmoidal curve. Fig.0.1; f = 0 has three real roots u_,) < uy) < 
uy) for veA. When it is solved with respect to u, it has three branches 


h_,&) < ho) < hj). 


(A.3) Define J(v) by 
uy, 

(0.1) J(v) = f(s,vjds. 
u_,W) 


Then, J(v) = 0 holds if and only if v = n* EAN, and d(J(v))/dv < 0 at v = n*. 
(A.4) Let GW) = g(h, (v),v} € cha). Then, dG, (v)/dv < 0 for all ve A. 
- =1 te 
There are a number of examples within the setting (A.1)-(A.4). See, [1]. 
The May-Mimura model for diffusive prey and predator system is an example, in which 
f(u,v) = {f.(u) - v}u, and g(u,v) = -{g (v) -ulv, 
(0.2) : 2 


where £ (u) = (35 + 16u - u)/9, and g (v) = 1 + (2/5)v. 


This model has been used for numerical tracing of bifurcating branches in [1]. 


g(u,v)=0 


flu,v)=0 


Frg. 0.1. 


g_, (nm) é,(n) E,)(n) u 


§1, View near double bifurcation points 


The constant state U = U has an infinite number of hyperbolic curves rh (n = 


1,2,...) on the (d) ,d,)-plane, defined by 
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b, 5b 
7 2 12°21 5 
(1.1) r= ((d).d.) € RY | d > + by)t , (nel,2,...). 


sal 
: n n d,-byy 
Te (n=1,2,..-) is the set of (d) 45) € R where the constant state U has zero 
eigenvalues, and hence correspond to primary bifurcation points of U. See, [3] 
and [1]. Each i has intersections with the other ms m#n,m = 1,2,... Namely, 
Crt = rn Tn (n,m =1,2,..., n # m) are double bifurcation points of U, where the 
linearized operator of (SP) has two dimensional kernel. Let Tr = ee A eee 
From each points of Mm there appears a bifurcating sheet of solutions of (SP), 
which consists of functions with D symmetry ({1l]). See, Fig.1.1. Here, by a 
function U « X is D symmetric we mean that its even extension ¥ to [-1,7], consi- 


dered as a periodic function defined on the circle [-x, 7], is invariant under the 


group Da: DF, is the dihedral group which sends a regular n-polygon onto itself. 


Fig. 1.1. 


The local structure near the double bifurcation points Te m MY be classified 
into several types according to the symmetry groups De and Da of the kernel at i m 
> 
Using the group representation of the Lie group D,, a number of new bifurcation 


diagrams have been obtained in [1]. An example is illustrated in Fig.1.2, which 


is the case for the May-Mimura model (0.2). 


The double singularity at ry 2 May deserve a further investigation. Since the 


bifurcation equations at ry 2 take the form (due to a group theoretic argument); 
, 


2 2 , 
(1.2), p,{- (ayo, -4,95) * i102 * P3q?y * Py 22 * (higher order terms) }= 0, 
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2 2 3 : _ 
(1.2), -(b) 0, -b,95)0, + Gogh] * {51°72 * 493° +(higher order terms) = 0 
where o =d-fT , the local bifurcation parameters, and a., b., p. . andq. ,'s 
a = l - 2 1 1 1,) 1,J 

are all constants; 09 = (0) +P) € R? = the kernel space at v » is the amplitude 
vector of the bifurcation equations. The bifurcation diagram near r 2 is shown in 
Fig.1.3 for the case P1140 ? 0 ({1]). Note, however, that the destination of the 


primary D,~branch isnot indicated in this diagram, as well as those of the secon- 


dary branches of the D,-branch. 


Fig. 1.2. Schematic Bifurcation Diagram near ri. 


Frg. 163%. Local Brfureca 7g. 1,2 P74 . 
tton Dra ram near [ é 20 > 0) 
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If one unfolds (1.2) near the degenerate parameter values Py 1429 = 0, an 


interesting local bifurcation structure near reveals itself. In fact, as may 


a 
be the case for the May-Mimura model (0.2), let us suppose that 429° ao6 # 0, and 
let Pi be the unfolding parameter as IP! < 85 (6): sufficiently small). The bi- 


furcation diagram thus obtained are shown in Figs. (1.4), and (1.4),, which corres- 


: co) 
pond respectively to the case Q5oP11 > O and < 0, for IP), | ee 


‘ 
; 

: ' 
wath 


é Fig. 1.4) Fig. 1.4, 
The "D, pot near Phe! 2, ts @ simple degenerate singular point of elliptic type ((a), P1149 


> 0); of hyperbolic type ((b), P1149 < 9+ 


aT is a simple degenerate singular point placed on the D 


of elliptic type when ° pP,, > 0, and of hyperbolic type when 2 <0. As 
P 420P11 420P11 Pil 


p7Sheet, respectively 


tends to zero, Z, approaches to the double bifurcation point IT Thus, one sees 


1 1,2° 


that the primary sheet Dy has a secondary bifurcation line, which passes a) and 


ry 2 See, Fig.1.5. If one let the parameters (d, .d,) cross this line from the 


right to the left, the D,-sheet recovers its stability - hence, this secondary line 


2 
is called the recovery line of the D,-sheet. 


A remarkable fact in these diagrams is that in both cases there appears a " 


pot-like' structure due to the existence of Too We note that this pot-like 
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structure has been predicted numerically in [1]. A remark is that due to the 
fold-up prinetple ([1]), every Di -orimary sheet takes the pot-like form, the origin 


of which is a degenerate simple singularity za located on the D5 Sheet. 


The basic question is the global behavior of this "pot", and also of the other 


It is also worthy of noting that from I there 


secondary branch born at I. 2.3? 


12" 


appears a secondary bifurcation line of D, - which actually corresponds to the 


2 


points where D, loses its stability again. Hence, this line may be called the 


2 


Losing line of Ds. Between I and T one sees an outcrop of the stable region 


1,2 2,3? 


of the primary D,-sheet . See, Fig.1.5. 


Fig. 2.1. The Shadow Branches and their exztenston to a > 6. 


Fig. 1.5. The recovery and losing lines of the D, sheet; 
the shaded part shows the stable regton. 


§2. View on and near the shadow ceiling - global existence of bifurcating branches 


By the shadow ceiling we mean the limit space R, = X of a + 0. If solutions 
of (SP) are uniformly L_,- bounded with respect to qd, and a, one may have the limit 


system: 


dju.. + f(u,n) = 0, in I, 


(SS) 
J, g(uyn)dx = 0, 


with the boundary condition uy = 0 on 31, where v = n is a constant function. The 
second equation comes from the integration of (SP), over the interval I. The 
system (SS) is called the shadow system for (SP). 


The global behavior of solutions of (SS) with respect to qd) + 0 is the first 
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object of the study here, which is expected to approximate the global behavior of 
solutions of (SP) for sufficiently small a > 0. In fact, a complete bifurcation 


diagram for (SS) has been obtained by the second author [6]. 


Theorem 2.1. (i) The one-mode bifureating branch D, emanating from des 0) contt- 
nues to exist as d, ¥ 0. By the fold-up prinetple, the sane conclusion holds to 
the n-mode branches D, emanating from (z, UW). Fig.2.1. (tt) These shadow branch- 
es dD, (n = 2,3,...) do not recover their stability on the way to the limit d, ¥ 0, 


and consequently, they have no secondary branches in a generte sense. Hence, only 


the D,-branch ts the stable one anong the branches on the shadow cetling. 


Theorem 2.2. The global extstence result, t.e., the statement (i) of Theorem 2.1 
holds as well for the bifureating branches D's (n= 1,2,..) of (SP) for small a 
> 0. Namely, every bifurcating branch htts the singular wall a, = 0 for small x 


> 0. See, Fig.2.1. 


It should be noted that the statement (ii) of Theorem 2.1 does no more hold 


for the primary branches D,'s of (SP) even for sufficiently small a > 0, except for 


§3, The singular shadow edge - Edge continua 


The study of the limit qd + 0 of the shadow system (SS) plays a key role in 


subsequent discussions. The reduced shadow system as dy ¥ 0 is defined by 


f(u,n) = 0, 
(RSS) 


Jy g(usn) dx = 0. 


A solution (u,n) ¢€ Xo (where v = n is a constant function) of (RSS) is called 
a reduced shadow solution, where XS = L? (1) x Hy (I). The system (RSS) has a vast 
of solutions as compared with (SS) or (SP}. In fact, one takes ne A arbitrarily. 
Suppose E,(n), 2 = 0, +1, are the three solutions of (RSS), - See, (A.2). Let 
u(n;x) be any step function in which u(n;x) takes either of yin), 2 = 0, +l, for 


almost all x ce I. Let I, (n) = {xe I|u(n;x) = E,(n)t, £= 0, +1. Then, (RSS) , 
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reduces to 


1 

(3.1) Ege (€,(n) sn) (1, (n)| = 0, 
2=0 

where [2 ,¢n) | = measure of I (n); g= 0, +1. 


Thus, for any n « A, if one chooses Ijin), g = 0, +1, so as to satisfy (3.1), 
the corresponding step function is a reduced shadow solution of (RSS). See, Fig. 
3.1. Note that there are many such step functions, since only the ratio of IT Cn) | 


‘s has the meaning in (3.1). 


Ftg. 3.2. 


Fig. 3.1. The Stngular Shadow Limtt Solution 
(n= 1). 
Among the reduced shadow solutions, we pick up those which satisfy the rela- 


tion: 

(3.2) ers Cub Pam oa a rd eae Cm be a oar ae 

and write them as (U* (x) ,n*). Let ut (x) be a function of { u*(x) } ,» the even ex- 
tension of which (considered as a periodic function on the circle [-1,7]) has 


exactly n intervals of It ( and of iv). (For the definition of n*, see (0.1).) 


1 
Namely, Ut (x) is a function of { U* (x) } which has n boundary discontinuities. 
Finally, let uk (x) be a function of { Ui (x) }, the even extension of which is in- 


variant under the group action Do: We have the following 


Theorem 3.1. The shadow branch dD, converges to (us (a) sn*) as d, + 0 in the punc- 


tuated sense. See, Fig.3.2 for n=1. Namely, it converges to up(x) uniformly on 


n 


the interval T - Vpay OarK sett) for any « > 0, where { x oe are the points of 
discontinutty of us(a) and the location of each discontinuity is determined by 


(3,2). 


One may thus call (u*(x),n*) the BD -limit solution. 
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The set of functions { Us (x) } can be obtained from the limit solution ur Od) 
by a translation, an extension, or a contraction of intervals of the blocks of 
us (x) 5 so long as such an operation keeps the ratio [1% | / [ata (Note that a 
diviston of a block of us (x) yields a function of { d* 00) (for some k > 1).) 
Thus, the set ( U(x) } may consist of a set of one-parameter families of functions, 
including the limit state uk (x) - which we call the edge continua. An example is 


illustrated in Fig.3.3, where the continua of the u(x) and uz (x) are shown. 


a 
Uy (x) 


Fig.3.3. Edge continua of up(x) and uz(x), formed by translations of blocks. 
Note that the terminal states (the right and left pictures) are 
different from uF (x) (upper), and up(x) (Lower), stnee they contain 


Valitse" atin se <0; op a. 
$4. View on the singular wall 


By the singular wall, we mean the limit space R, x X (3 (a,(u,v))) of diy 0. 


The goal of this section is the study of the structure of solutions on the singular 


wall of: 
f(u,v) oa 0, 
inch, 
1 
(RP) 5 “xx * Slusv) = 0, 
v, = 0, on al. 
X 


The system (RP) is called the reduced problem of (SP), and its solutions reduced 
soluttons. However, we are only interested in such reduced solutions that from 
which we can extract smooth solutions of (SP) for (small) positive dq) + 0. Such 


limit solutions will be called singular solutions (,and a singular branch if it 
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consists of a one-parameter family of singular solutions). 
Let 55 denote the set of singular solutions. We associate to 55 the follow- 


ing asymptotie norm. For U = (u,v) € S> the asymptotic norm ull, is defined by 


|Ui, = Lim |] (ulesx),vles,x) 


Ips 
e+0 poe 


where (u(e;,x),v(e3;,x)) is a family of solutions of (SP) which converges to U as 
e=¥d) in the punctuated sense, and 

é d k d 

tus) |p = J max I(ex} ul + max |(F-) v|. 
k=0 xel xel 
Mimura, Tabata and Hosono [4] have found a family of singular branches with 

interior transition layers for sufficiently small a > 0. On the singular wall, 
these singular branches correspond to the double solid lines in Fig.4.1. Ata = 0, 


they start from the singular-shadow solutions (us n*) (n=1,2,...), and hence 


connect to the shadow branches Dd. (n=1,2,...) at the edge. 


Em "Singular Wall" 
a 


Pig. 4.1 


In the following, we consider only one-mode type of solutions for simplicity 
of presentation. As in §3, one may choose an n € A, firstly; solve f(u,v) = 0 to 
have u = h(n;v), where h(n;v) = h_,@) for v <n, and = hyp for v > n(Fig.4.2}. 


Substitution of u = h(n;v) into (RP), leads to a scalor equation for v: 


(4.1) 


Vv + G(n3sv) = 0, xe 
XX 


Rie 


where G(n;v) = g(h(n;v),v). Note that G(n;v) has a discontinuity in v at v =n. 
Eq. (4.1) with VF 0 on 31, has ana-family of strictly increasing solutions Nae 


(x) e cl(i), 0 <a <a, for eachne A. Let Uy 0) = re as (x)). According to 


1 
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the construction, the function vy) has a discontinuity at x=x* e I. Then, the 

TN) x nat 
Vy ), 


couple (Uy O<a <a is ana-family of reduced solutions for each ne A. 


\’ 
A question is that when a small diffusion dq, > 0 is introduced to (RP) ); under 
what conditions the discontinuity of Uy?Scan be smoothed out by an interior transi- 


tion layer. The following result has been obtained in [4]: 


If the Fife eonditton 


By) 
4,2 f(s,nj)ds = 0, 
oe) Ey cesses 
te satisfted, then the couple ye av es) is a stngular solution. Thanks to the 


assuumption (A.3}, there exists a unique separation point n=n*, which satisfies 


(4.2). Hence, follows an a-family of singular solutions with an interior transi- 


tion layer J = {Uns & yneay eX ,0<a< ao}, 
1 1 fe) 1 


Fig. 4.8. 


As is remarked in [1], this singular branch with an interior transition layer 


ceases to exist as a reaches cre See, Fig.4.1. Fig.4.2 illustrates that part of 


* 
the nonlinearity f which is actually used by a singular solution vi * (x) of (4. 
* 
1) ( the solid line ). Since the numerical range (vO) sy 0) of vy a (x) is 
monotone increasing with respect toa > 0, it is easily seen that, as x increases, 


one of Vi SO) and Vy) reaches finally to the extremum values 4 or n of £. This 


c 


It is wondered whether this is all the existing singular branches, and what 


is the reason why the singular branch ceases its existence at a =a 


happens at the "critical point''a = ay on the singular wall. This is a question 
which has been left open for a long time. The answer is that there appears 


another singular branch froma upwards toa + 0. See, broken lines in Fig.4.1. 
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This mew branch is characterized by that it has both boundary and intertor transi- 
tion layers. Hence, we shall call it the singular branch with boundary and interior 


transition layers. The critical point a© will be called the singular limit point. 


1 
The detailed construction and proofs will be published elsewhere. However, it should 
be remarked that such a singular solution can not be constructed within the Fife 
setting as in [4]. Moreover, the "boundary layer'' thus constructed is completely 
different in nature from boundary layers observed in Dirichlet boundary-value prob- 
lems. 
The construction on the singular wall of a singular branch with boundary and 

interior transition layers can be performed simply by adding boundary layers ( 

‘ ne n* 
actually, “boundary slits'') to (Uy Vy ). There are three such branches, cor- 
responding to where the slit exists: at the left ( Eas or right end ( gs or at 
the both ends ( Pune See, Fig.4.4. The essential point in our construction is 
that the depths uf the slit @, - ae and e, - gy) are determined by the 
generalized Fife condition (See, Fig.4.2): 
(4.3) ey f(s,v_) ds = 0 ssa f aa £(s,v,) ds = 0. 

a Th 3 zt 7"M 


E 
-l +1 
Note that the part of nonlinearity f used by this singular solution is the solid 


line plus (one or both of)the double solid lines in Fig.4.2. 


1o 
ay 


a a | 
+1 ‘ 
bL i | ya 
+] 


+o f t 


a 


Pale 
cy dé 
ine 
Fig.4.3. The Singular Solutions with Boundary - 


and Intertor-Transitton Layers. 


It is noted that the four branches constructed in this way are different each 


other when they are measured by the asymptotic norm . (They have the same X - 
S fo) 


norm. ) 
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The Dependency on Nonlineartitties 


Fig. 4.4. 
of Stngular Branches. 


To study the interrelation of these branches, one may need the quantities: 


E*(f,g) =e G(n*sv)dv. 


Suppose E*(f,g) < 0. Then, asx tends tox re the depth of the slit at E41 tends 
to zero, while the depth at aay remains bounded away from zero. (And, vice versa 


Thus, the four singular branches form two "wedges'' on the singu- 


if E*(f,g) > 0.) 
lar wall as in Fig.4.1, since the asymptotic norms of the branches 3 and af take 


the same value at a= ay The same is true for the branches ig and "y 
What happens when one deforms the nonlinearity (f,g) so that E*(f,g) changes 

smoothly ? See, Fig.4.4. The four singular branches move smoothly, and when E*( 

f,g) = 0, the tops of the two wedges meet together. Then, they split again for 


Note that an exchange of branches occurs in this process, since the 


E*(f,g) > 0, 
depth of the slit at al remains finite instead of f4 for the case E*(f,g) > 0. 
It should be noted here that the wedges of singular branches on the wall are 


traces of "hitting" and "splitting" of limtt potnts of some branches of the 


stationary problem (SP). 
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§S. Discussions - the Global View 


The purpose of discussions here is to integrate the analytical results in §1 
~ §4 into a unified view to the global bifurcation structure for our nonlinear 
diffusion systems. One of the main interests is to see the mechanism of success- 
ive recovery and losing of stability observed in primary branches of (SP). (See, 
{1].) 

The local structure of double singularities placed on the trivial sheet C(d, , 
d,), UW) e Re x X (81), the global structure on the shadow ceiling (82), and the 
somewhat complex structure of singular branches on the singular wall (84) - they 
are all expected to reflect the real existing bifurcation structure of the non- 
linear diffusion system. 

The first key seems to be the structure of continua at the singular-shadow 
edge. In fact, an integration of all the above results, together with the numerica 


evidences reported in [1], may lead us to a working hypothesis on the edge 


continua. 


=f 
i 
. Frg. 5.1, Fig. 5.1, 
Extension of the Edge Continuum; The line —~-——-~— shows the recovery line of D and D 
which tend to the Shadow Singular Limits. aa aw 


The two Singular Limit Points of the D, sheet 
appear here. : 


Two singular branches with boundary slits are said to be terminal branches of 
DL 2 (or DO _) if ata= 0, they are connected by a (one-parametrized) edge 
continuum which includes the limit state dD, , or dD, _). Then, for a pair of two 


terminal singular branches of dD, there may exist a sheet of soluttons of (SP) 


Pia 
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whteh eonneet the two terminal branches, and to which tntersects the primary sheet 


dD, x transversally. See, Fig.5.1 (a) for the case of Dy _» and Fig.S.1 (b) for 


.) 


D, 


> 


Assuming this, the global picture of the D)-sheet looks like Fig.5.2. The 


pot-like structure in Fig.1.4 which begins at Z, on the Dd, sheet extends, and as a 


1 


a : 2 7 Cc 
becomes snmaller, the "loop" expands until it hits the singular wall ata= Oy 


: : : pee . c 
where it yields two singular limit points. Asa < a> 


arcs, one is, of course, a cross-section of the primary D) -sheet, and the other is 


the loop splits into two 


the branch connecting the two terminal singular states of D,, which have a boundary 
and interior transition layers. As a tends to zero, the latter arc shrinks to the 


edge continuum of Do, while the former remains as the primary Dy , shadow branches. 


Fig. 5.2. The Global Pieture of the D, pot. 

An important consequence of this picture is that the outer surface of this Di- 
pot is the stable region of (P), while the inner surface corresponding to the 
boundary- and interior-layered solutions is the unstable region. A remark should 
be made here. There remains a possibility that this stable region may have some 
isolated "unstable tslands" encircled by a Hopf secondary bifurcation line. How- 
ever, it is shown in [5S] by an a prior? estimate that such Hopf points, if exists, 


cannot exist for sufficiently small x > 0. 


We note that such a global picture is supported by uujterical computations in 
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[1], and in fact, this has been essentially predicted there. In [1], we were 
not aware of the nature of the inner surface of the pot, since the boundary- and 
interior-layered solutions and the existence of singular limit point were not dis- 


covered yet. 


Fig.5.3 shows the recovery of stability of the D,-sheet. This picture shows 


the mechanism of a recovery of stability; this recovery is actually performed by a 


separation of a sub-branch which has both boundary- and interior layers. 


"Stngular Wall” 


4 a "Cross Sectton at a = oe of R° x x" 


D 
1,- a f 


The Singular Limit Potnts of Dae and the Recovery of Dy 


Fig. §.3. 
4 branches . 

It should be remarked that, as is mentioned in §1 (see, also [1]), the 
primary bifurcating D,-sheet loses stability on the way to the singular wall dit 0. 
One sees an outcrop of the stable region of Dd, between "2 and To 3 in Fig.1.5. 
The above analyses suggest that the recovery line of stability of Dos which starts 
Th 2 enters into the singular-shadow edge x = d, = 0, while the losing line which 


1 


starts T, ,, enters into the singular wall qd) = 0 at latest at the singular limit 
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point of Do, namely, at a5 = 4d. As a result, the the stable region of the D,- 
sheet occupies a band-shaped region of the D,~pot. Similar statements hold in 


general to the D-sheets (n > 2). See, Fig5.4 for the case of the D,-sheet. 


Fig.5.4. The Stable Region of Do-pot. 


As a conclusion, our study suggests that the real organtzing centre whitch 
control the whole bifurcation structure may lie on the singular wall, and especially 
in the singular-shadow edge. Further studies are necessary to clarify the situa- 
tion. Though there remains many questions which are not answered, we believe that 


our study may serve as a first step towards the global bifurcation study of non- 


linear diffusion systems. 
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JAPAN 


We discuss the existence of a strong solution of the non- 
stationary Navier-Stokes system in L* spaces. Our results 
generalize L* results of Kato and Fujita. To establish 

L* theory we study the Stokes system and construct the 
resolvent of the Stokes operator. 


Introduction and summary of results. 


This is an introduction to the articles [3-7] which concern the Stokes and 
the Navier-Stokes equations. 
Let D be a bounded domain in R" (n z 2) with smooth boundary S. We 
1 


consider the Navier-Stokes initial value problem concerning velocity u=(u ,«**s, 


u") and pressure p: 


— Gu + (u,grad)u + grad p = f in D.« (0,T), 
div u=0 in D.~ (0,T), 
u=0 on S x (0,T), 

u(x,0) = a(x) in D 


with given external force f and initial velocity a. Here 


(u,grad) = 


37 
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Many mathematicians, J. Leray, E. Hopf,+++* have studied the solvability of 
this problem; see Ladyzhenskaya [9] and Temam [14] and papers cited there. 
On the existence of a regular (in time) solution there is a celebrated work 
established by Kato and Fujita [1,8]. 

Let us quickly review their theory. As is well known (see [9]) the space 


(L,(D))” admits the orthogonal Helmholtz decomposition 


n 
(L,(D)) = X, @ G,, 


X, = the closure in (L,(D))" of fue (C5(0))"; div u = 0}, 


G, = {grad p; pe Ww) (D)}, 
2 2 
where wD) is the Sobolev space of order m_ such that wo) = L(D). Let 


P be the orthogonal projection from (L.,(D))" onto X Using P, we can trans- 


2 
form (1) to the evolution equation in xX, 
du 
(11) ate Au = Fu + Pf (t > 0), u(0) = a, 
where Fu = -P(u,grad)u. Here the operator A = A, = -PA is called the Stokes 


operator in xX, with the domain 


D(A) = fue ws (D) 5 u=0 on Sin Xo. 


For simplicity we assume Pf = 0. Applying semigroup theory, Kato and Fujita 


have proved the existence of a unique global strong solution of (II) for every 


ae xX, when the space dimension n is two. While, when n = 3, they have 


proved the existence of a unique local strong solution of (II) for ae pcal/4 


); 


where A° denotes the fractional power of A. 
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Our aim is to show the existence of a unique strong solution wtthout 
assuming that the initial velocity a is regular. To do this, we develop Ly 
theory (1 < p<) which extends the corresponding L, theory of Kato and 
Fujita. When p =n, our main result reads that a € L (dD) n X, implies the 
existence of a untque strong solution. With a particular choice of p = 2 this 
is just a result of [8]. On the other hand Serrin [12] raised a question how to 
show the existence of strong solutions in n> 4, Our Ly theory also answers 


to his problem. 


To develop our theory the crucial step is to derive the following two 
properties of the Stokes operator A, here A and AS are f, anelogues of 


X and A 


2 »? respectively. 


Theorem 1 ([3]). The operator ae generates a bounded analytic semigroup in 
ee Moreover, the estimate 


-1 


a+ AD fll < ——~ llfll, feX,, larg al gree (e> 0) 


Jafel 


is valid with constant C, where ||f|| denotes the norm of £ in Xx 


Theorem 2 ([4]}. The space d(An) ts the complex interpolation space 


X_,D(A , where Os a<l, 
xX, PAI, gas 


Remark. When p = 2, we easily get the above properties by using the abstract 
functional analysis, because Ay is a strictly positive self-adjoint operator. 
Remark. Solonnikov [13] has proved the first part of Theorem 1 when n = 3, 
although his method is different from ours. 

Remark. For the Laplace operator, the corresponding results are known by 


Fujiwara [2] and Seeley [11]. However, we cannot apply their results to our case 


since P does not commute with A. 
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To prove the theorems above we construct the resolvent of the Stokes operator, 
using pseudodifferential operators; see [3]. Since we use technique of pseudo- 
differential operators instead of integral kernels, our argument is more clear 
than the classical potential-theoretic discussion. Here our symbol class of 
pseudodifferential operators differs from that of Fujiwara [2] and Seeley [11] 
because the Stokes system is elliptic not in the sense of Petrowsky but in the 
sense of Agmon, Douglis and Nirenberg. Using re estimate for pseudodifferential 


operators, we can prove Theorems 1 and 2; for the detail, see [3,4]. 


Theorem 2 is useful in estimating the nonlinear term Fu in (II). 


Lemma 1 ([5]). Let 0 sox 5+ n(1 - ae We have 


JAP (u,grad) vil < M|lADull [LABvI| 


ayL 
2p 2? 


In particular, tf p=n_ the above estimate ts valtd for 


with constant M=M(6,6,p,p) tf $+6+p > 68> 0, p > 0, ptd > 5. 


We now consider (II) in Ae The existence result follows from Theorem 1 


and Lemma 1. Our method to prove is similar to that of Kato and Fujita. 


Theorem 3 ((5]). Fix y such that n/2p - 1/2 < y < 1. Assume that ae D(A). 
Then there exists a untque local strong solution u of (II) with the following 
properties. For some T > 0, 

(i) u_ ts continuous from [0,T) to D(AN) 


(11) u ts continuous from (0,T) to D(A”) and 
JAvu(t) || = o(tY"*) as t +0 for some a, y<a< 1. 


Moreover, u is smooth in D* (0,T). If Ilavall is small, then u can be 


extended to a global solutton. 
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One can easily see that Theorem 3 includes the results of Kato and Fujita [8] 
as a particular case p= 2, n= 2, 3. 
Remark, When p =n,y can be taken to be zero and the assumption on initial 
data is ae Xv Kohn [15] pointed out this assumption is reasonable because 
the norm of a in x has zero dimension in "dimensional calculus". 
Remark. Even when the zero-boundary condition in (I) is replaced by some first 


order boundary condition, we can prove similar results; see [6]. 


We next discuss the analyticity of the solution u of (II). 


Theorem 4 ((7]). (i) Zet u be as tn Theorem 3. Then u(t) ts analytic in 
(0,T) wtth value tin wD). 


(ii) Suppose that S ts analytie at x Then, u(x,t) ts analytte tn (x,t) 


0 
at (Xt), t« (0,T). 


The first part implies the time-analyticity of the solution, while the 


second part implies the spatial analyticity up to the boundary S. 


In [7] we extend the results of Masuda [10]. He discussed the time- 
analyticity in L, spaces and the interior spatial analyticity. 

In the following sections we give heuristic arguments to prove the foregoing 
Theorems. We omit proof unless it is very short and understandable even to 


non-specialists. For the technical detail, see author's papers [3-7]. 


1. The resolvent of the Stokes operator. 


We investigate the way of A-dependence of the resolvent (A + Ay. To do 


this we construct the resolvent. We begin with transforming the equation 


(A + aa =f in A into the following Stokes equations 
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(A - Aju + grad p 


it 
rh 
7 
ro] 
o 


div u=0 in D, 


u= 0 on S, 


where p is some scalar function. Since f determines u for i € €\ (-~,0), 


we denote u by u = Gf. Qur plan to construct Gy is 


1°, Reduce the problem to the Dirichlet problem with tangenttal 
boundary data. 


2°, Solve an integral equation on the boundary for large A. 


To do Step 1° we recall the hydrodynamic potential. Set 


Per aa Bae. 
Key = (8 - AH LS, cer, 1 sisign, 
Je] vee 
Ty, 2 2 2 2 ’ 
where 6 is Kronecker's delta and le | = gy a ke a The hydrodynamic 


potential of f is 
(K,£) (x) = (Fk FE) (x), 


where F is the Fourier transformation with respect to x. The definition of 


K,\f implies that u' = K,f satisfies the equations 


(A - A)u' + grad p' = f in R", 


div u' = 0 in R", 


where p' is some scalar function on R", Using Kf, we reduce the problem 


to the Dirichlet problem. More explicitly, w = K\f - Gf satisfies 


(A - A)w + grad p" = 0 in D, 
divw =0 in D, 


w = K,f on 8, 
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where p' is some scalar function on D. 
We now reduce the problem to the Dirichlet problem with tangential boundary 


data. Let z= N® satisfy 


where Ve denotes the unit interior normal vector to S at xesS. Let <, > 


: é n eat! 
be the standard inner product in R . Definition shows that 


v = w - grad N<v, yK,f>, q p'' + AN<v, YK, f> 


satisfy 


it 
OQ 


(A - A)v + grad q in D, 


iT} 
OQ 


div v in D, 
v=g on S, 


<yv,v> = 0 on S, 


where yw denotes the trace of w on S. We call this problem the Dirichlet 
problem with tangenttal boundary data and denote v by v = V,g. If we notice 


that the projection P is defined by 
Pf = f - grad N<v,yf> for div f = 0, 
we see that v = PK f - Gf and g = yPK f. We thus have 


Gf = PK,f ~ VM, f with Mf = YPK, f. 


Since P and K, are written explicitly, all we have to do is to construct Vy. 
Remark. We have reduced the original problem to the Dirichlet problem with 
tangential boundary data not with general boundary data. This is because the 


effect of the normal component differs from that of tangential component. 
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We now give a rough outline of Step 2°. By Step 1° our problem is reduced 
to construct VY, - Let yy be a pseudodifferential operator of order one on S. 


We consider the single layer potential Ky (8. @ Y\h). We see 
Wh = PK (6, ® Yh) 


satisfies the Dirichlet problem with tangential boundary data yWyh; we denote 


yWyh by Syh. Our problem is now to solve the integral equation 


gt S,h 


for given tangential boundary data g. In [3] we construct Y, such that S 


has the inverse for large \. We thus have V, = W ae This yields 


= -1 
Gf = PKYE - WS) Mf. 


We thus have constructed the resolvent. 
To construct Y, the author introduced a symbol class gtk (see below) of 
pseudodifferential operators, 


Definition ([3]). Let m and k be real numbers. Then we denote by gmk the 
set of all p, « c™rn” x RX) (A © ©\(-,0]) such that for all multi-indices 


a,8 and positive numbers ¢,w the estimate 


a8 | «| 


[arayp, (8) Mees” Il asesk,  (xye) eR" xR", larg Al < wee, [Al >a 


is valid with constant M = M(a,8,¢,w); here <A;&> denotes {a + tej? + ign? 


and <&> = <O;&>. 
Remark. Grubb [16] introduces a similar symbol class. In our situation her 


symbol class reads that the estimate above is replaced by 
[92277 8) | S mcCeeo/ ery Eo) Il 4 ay cases lols 


If we use this symbol class, our formulation will be more clear than that of 


[3,4]. 
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2. Analyticity of the semigroup e ** and domains of a”. 


In section 1 we obtain an explicit form of G,, LO, 


= - 7 -I 
(A + A) f = Gf = PKLE - WS) Mf. 


Since the spectrum of A is contained in (-#,0), to prove Theorem 1 it suffices 


to prove the estimates 
1. |ipxel} < lel], £¢ 0)", arg al < te 
r = [a] p = 


2. ||w,s;", €l| spell. fe (L,(0))", larg A} 


A 
a 
' 
n 


with constant C = C{e) for large i’. To show Step 1 is easy, so we give a 
proof. 
Proof of Step 1. It is known that P is a bounded operator in (L,(0))", so it 


suffices to prove 


C 
IIx, £ll < pq tl! 


Since the symbol of K, satisfies the estimate 


c 
{| 


[>| 


lef ly 


a 
ark, (6)1 < 


this follows from Mihlin's LP-poundedness theorem. 

Remark. In principle LP_boundedness of operator follows from estimates for its 
symbol. Classical results are the Calderdén-Zygmund inequality and Mihlin's 
theorem for convolution type operators. In recent years LP-boundedness is proved 
for more general class of operators, namely, pseudodifferential operators. 

LP 


We often use -boundedness theorem to construct and estimate the resolvent; 


see [3,4]. 
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We see Step 2 follows from the following three estimates: 


-1/2 
lImell ¢ clal?/?P el, 
-1+1/2 
Ime] < clal?*/?P ley, 
Is tn] < clh], <h,v> = 0, 
Ht = 


where |h| denotes the norm of h in (L,(8))". The first two estimates are 
easy to prove. The last one follows from the construction of Y\3 for the detail 


see [3]. 


By Theorem 1 we can define fractional power Ne (Re z < 0), using the 


Dunford integral. To prove Theorem 2 it suffices to prove 


e|Im z| 
e 


WA 


Zz 
IaZil sc, 


for all 2 such that -a < Re z < 0, where Has is the operator norm of A: 


We prove this estimate, using the Dunford integral 


z 
AU = Tai | (-A) G,dd. 
iT 
The expression of G) enable us to estimate the right side. The estimate 
if (-1)? Pk, dal] < ceelim 2] 
‘ = 


is easy to prove like the proof of Step 1. While 


z e|Im 2| 
| J (-a)" V,M,dal] < Ce 


is not easy. We have to study VM, = w,S5"M, more carefully. In [4] we 


decompose VM, into main term and error term to get the estimate. 


Remark. Theorem 2 is very similar to the case of the Laplace operator B 
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with zero boundary condition. Fractional powers of both operators are closely 


related. Indeed, in [4] we show 


a a 
D(A = D(B nX, O< Pen 
( pe ( n p a 


3. Solutions to the evolution equation (II). 


We now consider the nonlinear equation (II) and discuss only the existence 


results. In Theorem 3 the reader may have a canonical question, 
What is T ? Are there any estimate for T from below ? 


To answer this question we restrict ourselves in a simple case, for example, 


p =n and give a rough outline of proof of Theorem 3; for the detail see [5]. 


We begin with estimates for nonlinear term Fu in (II). To avoid technical 


difficulties we only give a proof to the last part of Lemma 1. That is 


1/ 


a4 peueradyvll,, < MUA “ull, (la'/2vil_ cil£ll, : L,-norm of £). 


n 


Proof. in a word this estimate follows from Sobolev's inequality and Theorem 2. 


Let Ho () ‘be the space of Bessel potentials, that is, 


20 ie 2 
HO“(D) = [4 (D), W(D)],. 


20 


Theorem 2 now implies that the canonical injection D(A) c a (D) is continuous. 


Sobolev's inequality now implies that the injections 


1/4 

(a) D(A) < by (2) 
1/4 

(b) D(Arn/ 3) cL (D) 


are continuous. The second inclusion (b) yields 
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~-1/4 
IA / P(u,grad)v|| s Cl|P(u,grad)v|| 5. 3 
Applying HOlder's inequality, we have 


[Pcaserad)vllon 75 £ Cllull, llerad vil,» 


since P is continuous from Ls to Le The estimates 


follow from (a) and can!) c W (0). Combine the above to get the result. 


To solve (II) we consider its integral form 


is eo” (t-s)A 
0 


(III) u(t) = ae \ Fu(s) ds, t> 0. 


We use Theorem 1 and Lemma 1 to prove existence theorem for the integral equation 


(III) in x We construct approximate solutions by the iteration scheme 


_ ta 
uy (t) =e a, 
F -(t-s)A 
Une 6b) = u(t) + \ : e Ful (s) ds, m > 0. 
We will estimate [amu (t) {| , where ||f[]| denotes the norm of f in Xi 


Theorem 1 implies that 


-tA 
lave I| 


A 
a 
R 
Nv 
Oo 


This yields the estimate 
a -a 
\|A uy (t) || EM ea tC Ate 


with 
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a),a -tA 
K = sup t I[A e al <C lla]| < %, 
ad O<t<T = a 


We consider the following problem: 


If Ky t8 small enough, is it possible to estimate i]amu_ Ct) | 
such that K ts independent 


from above wtth constant SN 


, -a 
by Kum t 


of m? 
Suppose that for 


The answer is yes and we will give a proof; see [1,5,8]. 


some m> 0, u(t) Satisfies 


for all a > 0. 


“A 
w 
ct 


a 
Na", COIL ¢ Kup 


Lemma 1 with 6 = 1/4, 6 = 1/4, p = 1/2 implies 
6-1 


-§ 
[A Fu (s)|| < MK) Kom 5 


We thus have 


£ 
a -a ~a-6 1) ,-6 
A wa OMI Sik gee ge ' (t-s) JA Fu, (s)II ds 
< K t for all a, O<a<1-6 = 3/4 
= “a,m+l = 
with 
Ky met = Kao * Cong BCI-8-0,8) Kon Kons 


where B(a,b) is the beta function. This implies that u(t) is well-defined 


for each mz 0 as a element of C([0,T], x) n C((0,T], D(A%)) for all a, 
satisfies 


0 <a< 3/4 and that u(t) 


Janu CO s Kt, Osa < 3/4, 


Put k_= max{K, , K_} and note the definition of K to get 
m 6m am 
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where C is a constant depending only on A. An elementary calculation shows 


that if 
1 
(C) ky < qe» 
then for each m> 1 the estimates 
k < K < 1/2C 
K <K.+C_MB(1-8-a,6) K* = K 
a,m+l = “of a+é : = gt 


are valid for constant K. We thus have 


l|avu_ | (td || < K ty Oak S/4y, Oe te TF 


m+1 


Using again Theorem 1 and Lemma 1, we can prove 


JA" cu g(t) = u(t) II 


WA 


m-1 -a 
a, 2KC,, 5 (2CK) B(1-é-a,é)t ~, 0 ka < 3/4. 


Since 2CK < 1, this implies u(t) converges a solution u(t) of (III) and 
u(t) is eventually a unique strong solution of (II); see [1,5,8]. 

We consider the meaning of (C). In (C) ky depends on T and a, so (C) 
is a condition for initial data and the length of time interval where the 


solution u(t) of (III) exists. There are at least two types of sufficient 


conditions for (C). Conceptually speaking, these are 


(i) T is fixed and a is taken so that |lal| is sufficiently small, 


(ii) a is fixed and T is sufficiently small. 


Let us explain (i). Suppose |ljal| is small, say |lal/ < 1/2c.¢ for 
a = 1/2, 1/4. Then clearly ky < 1/2C for all T. This implies that the 
solution u(t) of (III) exists for all time if |la|| <1/2C,C for a = 1/2, 1/4, 


Namely, there exists a global solution of (111) if |la]| is smaZZ enough. 


We next explain (ii). First, we prove that 
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rad al all > 0 (t+ 0) for all ae X, (a> 0). 


Tf ae Cy = (C,(D))” ay Xy, we see b= Ava is in x This yields 
t*yfate * al] = t% le" bi] +0 (t+ 0). 
Suppose now a € X_. Since C- is dense in X_, we can take a sequence {a } 
n 0,0 n m 
in Co such that a tends to a in X as m->o, Using {a_}, we have 
0,0 m n m 


tA a|| 7 Wa%e Aca P aI “ tate A a,_| 


tate” 


IA 


tA a, Il. 


WA 


cilia - agi + e*ate 


Since Cy is independent of m and since the result is valid for an é c 3? 


this estimate now implies 


tt {ate TA al) > 0 (t+ 0). 


This result implies that we can take T sufficiently small so that 


ire al| s 1/2C (a = 1/2, 1/4) for fixed a. In other words for every 
ae x there is a solution on [0,T] for small T. Note that this T 


heavily depends on a. 


4. Analyticity of the solution of (II). 


We can prove time-analyticity of the solution u of (IiI) as the proof of 


Theorem 3. Here we discuss spatial analyticity for u which is analytic in time. 


To prove (ii) in Theorem 4 we consider the elliptic system of (u,v) of 
n+2 variables as in Masuda [10], where v is the vorticity, t.é., v = curl u. 
Let us derive the elliptic system. For simplicity we assume n = 3. Since u 


is analytic in (0,T], u is holomorphic in some complex neighborhood U of 
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(0,T]. This implies u(x, t+io) is harmonic on Uc @ = rR? for fixed x. 


That is, 


2 2 
ou, 28s 9 in G=DxU 
aT a0 
Since div u = 0, we have 
Au - curl v=9 in G, 


Sum up both sides to get 


Agu - curl v= 0 in G, 


where ve is the Laplacian on G. 


We derive the equation for the vorticity v. For simplicity we assume 


f = 0. Apply curl both sides of (I) to get 


ay Av + curl(u,grad)u = 0. 


Since v is holomorphic in U, we have 


2 2 
-24 + a = 0 
Che a0 
Summing up both sides, we get 
A awe curl(u ad} in G 
G 57 7 curl(u,grad)ju . 


The foregoing argument shows that {v,u) satisfies 


> 
=f 

! 
.@) 
S 
ie) 
a 
< 

u 
Qo 
rR 
ro] 
QQ 

. 


tw 
Oo 
fo} 
ron] 
~” 
x 
cS 


vo - curl u 
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where g = curl(u,grad)u. 


If the right hand side is regarded aS a given data, this system is a linear 
elliptic system with complementary boundary conditions on S x U; see [7]. 
Moreover, this itself is a nonlinear elliptic boundary value problem for (v,u). 


Apply regularity theorems for elliptic system to get spatial analyticity of u. 
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Nash's Implicit Function Theorem and The Stefan Problem 


Ei-Ichi Hanzawa 


Department of Mathematics 
Faculty of Science 
Hokkaido University 


SAPPORO 060, JAPAN 


We sketch out a proof of the local existence of the 
classical solutions for the multidimensional Stefan 
problem and its relevance tc Nash's implicit function 


theorem. 


The Stefan problem is a mathematical model of the melting of a body of ice, 
where we suppose that a body of ice melts, at each point of the surface, with 
velocity in proportion to the normal gradient of the thermal distribution in 
water and that the thermal distribution satsfies the heat equation. We show the 
local existence of the classical solutios for the initial value problem of the 
Stefan problem, by using Nash's implicit function theorem, which enables us to 
reduce the solvability of a nonlinear problem to that of the linearized problem 
even if a loss of regularity of the solution for given data occurs. 

Here we suppose that the initial surface ts of a body of ice is a closed 


cc hypersurface in Ry the exterior of "% is the ice part, a heater is in the 


interior of I., whose surface J is also a closed oh hypersurface in oe and 


0 


the domain 5 bounded by ty 


conditions of regularity, these assumptions, e.g., that the water part is in the 


and J is the water part. (Except the 


ice part, are not essential.) The locus of a surface of a body of ice, which is 


the free boundary to be determined, is denoted by ly . > {(x,t) € Ro x [o, T]; 
3 
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d(x, t) = O}, where t is the time variable. We denote the free domain with 


water by 2s t See Figure 1. 
’ 


Figure 1. 


Our unknowns are the defining function ¢@ and the thermal distribution u 


in water in Qy Tr Our equations and result are as follows. 
> 


Equations. 


(3) u 


b on J*[0, T]. 


(4) u 


Q on Ys 0 
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n 
(5) 3,° ~ kt L 


421 » where k is a positive (froma 


gee $) = 0 on Pg 


4: 


physical reason) constant. 


Theorem. Suppose that a and b are nonnegative c functions and 
satisfy the comatibility conditions up to © order on Th and J at t=0 
(which are necessary conditions of the existence of a Cc solution for (1l)- 
(5)). Then, for sufficiently small T > 0, there uniquely (in the essential 
sense) exist a C’ function ¢ anda C function u on Q% which satsfy 


(1)-(5). 


Remark 1. For the one-dimensional Stefan problem, it is well known that 
the unique global classical solutions are obtained (see Rubinstein [5]). For the 
multidimensional problem, the unique global weak solutions are obtained by 


Kamenomostskaja [2]. 


Remark 2. The C-ness of the solutions in Theorem is remarked by M. 
Tanigawa [6]. The author's original theorem is that for solutions with finite 
differentiability of any order. The reason for giving this limitation was purely 
technical. That is, the author did not know whether there are smoothing 
operators up to ™ order ona scale of Banach spaces which is used in [1]. They 


are constracted by Tanigawa. 


Remark 3. For the general existence theorem of the classical solutions for 
the multidimensional Stefan problem, it seems that Nash's implicit function 
theorem is necessary, i.e., we encounter an essential loss of regularity. It 
occurs because to solve the single first order equation (5) for ¢ on Typ 
does not cover the loss of regularity of the normal derivative of the thermal 


distribution u, that is, the former gains the regularity only along the 
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characteristic curves although the latter loses the regularity in every 
direction. See Figure 2, The situation of this phenomenon is clearly 
recognized when we linearize the problem (1)-(5). Note that this difficulty 
does not occur in the one-dimensional Stefan problem, because the free boundary 


is one-dimensional so that it is covered by the characteristic curve. 


Figure 2: The reason why the loss of regularity occurs, 


the free boundary Ts 


32 


the characteristic curves 


the directions of loss of 


aa 


regularity of the normal 
derivative of u with 


(3, - Aju=0 


Remark 4, When a body of ice melts rapidly, e.g., when |grad al > « > 0 
on ly at t = 0, we do not need Nash's implicit function theorem. See 
Kinderlehrer and Nirenberg [3] and Meirmanov [4]. G. Komatsu suggests to the 
author that the essential reason why we can get around the difficulty of the loss 
of regularity in this case is in the fact that a heat potential cover losses of 


regularity in the time direction when the melting is rapid. 


Remark 5. The assumption that the initial data a and b are nomnegative 
(which is natural in physics) enables us to solve the linearized problem of (1)- 
(5). We resolve the linearized problem into a parabolic mixed problem and an 


initial value problem in & for a first order operator which has the form 


®,T 
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a%&-k £°(8u)2,, on vA . where v is an outward unit normal to the surface 
3 

{x; 0(x, t) = 0} in R” and u is the thermal distribution at which we 

liearize the problem. We can solve the latter problem if the characteristic 


curves starting from 2, at t =0 cover the domin 2 This requirement is 


0) 
satisfled because u=a>0O on 2 


0,T° 


0 at t=0,u=b>0 om Jx[0, T],u=0 


on ls T and we have the maximum principle for the heat equation. See Figure 
> 


3. This fact is the core of the present work. 


Figure 3: The reason why we can solve the linearized Stefan problem. 


The characteristic curves 


of the operator 


2 
a a 
k f° yu)d,, cover 


because k > 0, f° 


> 0 and du <0 on lg 
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Quasi-linear equations of evolution 


in nonreflexive Banach spaces 


Tosio Kare? 


Department of Mathematics 


University of California, Berkeley 


An existence-uniqueness theorem and a regularity theorem 
are given for the Cauchy problem for quasi-linear equations 
of evolution in nonreflexive Banach spaces. As an appli- 
eation, cl-solutions are constructed for hyperbolic systems 
of partial differential equations in the "Schauder canonical 
form" (which include generic equations in two independent 
variables.) 


1. Introduction 
In previous publications [7,9,10], we considered the Cauchy problem for 


abstract quasi-linear equations of the form 


(Q) du/dt + AC(u)u = flu), t 


Iv 
jo 


In this theory (at least) two Banach spaces X, Y are used, such that the solu- 
tion u(t) is in Y and du(t)/dt is in X. The object of the present paper 
is to give another version of the theory which is more flexible and convenient in 
some applications. 

The main differences of the new version from the previous ones are (a) 
elimination of the reflexivity assumptions on the basic Banach spaces X, Y, 
(b) elimination of the isomorphism S between Y and X, and (c) extension of 
the domain of the map wr sA(w) to all of Y without imposing any restriction 
of the growth rate. In the simple form presented here, the new result will not 
completely cover the previous ones, but it will be applicable to problems that 


were not accessible to the latter. 
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In particular, we have in mind applications to first-order hyperbolic systems 

m 

(HS ) du/dt + £2 a.(u)du/dx, = flu), t>0, xER, 
t=) j > 
a7 

in which the unknown u = {uj (tsx) +04 suy(tyx)} igs a real N-vector function, the 

‘ . No L 
a;(z) are real Nx N matrices depending on z@R in the C-manner, and f(z) 


is a similar N-vector function. It is assumed that the as(z) are simultaneously 


. , é : I ose 1 
diagonalizable by a common real matrix q(z) depending on zER in the C- 


manner. Our abstract results will be applicable to solve the Cauchy problem for 
(HS) in the class u © c( {0,7} cl (R™ RY) ) for some T > 0, given an initial 


m RN), 


value u(0) =8«€ clr 7 {Here and in what follows 2€ c(R™ sR) implies 


that @(x) —» 0 as |x|]——» ~, and similarly for chp™ sR). 

Our old theory is not applicable to (HS) simply because ct is not reflex- 
ive. It may be remarked that what is really required in the old theory is not 
necessarily the reflexivity of Y but rather that Y be locally closed in 
x: Y° =¥ in the notation introduced below. Even this condition is not satis- 
fied by the pair Y = C » XC. 

It will be recalled that for m = 1, classical cl-theories for (HS) were 
given by Douglis [4] and Hartman and Wintner [6]. (For earlier works in this 
direction, see Schauder [14] and Friedrichs [5].) A generalization to the case 
m > 1 was given by Cingquini Cibrario [3]. All these proofs make essential use 
of the moduli of continuity of the first derivatives of the functions involved, 
indicating that there can be no cheap way to construct a cl -theory for (HS). In 
fact our proof depends on the use of semigroups acting on spaces of functions 
with fixed moduli of continuity (see section 5). 

In view of this example, it appears that the following is a natural and 
inevitable procedure. In the abstract theory, we shall be content with construc- 


ting only a weak solution u(t) to (Q) which, however, will be uniquely deter- 


mined by the initial value u(0) =#¢E y° and which will stay in x°, where Y° 


is the local closure of Y in xX. (For the definition of Y°, see below.) 


If we want to show that u(t) is in fact a "strong solution" which stays in 
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Y provided @E Y, we shall construct a weak solution in another pair (X,Y) 
of spaces such that #€E ye c Y. In view of the uniqueness, this will show that 
u(t) € Y. 


To ensure that the interval of existence {o,T] of the solution is not 


diminished when we go over to the pair (X,Y) , we would need a regularity theorem 
SOr 4 f 

to the effect that a weak solution in (X,Y) with u(0)@Y is a weak solution 

in (X,Y) on all of its interval of existence. 


In the application to (HS), we choose X= C, Y= C” as above and then 


eat ana ¥ Se 


: ‘ 1, : 
oe Here cere is the closure of C in oP > the set of 


ail functions in C with modulus of continuity dominated by a constant multiple 


“L+p+ 
of a fixed modulus function p, and ct pro 


te ; ; 
dive cP o p will be determined by the initial function 2 ec and the conti- 


is the set of all ve cl with 


nuity properties of the functions a, .q and f. (see section 5 for details.) 


« 


e. The existence theorem 

We start from a pair YC X of real Banach spaces, with the associated 
norms | ly, | ly » with the inclusion continuous and dense. 

We assume that for each wEY , a vector f(w)€ Y, a linear operator A(w) 


in X and two norms equivalent to >» respectively, 


ees us Pesan 


are given with the following properties. If w, veY with lwly <r, Ivly <r, 


then 
(N1) dist( ol [y) < Agr? 
xX 
(N2) gist] Loa | iy hs Say reer 
W Vv 
(N3) diat(] [yal dy) Ay) 
> 
(N4) dist ( ' | ¥ es up(r)|w-v] , : 
WwW Vv 
(Al) Alw, € G(X_,1,B) (r)) AG(Y,,1,B,(%)) 
(A2) jatw) | < A,(r) ( D(A(w)) > ¥ ) 
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(a3) IAWw)-ACw) ly ys ug(r)Iwovly 

(f1) rw], < Ay(r) , 

(£2) lrw-20V) 1, < wy(r) ively - 

Here Ayaeees Boyeees Hy are monotone increasing functions on R, to R, , and 


will be called the parameters of the system (X,Y,A,f). 


REMARK 2.1. (a) The distance dist(| |,| |') between two equivalent norms is 


defined by log sup{|x|/]x]",|x]"/|x}}. A © G(X,1,8) means that -A generates 
~tA Bt 


a Cy-semigroup fe-""; t > Oo} on X such that ark <e°'. We denote by 
lAly x the operator-norm of A € B(Y,X), and lAly = IAly x . X is the Banach 
space X with the norm | lee (o) In (N1)--- (f2), the argument r in the 

wt 


parameters Ay Cr) see est (r) are (for simplicity and generality) assumed to be 
r= Iw or r= wl, V Ivly . (We write ab for sup{a,b} .) In some 
problems, however, (N1) holds with A, Cwly) replaced by why) , thereby 


strengthening some of the results. Similar remarks apply to other parameters. 


DEFINITION 2.2 A sequence fu} is called a null sequence (of approximate solu- 
tions) to (Q) on [0,T] if the u, are bounded in c((o,T);¥ A Lip,([0,7];x) 


and 


(2.1) du /at + Au ju, - t(u,)—> 0 in rt ((0,7]5X) 


Here u © Lipy({0,T];X) means that uu, is an indefinite Bochner integral of 4 
function u_€ L({0,T}3x) so that du /dt = u.. Note that A(u ju 
n n n noon 
€C([0,T};X) by virtue of (A2) and (A3). [In the existence proof, approximate 


solutions u, will be mostly piecewise ct{ [0,7 };Xx) and no measure theory will 


be required. | 


DEFINITION 2.3. u@c({0,T];X) is called a weak solution to (Q) if there is a 
partition of [0,T) into a finite number of subintervals such that on each 


closed subinterval I, u is the limit in C(I;X) of a null sequence. [Hence 
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ue Lip([o,T];x) .] 


DEFINITION 2.4 Let By(r) be the ball in Y with center O and radius r>0O, 


and cl, (By(r)) its closure in X . We denote by Y° the union of cl, (By(r)) 


for all r> QO. y° will be called the local closure of Y in X 


REMARK 2.5 As is easily seen, y° is a Banach space with the norm |x| 

oO 

Y 
defined as the infimum of r>O such that x €cl,(B,(r)) . Obviously we have 


KY: 
yc y° c X, with the inclusions continuous. If Y is reflexive one has Y™ = Y, 
including the norm. In general Y need not be dense in y°. For example, let 
1 A . 
X= C[0,1], Y= C°[0,1] ; then yY° = Lip[0,1], and Y is a closed subspace of 


y°. 


THEOREM I. (existence) Given #€ y° » there is T > 0, depending only on 

lal 4 (and the parameters of the system), and a unique weak solution u_ to 

(Q) on [0,T] with u({O) =@. The map 2 u is bounded on a bounded 

subset of Y° to B([O,T1;Y°), and is continuous from the X-topology to 

c({0,T];X) within a bounded set of y°. [Here B(1T:Y°) denotes the set of 
° 


co 
bounded functions on I to Y. We cannot replace it with L (13¥°) since the 


functions considered may not be strongly measurable. ] 


REMARK 2.6 After introducing the space Y°, one might try to extend the map 
wroA(w) to all w e Y°, to be able to work in the space pair y°a xX instead 
of YC X. There are two difficulties in this attempt. First, there is no 
general method to extend A in this manner so as to make A(w)e€ B(Y°,x). 

Second, even if this is possible, A(w) may not become a generator in y°, This 
may be expected from the typical example (HS) in which yo = Lip (see section 5). 


In fact there are no reasonable Cy-semi groups on the space Lip. 


REMARK 2.7. If Y is reflexive, we have y? = Y and the solution ui in 
Theorem I belongs to C({0,T]3¥), where C:. indicates weak continuity, and u 
is a solution to (Q) with du/dt € c([0,T]5x). Thus u is almost a strong 


solution to (Q). In favorable cases one may be able to show that u€ C([0,TJ;Y) 
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(strong solution) by auxiliary considerations such as those given in {8;Remark 


5.3] 


3. Sketch of the proof of Theorem I 

For simplicity we assume f = 0. 

As in previous works [7,9,10], we use successive approximation based on the 
theory of linear evolution equations given in [8]. 

(a) First we assume that 2G Y, and find a ball in Y in which we can 


expect to confine the values of the approximate solutions uw for a fixed inter- 


val [0,T]. To this end, fix an R > lal, 7 Then we can determine R!', R" 
such that 

: € e Ne a 
(3.1) g By (R) a ) BY(R") . 


Indeed, in view of (N3) it suffices to set R' = R explA,(R)] and R" = R'exp 


[A,(R)] . All approximate solutions u, and related functions we introduce 


below will take values in BY(R"), so that we shall be able to set r = R" 


in all the parameters Ay (r)s++- sty (x). 


REMARK 3.1. R, R', R" and L, T (introduced below) are determined by \a\, 


only. This is a great advantage over the situation in {7,10}, where T depended 


only on & but not necessarily on |@], only. 


bs 
(b) Let E be the set of all functions v © C((0,T];Y) such that 


(3.2) v(O) = @, v(t)e]B 


where T and L are constants to be determined. 
For each v GE, let Vv be a step-function approximation for v (by which 


it is implied that the values of ¥ are a subset of the values of v ). It 
follows from (3.2) ana (N2), (Wk), (Al) that a’(t) = A(v(t)) and aA‘ (t) = 
A(¥(t)) form stable families of generators in X as well as in Y (see [8]), 


with uniform stability constants. Therefore, there is an evolution operator 


¥ 


fu’(t,s)} associated with {A*(t)} (see [8]; here we may disregard finitely many 
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~ 


discontinuities for the derivatives of U‘(t,s) ). 

It follows from the uniform estimates for the stability constants that 
u=zUu(-,0)®€E if L and T are chosen appropriately, for any veE and 
any step function approximation ¥ of v. Moreover, the map Y¥r—»u = O¥ can 
be shown to be a contraction in the metric of L ([0,T];X), by reducing the size 
of T if necessary. 


(c) We can now construct a null sequence {uJ to (Q) on [0,T] such that 


u, (0) = 2. Assuming that u,¢é E has been constructed, we choose a step 
‘ d F oo -n 
function approximation uw, to u, such that %,-u, | < 2°", where I lly 
fea) ss 
denotes the L ({0,T];X)-norm. Then a es ou, will be the next element, and 


fu, } is shown to be a null sequence. 
Finally we show that lim uozu exists in L( [0,7 13x), so that u isa 
weak solution to (Q) on [0,T] with u(0) = @. The proof is based on the 


following lemma. 


LEMMA 3.2. If fu} is a null sequence to (Q) on [0,T] and if lim u, (0) 
exists in X, then u = lim u, exists in C({0,T];X) (so that u is a weak 
solution). 

(d) In the general case in which 8 eY°, we choose a sequence ss Y such 
that l@,ly = de and |2,-2|,—> 0. Let u, be a weak solution to (Q) with 
u,(0) = a, » which exists on an interval [0,T] independent of 3 by the 
previous result. 

Fach a, is constructed as the limit in L ([0,T];X) of-a null sequence 
{u, J. Thus we can find a sequence {uy = {v,} such that Hav Ih < yt 
and HI2v sHly < gets where Qw = dw/dt + A(w)w . Thus {v,} is a null sequence 
for (Q) on [0,T] such that v,(0) = a, @ in X. According to Lemma 3.2, 
it follows that lim Ms =u exists and defines a weak solution to (Q) on [0,T] 
with u(0)=+2. 


(e) The uniqueness of the weak solution is also a direct consequence of 


Lemma 3.2. 
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4, The regularity theorem 

In general different choices of the spaces X, Y are possible for a given 
equation (Q). In other words, there are many systems (X,Y,A,f) satisfying 
conditions (Nl) --- (f2) with different pairs (X,¥) but with the same A and 
fies DO: explain the last expression, we say that the two systems (X,Y,A,f) and 
(X',Y',A',f!) have the same A and f if Alw)y = A'(w)yE@ XN X' and flw) 
= f'(w)@ YAY' whenever w, ye YANY'.] 

For simplicity, suppose that we have two systems (X,Y,A,f) and (X,Y,A,f) 
such that X CX, Y CY with the inclusions continuous. Then we have obviously 
YC Y . If we choose the initial value #€ y° » Theorem I gives a weak solu- 
tion we B(({0,T];Y¥°) to (Q) and another solution ae B((0,T];¥°) , both 
satisfying the initial condition u(0) = u(O0) =. In view of the uniqueness 
result, we may assume that . < T and u =u on [0,7] . The question arises 


a 


whether or not we can take T 


Ts 

More generally, one may ask whether every weak solution in the system 
(X,Y,A,f) with u(o)e€ y° is automatically a weak solution in (X,Y,A,f) with 
the same interval of existence. This is the problem of regularity for (Q) 

To answer this question, we would need further assumptions. To formulate 


such assumptions, we find it convenient to introduce the notions of norm- 


compression and compressible systems. 


DEFINITION 4.1. Given two Banach spaces XC X with the inclusion continuous, 
we may introduce in X new equivalent norms. A family of equivalent norms 


aA 


| I. x in X , depending on a parameter € > 0, will be called a compressible 
: 


n 


norm in X (relative to the X-norm) if 


na 


SAS Ixl, for each xE@X. 


(4.1) limsup Ixt. f 


E> 0 
EXAMPLE 4.2. Set xl. = Ixl,V e|x|5 . In this case we have Ix]. = Ixly : 
for sufficiently small ec (denending on x ). 


Consider now the two systems (X,Y,A,f) and (X,Y,A,f) for (Q) mentioned 
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above, with XC X and YC Y . Suppose that we introduce compressible norms in 


various spaces: | { relative to X-norm, | | relative to Y-norm, 


€,X €,Y 


a 


relative to X -norm, and | | relative to Y norm, where weEYcy,. 


ev, 


Assume that with these new norms, condition (Nl) --- (f2) remain satisfied with 


ble 


a set of parameters v oH) og depending on € 
? 


DEFINITION 4.3. If these parameters Ay erly eg 


we say that the system (X,Y,A,f) is compressible to the system (X,Y,A,f). 


stay bounded as € —> Q, 


i i < 
[The parameter Ae is bounded as €-—» 0 if Aye?) < Ay oF) for r > 0, 


for some monotone increasing function Ay 0 4] 
> 


REMARK 4.4 Definition 4.3 is admittedly rather implicit and complicated. But it 
is not unreasonable, as is seen from the example (HS) discussed in the next 
section. As a matter of fact, compressibility holds in most well-posed systems 
as soon as (X,Y,A,f) is a reasonably good system, although the definition would 
require a generalization to systems (X,Y,Z,A,f) involving three Banach spaces 
if wider applications are desired. Among simple systems in which two Banach 
spaces X, Y suffice, we may mention the KdV equation, for which X = H- 


sto 
( 


¥.= H°(R) will give a “good” system, and X = He-1(R), Y=H R) with s>0O 


will give a compressible system. For relevant results see [11,12] (though 


compressibility was not formally introduced there). 


THEOREM II. (regularity) Suppose that the system (X,Y,A,f) for (Q) is 


compressible to (X,Y,A,f). If u is a weak solution tu (Q) on [0,T] in the 


system (X,Y,A,f) (so that u(t) @¥° ) and ir u(0)e@Y° , then u is a weak 


AOA A 


solution to (Q) on [0,T] in the system (X,Y,A,f) (so that u(t) © Y°). 


Proof (sketch). Since u(0) € Y°, there is by Theorem I a weak solution in the 
system (X,Y A, £) on an interval [0,7] with the initial value u(0). By the 
uniqueness result, this solution coincides with u on (o,t}, If the assertion 
were not true, lult) [A must blow up at some t=s<T. If we take s' <5 


Y 
sufficiently close to s, and choose the compressible norms with sufficiently 
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small € , we may achieve that ju(s')| «_ < Ju(s')| 
€,¥ Y AA 
parameters stay bounded with compression, the weak solution in the system (X,Y) 


- +1< K. Since the 
will exist on an interval [s',s'+T, ] with qT) > 0 independent of s'. Thus we 


have a contradiction by choosing s' sufficiently close to s. 


REMARK 4.5. Since norm-compression is used in the proof, we have no simple esti- 
mate for the growth rate of Ju(t)|a, . But we do have sufficient control over 
nm Y & 
the interval of existence [0,T] to show that T = T. 
5. Application to (HS) 


For simplicity we assume f = 0 in (HS). 


It is assumed that the a are simultaneously diagolizable: 


(5.1) a,(z) = a(z)Tay(z)a(a) (fe Vig seek gms 2S eR), 


where the a, (2) are real diagonal matrices and q(z) is a real nonsingular 


matrix, such that 


2 
0 1 N 
(5.2) aj» aec (RU; ). 
We may assume, if necessary, that det q(z) = 1. 
(a) Let 
. N eal N 
(503) x = C(R™3R°), Y= (-(R™5R°) 


X is the set of all vector-valued continuous functions wu such that u(x) —> 0 
as |x| —»o, Y is the set of all ue ct such that u(x) and all 


d,ulx) — O as |x] —>»~. ( a..= a/ dx, ). 


The norms | iF and | ly are given by 
(5.4) luly = ae Ve -V Jy! oe ~ 
July = lulyV lauly Vee V lauly 
where u= (us. 1 sUy) In general we agree to use the norm 
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(5.5) fe] = Je, | Visee Vo leyl for a= (2),c...2,) @ RM, 


. “ m 
while we use as usual the euclidean norm |x| for x€R. 


For each w€ Y, the norms | ly and | ly are given by 
Ww Ww 
(5.6) lul, = la(w)ul, . 
WwW 
luly = lul, V Ja,uly V ead V ld uly f 
Ww w Ww Ww 


With these norms, conditions (Nl) to (N4) are easily verified. Here we may take 


re apy instead of |wl, , ete. 


Y 
Next we define the operator A(w) formally by 


m m 
(5.7) A(w) = £ a(w(x))d, = 2 (a 


where 
(5.8) a°(w) = so as (7), 
twee” 2 eae Leann) 
j=l J 


To be precise, these operators must be defined by carefully specifying their 
domains. In any case it is obvious that a Gh is a first-order differential 
operator acting separately on each component. Using the well-known results for 
the first-order operators in one unknown, it is possible, with some efforts, to 
determine these domains and verify conditions (Al) to (A3). 

Thus we are able to apply Theorem I to construct a unique weak solution u 
for (HS) in the system (X,Y,A). Since yo = Lip( RR) (with appropriate 
behavior at infinity), u(t) is Lipschitzian for each t but as yet unknown to 
be in e: even when @ = u(O0) <@ Cc. This corresponds to the results proved by 


Cesari [1] and Cinquini Cibrario [2]. 
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(p) To prove the sharper result that u(t) © Y if @ €Y, we introduce a 
new system (X,Y,A) with spaces Y Cc x related to the moduli of continuity. 

If 2@GY= ct , the al have uniform modulus of continuity. Since the 
a and q are et, their first derivatives have uniform moduli of continuity 
on any compact subset of RY, Since we have already found a weak solution u to 
(HS) staying in a bounded set in Y° , we may assume that the om and q_ have 
first derivatives with a common modulus of continuity on all of Re » modifying 
these functions if necessary for large lz| 

Thus we are able to find a "modulus function” p such that the 4,8, a2, 3 


and 4,9 have moduli of continuity dominated by constant multiples of p. 


Then we define the space x cX= c(R™ RN) with the norm 
(5.9) july = lal y V luli > 
lul ey = sup |u(x)-uly)|,/p([x-yl) . 


Similarly we define the space YC Y= cl(r™ sp) with the norm 


(5.10) lul} = luly V lajuly Varn la uly : 


a 


For each w@ Y, we now introduce equivalent norms: 


(5.11) July = JaQwuly 
W 
(5.12) luly = July V Jajuly Yow V la aly 
W W W W 
It can be shown, with some computations, that conditions (N1) --- (Nk) are satis- 


fied with X, Y replaced by X, Y, respectively. Here again, r may be taken 


to be |wl? 


X rather than Iwl> >» etc. 


Finally, conditions (Al) to (A3) can be verified for the system (X,Y,A) by 
making use of the explicit formulas known for the operator aw). Before doing 


so, however, we have to make a small correction to the previous definitions by 
replacing the space X with its subspace spanned by ey and accordingly modify- 


Aa a 


A . es 
ing the space Y . (We denote these spaces by X = gpre: Y= ch P Oe 
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This is necessary because otherwise the operator -A(w) would not be densely 
defined and therefore not generate a Cy-semi group on X or Y. Note that & 
may be assumed to be in the modified Y , by weakening p slightly if necessary. 


Theorem I can now be applied to the system (X,Y,A), with the result that 
u(t) € y° at least for a short time. Using the special properties of the space 
Y, then, it is not difficult to show that ueC({0,T}];Y) . Thus u isa strong 


solution in the system (X,Y,A) on [0,T]. 
Actually we can take T= tT. To prove this, we apply Theorem II by showing 


aA A 


that the system (X,Y,A) is compressible to (X,Y,A). In the present problem, 


however, compressibility is almost a built-in property. Indeed, there is nothing 


that distinguishes a modulus function p from its constant multiple ee ps 


in (5.9) 


If we choose ¢€ sufficiently small, the associated seminorm lal tj 


becomes small so that we have lal = july . This can be done simultaneously for 
any finite number of functions u. Thus it is not surprising that the parame- 
ters Ayers sols in the system (X,Y,A) can be made equal to Aporeesbg by 


choosing ¢€ sufficiently small, although the proof is by no means trivial. (For 
details cf. Nakata [13], where norm-compression is systematically used.) 


(c) Thus we have shown that (HS) has a unique strong solution ue C([0,T]3Y) 


for any u(O0) =fEY= ctir™ sp), with T> 0 depending only on |Sly (for 


the a, fixed). Moreover, we shall show that the dependence @r »u is con- 
tinuous from Y to C([0,T];Y). 

To this end let B, @©Y, j= 1,2,..., such that 4, —- @ in Y. Let 
ue ci{0O,T]3;Y) be the strong solution with u, (0) = B, , where T can be taken 
common to all a, and u. We have to show that uy uo in c([0,T]3y). 

Since eas @ in Ye cy it can be shown that there is a modulus function 


oitpto 


p such that all #, and @ are in Y= with the norms bounded. we may 


. ‘ 0) f 1+p+0 
also assume, by weakening p if necessary, that the a. and q are in C 


*pt0) 


Then Theorem I applied to the system (X,Y,A) (where X=c shows that 


u,—> u in cC({0,T];X). Since the ay are bounded in B([0,T];¥) (because 


the ‘, are bounded in Y ), it follows that aed u in c({o0,T];y). 
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6. An example of compressible system 


Let us illustrate the notion of compressible systems by a simple example. 


EXAMPLE 6.1. Consider the first-order scalar equation 


(6.1) u,tuu =o, xER, t> Od. 
x = 
choose 
(6.2) X SAkoS H°(R), Y= H°(R), Ys #>(R), A(w) = wa 


It is known (see [9]) that (X,Y,A) is a "good" system. We shall show that 


(X,Y,A) is compressible to (X,Y,A). Since X = X , we may choose the norms 


(6.3) |u| = lul, = [ul (L?-norm), 


2 2 
= [ul" + Jul 


luly XX 


2a e 2 
» 2S = ele + a 


In this problem we do not need variable norms etc. Thus the only 


Aa 


parameters we have to consider are 86 


file. e 


aw 


te? Bo ie F Az i¢ » and U3 6 . Among them, 


only B, ~ is nontrivial, since it is easy to see that By ake) < B, (r) > ete. 
+ ry -~ 


due to x =X. 


To estimate Bo ge ae compute 
? 


A 2 2 2 2 
(6.4) [(A@w)uyu), y < clw, (ul + Ju + Piael ) 
2 a 24 
aoa Le cel eas T| . elwl, yluley : 


It follows that |(A(w)+A)ul . Y > (A - cl]. pel, z . Hence we can take 


8, me) = cr , which is independent of €. This shows that (X,Y,A) is 


compressible to (X,Y,A). 


REMARK 6.2. It is instructive to see what happens if in the above example we 


replace Y by H(R) and Y by H°(R), with lule = Jul? + lu? and 


oe oe or 2 2 2 
laley = July te | | 


so that 8B, - could not stay bounded as € —»0O. Indeed, the best estimate one 


ee aie: In this case (X,Y,A) is not a "good" system, 
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ean expect of the sort of (6.4) will be 


FS 2 2 2 
[CAG usa). 9 elw (ul + Ju, | +e |u,! ) 
-1 Aye ye-n 
< ce IWley ley 
This gives 8, me, = ce lr , which blows up as € — +0. 
Footnotes 


This work was partially supported by NSF Grant MCS 79-02578. 
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Asymptotic Behaviors of the Solution 


of an Elliptic Equation with Penalty Terms 
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1. Introduction 
Let Ry be connected domain in R? with smooth boundary Tf. Take 2 so as to 


satisfy (i) 22253 (ii) 2, = R= A, is a connected domain; (ii) the measure of 


ant n on is positive or 9, is unbounded; (iv) 92 is smooth (see Fig.1). 


1 


We shall consider the boundary value problem defined in 2 for every e>0 and 


a,B ER, 
€ € 
Find p = Vo in Qe» such that 
€ 
yy in a 
€ € 
(1.1) ~AVq + Andy = f in % 
2a € ~28 a 
(1.2) -€ AYT te by 0 in a 
€_o¢€ 
(1.3) Wo = ¥y on? 
Q 
Fig.1 
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im € 
ay ay 
Q _ _2a i 
(1.4) oa eee cy on T 
(1.5) " = 0 on 32 


and "i +0 ({x| = [xitxpe). 


Here n is the outward normal on [ to X5 and hg is a positive constant. It is 
found in Lions ({3], Chapter 1, p.80) that the boundary condition which the limit 
function of v5 as e>0 satisfies on f is classified into three types, which 
depend upon the relative value of a and &. 

In this paper, we study an asymptotic behavior of ye on [ when ¢€ is small 
enough. We now summarize the contents of this paper. Section 2 includes four 


Theorems. In section 3, we prepare some Lemmas for the proofs of Theorems. 


Sections from 4 to 7 are devoted to the proofs of Theorems. 


2. Theorems 
2.1 We put 
(2.1) K = {ye x(a) |p = 0 on dQ and w>+O (|x| >+~)}. 


Then (1.1)-(1.5) are reformulated as follows: 


Find p°€ K such that 


(2.2) | gwevdx + Al pevdx + <7. vvevvax + 78. | p’vdx 
Q% % at a 
= | fvdx , Vue, 
%% 


There exists a unique solution ve (é K) of (2.2) for Veen *(a,). Putting 


vey in (2.2), we see that Y% is uniformly bounded in e: 


Q 
(2.3) Iv Il g £o<te 
1% 
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where C depends upon only the data f. 


When ¢« tends to zero, we can extract a sequence oa (n=1, 2, ...) such that 
ae 0 di: 
(2.4) Yo 7 Vo weakly in H (29) + 
Then 
en 0 s yf 
(2.5) Yo * ¥G strongly in H (2) (“s<1, [5]). 


Let V EHD (29) and v be the zero extension of v to Q. Passing to the limit 


in (2.2) for veut (a) yields 

(2.6) geegvds +a.f wovex =|] fvdx, Vy ent). 
Q 0 0 0 Q 0°'O 
i} 


from which, we have 


(2.7) sh vw + Avo ang 4a H*(9)). 


If we assume f ex™ (9, (m>0), then we have 


Tay, 


0 m+ 
(2.8) Yo é€uH 0 


By the trace theorem (Neéas [5]), 
(2.9) y 


0 Obs 
Moreover, 5 satisfies on fl: 


(3) 


Theorem 1 Suppose f ex ta) (m> 0). 


(a) If B> Jal, then 


(2.10) vu) = 0 in H (T). 
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(b) If B=a>0, then 


Vo m-3 
(2,11) Sr + vo) =0 in H (T). 
r 
(c) If B<a and a>Q0O, then 
*¥9 m3 
(2.12) ace Uae 0 in H (T). 
n 
r 
Remark 1 There also holds v r =0 in the case 4+8<0 and a<0Q under the same 
assumption. 
2.2 We now state our main result as follows. 
Theorem 2 Suppose f €H™(2)) (m> 0) and let « be small enough. 
(a) If B> jal, then 
ay? ioe 
(2.13) Wi,- nf. 0) Oc Pe ey tae a Gy 
0 soto 
where Yo satisfies (2.10). 
(b) If B=a>0, then 
€ 0 4a, nts 
(2.14) p le = Voip Ot”) in H (T) 
0 yest 
where Yo satisfies (2.11). 
(c) If [B[ <a, then 
m+> 
(2.15) vi. Voip + cen) in HCP) 


where ¥ satisfies (2,12). 
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2.3 By using (a) of Theorem 2, we have the regularity results about yr. 
Theorem 3 Suppose £eHS(Q0) (k>5) and let ¢ be small enough. 


If p> lal, then 


(2.16) Wicd eee ws 
we? (Tr) 

(2.17) OU es. OOS ry 
we? (Q) 

(2.18) ye a < 0( (3a+8)) 
we?) 


2.4 The motivation of this paper consists in the integrated penalty method 


presented by one of the author [2]. The mathematical justification of this 
method was done in the sense of distribution. If we use (a) of Theorem 2, we can 


prove the key-point of this method in the framework of the Soborev space. 
Theorem 4 Suppose £ CH" (2) (m> 0) and let € be small enough. 
If p> lol. then 


0 


ay 
e,_4 ) = 
var + ja (Ss) \| = 0( 


-2(a+8) 
ae 
m 2? 


(2.19) l| ). 


r*(s) 


Here s stands for the length of the arc along I. 
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3. Preliminaries 


The aim of this section is to give some preparatory lemmas which will be 


needed in the proofs of Theorems. 


3.1 We first introduce some operators defined between traces onT. 


(i) Define the mapping 
3 ae 7 
(3.1) T. : H(r) 3a>x—| € H (T): 
£ an |, 


w_ is the solution of the problem; 


a 

(3.2) -Ay+trgpef in % 
(3.3) v1, =a 
where £ex™ (a) (m> 0). 

(ii) Define the mapping 

_i 1 
(3.4) Re: 7 (ry soe uf) Enns 
r 
€ 


vy, is the solution of (3.2) with £=0 and the boundary condition 


(3.5) (cP. Sb yy] =v, 
an 
T 
(iii) Define the mapping 
i aye _i 
(3.6) sd) Sas) en 7: 
on r 


y is the solution of the problem; 


i] 
i=) 
be 
3 
~~ 


(3.7) Ee eaay 


(3.8) Yb 


HT] 
@ 
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(3.9) Vlog = 0 and bro (|x} >), 
1 
m .€ € € E wes 
We denote Tp» Sh and Ro by the restriction of Tes S” and R’ to H (T). But we 
abbreviate the suffix m hereafter. 
3.2 
n+4 
Lemma 1 Let a, b be arbitrary in H (T). Then 
(3.10) T, (a) - T,(b) = Ty(a-b) 
where T> implies Teio° 
Proof Let ae (y= a,b) be the solution of (3.2) under the boundary condition 
(3.11) ve =. 
yos - ‘i i 
Put ve vy ¥Y satisfies 
(3.12) -AY + hd = 0 in ys 
(3.13) Mi =a-b. 
Then 
ay 
(3.14) an : = Tp(a-b). 


On the other hand, 


ay 


r an 


ay 
on 


Pama) 
én 


(3.15) 


u 


= T, (a) - T,(b). 


r T 


From (3.14) and (3.15) follows (3.10). Here we should note that To is 


linear and Ty, Is non-linear. | 


Lemma 2 
n- n+ 

Te and S are homeomorphic from H (T) to H (T) and R is homeomorphic from 

1 

mt+> 


ee: 
u 7(r) to 


2(r) for any m2>0. 
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res mee axe 


1° Te is injective from H 20ry into H 2 Ur), In fact, let a,bé€H 2 (ry 


(ab). Suppose T, (a) =T,(b). Then, by (3.10) 
0 = T, (a) - T,(b) = Ty (a-b) x 0 


because of the strong maximum principle under the assumption ig 0. This is 


a contradiction. 


m+5 m-4 
2° Te is surjective from H (T) onto H (T). In fact, we choose any 
1 
m+ > 
béH (T). Then, the following problem: 
(3.16) -Ayt+ Ab = f£ in Q%y 
(3.17) oO ech 
dnl p 


m+ ! 
has a unique solution vy H *(@q) if 4.>6, which satisfies 


0 
m+5 
(3.18) v| € # (P) and b=T,. (| )- 
b r f£[*"b r 
-l att m-4 
3° It is checked that Te and (T,) are continuous between H (T) and H (TP) 
(see [1]). 
m+5 
4° Summing up 1°, 2° and 3°, we see that T, is a homeomorphism from H (T) 
n~5 e.<1 
onto H (T). The repeated use of the above arguments gives that (R ) and 
oe 
5° are also homeomorphic between H (T) and H (T). i 


€ 
3.3 Here we give the estimates of the norm of Rand s©, which are crucial for 


the proof of Theorems 1 and 2. 


Lemma 3 Let € be small enough and suppose B>a@ and m>0. Then 
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é a-B Vv m-5 
(3.19) | Rv (a) |] 1 =O(e ~) |lal| : ; for Ya EH (T) 
nts yl n~~,T. 
2 Z 
1 
€ ¥ ee 
(3,20) || Ra) || P = OO} lad. ; for Ya €H (T) 
m-3s m-33T 
and 1 
€ B-a nt 
(3.21) WRG@)-al} , =o ™) dal] for Ya GH “(T). 
m->,T m+>5,T 
2 2 
Proof Using Green's formula in the problem defining RY, we have 
a 2 
(3.22) ef *.| (ige]?+agivl? vax + | lyl*ds = [ ads. 
2 E Ey 


From (3.22) it follows 


(3.23) Milo p < Hallo: 
and 
(3.24) *tlyil, << llell 


or pot 


Using the standard technique to raise up the regularity property of the 


solution of partial differential equations, we obtain (3.19) and (3.20). 


1 
Mes 
Rewriting (3.5) with an aid of To and R, we have for YacH 2(r) 
(3.25) Rec -all = 288 In ally 
m-353? m- 53 T 
B-a € 
= o(eP yp Ra) Hg 
+5,7 
m a? 
Ba 
= O(e” ~) Ila || (by 3.20). 
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n+5 n= 
Here we have used the continuity of Ty from H (T) to H (T). i 
Lemma 4 Let « be small enough and m>0. 
(a) If g=a+B+p(a-8)>0O (pER), then 
m+> 
(3.26) fers aya heel , = 00) Mall 1 > Yaéu 0r). 
m-—,T m+>,f 
2 2 
(b) If a+8>0, then 
m+t 
- + 
(3.27) | s©¢a) +e OF), || 1. 2 0ce" oma pee, ‘ eeH 2 (Pr) 
m->,T m+>,T 
2 2 
l 
e,~-l v mae) 
(3.28) Wes @ |}, = om ey | beEH “(T) 
n+5,T m->> 
-1 + 3 (at 
(3.29) sy tay ee | = ce Fy Yo, 
m-~>,T m+>> 
m+ 
‘pen “(P). 
Proof We prove this lemma in the two cases. In the first case, we prove the 


special case a= R= { (x1 5x,)[0< X,5 —-@< xX, < +o} (2) =) by using the fourier 


1’ 2 
transformation. Subsequently, we give the plan of the proof in the general 


geometry. 


1° Let 


and 
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™ 
Here ve (x) 5X) is the solution of the problem (3.7)-(3.9). Then yo satisfies 


2% a 
(3.30) - 2+. $6 OY, Gun lel en Oe = in R 
ax 
1 
A 
€ na 
(3.31) Why eg = 2 
1 
Solving (3.30) and (3,31), we have 
nm i 
(3.32) yo = Resyslad OTP) sping ae teas PEA x,}. 
From (3.32) 
vas 1 
é L~ ve > 
(3.33) a = *(a) = -€ (O48). 14 gue le Tce ee ere 
x,=0 
We compute 
(3.34) 9 E(D) + oP O-B).g 
i 
2 _PCOtB) (1+an2- E[reet Ose AY 
2. a+B, 
= ages _Lé} “£ S T° 
1+(144n2= | £1] 4—7 (0F8) 52 
From (3.34), it follows 
: ee 
(3.35) | Ctan2efe}2y [e285 ca) + 2° 0-8) -a]? ae 


1 
ile 
: porte? Cen? |e?) FafelPee? OPP fel? etal? gy 
1 
Geare(te ee 
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20. {” 2 2 +5 2 
< O(e | (1+ 4n%+feé]") - (ajo ae. 
Hence we obtain 
(3.36) Pe%es®(ay +e O® al] | sole) Hal) 
m-5>? n+7,50 


Repeating the simular arguments as above, we conclude (3.27)-(3.29). 


2° Let us now deal with the general case. The domain Ry is a regular simply 


connected domain; then there exists a (fixed) regular conformal mapping 

, _ : . 2 
we f(z) =u, tiv, (2=x, +ix,) which maps Q) into R,. As a matter of fact, 
Tl is mapped into the uy-axis of w-plane. Then the transformed solution 
y©=y'(£ /(w)) satisfies 


2 
ye 2 


(3.37) eT ag og, = 0 in R 


dz 
d 


(3.38) ¥ | og 7 Alay) = af 7 (w)). 


By means of the iterative method proposed in the theory of singular perturba- 


tion (see [3]}), ¥° is asymptotically developed in the following way: 


e _ (0, atf 1 2(a+B) 2 n({o+8) n 
(3.39) Vv a ie 2 verte Fi ec a v + we. 
Using (3.39), we obtain (3.26)-(3.29) (see the appendix). I 

3.4 Define 

€ € nro 
(3.40) Gr=y I éu (T), 

m+> 
(3.41) yo aw en (nr). 
r 


Then we have 


Lemma 5 Let ee (n=1, 2, ...). Then 
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€ = 
(3.42) 2 aes ye weakly in wr), 
1 
en 0 “2 
(3.43) TY )> TY) weakly in H (T). 
i 
Proof Recalling (2.4), (3.42) is obvious. Let a, b be arbitrary in R(T). 


Then, we denote by ¥ (y=a,b) the solution of the problem: 


(3.44) “hp tab = 0 in 2 


Mt 
~< 


(3.45) Vip 
By using Green's formula, we have 


(3.46) J, Tolaas = Jatoba = \. Ch Av, ~ ¥ Av) dx = 0. 


E 
Using (3-10) and takine 22 SG". gest sedeis 


en 0 en 0 
(3.47) | iT. & hot J}bdds = | TY -~Y°)bds 
r r 
“n 0 
= | iy "-y )T4(b)ds > 0 (e+ 0). 
r n 
Lemma 6 Suppose o=a+8+p(a-8)>0 (p ER). Then 
€ € 
(3.48) glee OE) eh OPO os @ 


1 


strongly in H : (T) as €,7 9. 


Proof By using the definition of T. and s©, (1.4) is rewritten as follows: 


f£ 
(3.49) 7,9) = 8° YF), 


€ 
Taking azo" and ere in (3.26) for m=0 and substituting (3.49), we have 


€ € € 
(3.50) eNO or OM pe SOP SON OIG Ihe. 
-=,? Zee 
2 
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Let £70. Then we conclude (3.48) with an aid of (2.3). i 


4. Proof of Theorem 1 
(a) Let p=0 and 8> Ja| in the assumption of Lemma 6. Then o =a+8>0 and 
(3.48) becomes 
B-a ier ha 
(4.1) es "TY ,+YP +0 strongly in H “ (Pr). 


By (3.42) and (3.43), 


(4.2) gy? = ¥| ) = 0. 


r 


(b) Let a=8>0. Then og =2g>0 and (3.48) becomes 


tole 


E E - 
(4.3) TY By + wy? +0 strongly in H (tT) 


which implies 


0 0 V9 0 
(4.4) Tey) +9 = Gr t 4) = Q 


by the definition of T, and gy, 


f 


(c) Let p=1, a>8 and a>. Then o = 2a>0 and (3.48) becomes 


a~-B ier 5 
(4.5) TY d+ EN “9 +0 strongly in H (tT) 
from which 

0) V9 5 
(4.6) TY ) «& Tn 2 = 0 in H (T). 


Combining (2.8) with the results obtained above, we conclude (2.10)-(2.12). 
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5. Proof of Theorem 2 


5.1 Using (3.49), the problem (1.1)-(1.5) is transformed into the following one: 
meee 
Find aéH (T) such that 


(5.1) t,(a) = aus tah 


Hereafter we call (5.1) the transmission equation. As a matter of fact, the 
solution of (5.1) is equal to the trace vp of the solution of the problem 


(1.1)-(1.5). 
mee 


5.2 Let b be arbitrary in H 2: Then, combining (5.1) and (3.10), we have 


(5.2) Ty(a-b) - gree aie -T,(b) CH 2 (ry, 


Let us begin to prove (a), in which 8> {al is assumed. By (a) of Theorem 1, we 
have ¥ r =0. Therefore we choose b=0 in (5.2). On substituting (3.27) into 


(5.2), we get 


(5.3) Ty(a) + erayS cs, (a) = -T,(0), or 
= + x 
ef Senta) + a= e° st (a) ae *.1, (0) 
where si (a) = s* (a) + 7 6OF8) 


The definition of R° allows us to rewrite (5.3) by 


atp 


(5.4) ate “RS! (a) - ef 


Oo Le 
*R (T,(0)). 


Let €(>0) be small enough in (5.4). 


+) 
Using Lemmas 2, 3 and 4, we see that the mapping * PeRese becomes the 
1 
m+ > 
contraction mapping from H (T) onto itself if ¢€ is small enough and 


B>a> -5 


Indeed, 
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(5.5) eA a sf@) |] 4. oe) I] seca) Il (by 3.19) 
n+>,T m->,T 
2 2 
Kee Py all 4 (by 3.27) 
mtz, 
2 
On the other hand, by (3.21) 
1 
E B~a OD: 
(5.6) R (T,(0)) = T,(0) +O(e ~) in H (T). 


m+ 
Here we note that T, (0) should be included in H (T). Therefore, we have to 


assume fEH™(@)). 


Summing up (5.4), (5.5) and (5.6), we have 


(5.7) a=vi.= (r= Be Resty(-eP7 (0) + o(e7 (8-53 
m-= 
= ~2P.7 (0) + eee) + gr tere), in H 2 (ry 


a 
TE >—— 
if goa 3B 
: i -2a e.-l F 
We remove into the case -a<8<-3 ., Operating € “(s-) on both sides of 


(5,2), we have 


(5.8) aa 6 25°) "ta (a) + 2 24(8°)"* (2, (0)). 


Let € (>0) be small enough. Then Peay ee ae 


m+4 


from H en) onto itself if a<0O and at+8>0. In fact, the boundedness of T 


0 becomes the contraction mapping 
0 
and (3.28) yields 


o(e**) |Ia || 


1 
+70 nt+55T 


lA 


(5.9) a II (8°) 15 (a) lI 
m 


Therefore, by using (5.8), (5.9) and (3.29), we have 
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(5.10) ay]. = amare a a aes A) + 0(6%*38)} 
Pees 
e -<P 7, (0) pg eet, due Mx, 
if a+8> 0 and a> 0. 
Combining (5.7) and (5.10), we obtain (2.13). EI 


5.3 We shall prove (b) of Theorem 2, in which a=8>0O ts assumed. From (b) of 


Theorem 1 follows 7,9) +¥0" QO on IT. Choose b= v0 r in (5,2). Then we have 


20 .€ 


(5.11) Ty(a-vp) - ©7%s®(a) = ~T, 0) = Ue - 


By (3.27), we have 


(5.12) Ty(a- V9) t+a- v = ees* (a) 


where Sy (a) = Sia ae oa: By use of R° with a=8, 


0 2a e.€ 


(5.13) a- vo =e -R 8, (a). 


n+i 


Then eA Re st becomes the contraction mapping from H 2 (Pr) onto itself if 


a>0O and ¢« is small enough. In fact, by (3.19) and (3.27), we have 


2 4 
(5.14) e" |fR’sv(a) || , =o) |lall | 
Ts m+>,T 
m 2 : | 2 oa 
Therefore we have 
l 
m+= 
(5.15) a=v |. = (T= 67 R® 86) “1y) = ¥ + o(e'%) in H 7(r). 3 & 


5.4 Now we are in the final step to prove (c). In this case, a> and a>0O are 
0 0 
assumed. (c) of Theorem 1 gives us T.q) = Oo. Put b= Yo p in (5.2). Then we 


have 


0 2a Qe 0, 
(5.16) Tp (a- vo) -~e  *S (a) = ~ To) = 0. 
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Operating Gar on both sides of (5.16), we have 


2a 


(5.17) a- % = € (Tt a 


)1s®(a- yp) +e 8¢T,) 18") 


0 0 


Repeating the similar arguments as in the proofs of (a) and (b), € oy S 
m+5 
becomes the contraction mapping from H (T) onto itself if a>8 and € is small 


enough. Then we have 


0 20 €,-1, 2a -l.e,,0 
Wo + (1-e (T))S°} fe" (T,) S (Yo) 3 


(5.18) a=vp 0 


By . 2 


i 


% + Oe 


6. Proof of Theorem 3 


6.1 Assume f € H(9)) (k>2) and 6>|a|. Then, from (2.7) and (2.10), we have 


0 1 k+2 
(6.1) Yo é Hyp) f\ (9) 5 
0 1 
V9 Shar (A148 
(6.2) ny EH Tryqac (T) (O0<6<1). 
r 


By using (2.13) and (6.2), we have 


k++ 


Pe eine ey in we 2p nce Sry, 


(6.3) vp 


By applying the maximum principle to the problem (1.2), (1.3) and (1.5) and 


using (6.3), we obtain 


(6.4) Il vf 1 < 0°); 
c(2,) 
We compute on T3 
€ E 
ball oy) 
(6.5) Wels ord AR eet fae a. ag 
k-3,T k-5>5 “9? 
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where s is the arc length of [. 


By (6.3), we have 


1 
(6.6) (send 1 oe 
-55 
From the definition of s*, we have 
€ 1 
v k-5 
(6.7) x} = ste] yen 7c). 
r 
By (3.27) and (2.13), 
avy —(atB) € -2a 
(6.8) ere | aoe yt < O(c “). 
22 2? 
Combining (6.6) and (6.8), 
(6.9) live yg 0ce*) 
k-z,T 
2 
Similarly, we have 
€ 
(6.10) ive oy <e gom 
k->,9 -=, 32 
2 2 
aye ms 
pecnuee oF (6:4). v4 =0 and| En 2 (a9) nck72>5 (aay, 
an aa 
Put ¥* = Wi: Then ¥° satisfies 
(6.11) nwe2 OTB) ave 4 y€ 2 9 in Q.. 


From the maximum principle together with (6.9) and (6.10), it follows 


(6.12) vv lew & Tote ae stines 
1 


€ 
Here we have to assume k>4 to obtain the good regularity of » . Repeating the 


similar argument, we have 
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2,€ 
(6.13) (pee epee Ces: 


dx, ox, = 
J c@,) 


7. Proof of Theorem 4 


In the final section we give the proof of Theorem 4 under the drastic 


assumption. Suppose Ry = oe 


In the same way as in 1° of the proof of Lemma 4, we transform v into v. 
“~ 
Then yy satisfies 


l 
I fr et 
(7.1) ve Ox, »€) = ha wor expt ne” OFF) (14 ane] a7 y? x,} in R 


1 


By (2.13) of Theorem 2, we have 


1 
/> ay m-=> 
(7.2) fg aga fhe in es TPN 
x,=0 “1 x,=0 
1 1 
By substituting (7.2) into (7.1), we have 
(7.3) 1(g) = [vex E)dx 
28 1? 1 
€ 0 
“> 
Oe eS Ne ar ee 
8x) le : 
x,=0 (isan? te | 202 OFP) 2 
We compute 
“> 
Vo 
(7.4) I(E) + x 
t x, =0 
1 
2 _2(a+f8) E : 1 
= An’re . 


(iegats[e[tee2 FP) (14(rgan”> |e] 2e2*F))) 


E| 
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From (7.4), we have 


00 ay 
1 € 2(a+8 ) 
(7.5) — | p, dx, += Oe )s 
28 0 171 ax a ; 
mo > 
Appendix 


F ant oa ; dz) _ 
For simplicity, we assume A(u,) € Col) and rewrite lsu! a(u,,u,). 


1° Here we state how to construct ve (n=0, 1, 2,...) in (3.39). Let ve be the 


solution of the following ordinary differential equation: 


32y? 
2(a+B) € 2,0 _ 2 
(A.1) -€ a + a(0,u,) ve. = 0 in Ry m 
du 
1 
0 0 
(A.2) o = Atu,) and v.70 (u, 7+). 
€ 2 € 2 
u,=0 
Solving (A.1,2), we get 
0 - (a+ 
(A.3) ve = A(u,)+exp{-e to 8). a(0,u,)u,} 


We compute 


_- 2 (048) 


(A.4) “Aye + a(u,,u)) Ve 


2 
we 2 fat8) , da 7 cP) aco,u,)” 


dus 


—(a+B) 


-a(u, su) }rexp(-e sa(0,u,)u,} 


2 ptore) eu, sas) 


Let v be the solution of the problem: 
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(A. 


(A. 


(A. 


(A. 


(A. 


2° 


(A. 


(A. 


(A. 


(A. 
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34yt 
2 (a+8 ) € 2,1 (e) A 2 
5) -€ 5 + a(0,u,) . ~8, (u,»¥) in Ry 
du 
1 
6) i = 0 and yi +O (u,r+te). 
€ - € 2 
u,=0 


Solving (A.5,6) and computing 


2 1 
7) -€ 18). ay) + a(u, uy), = eee) adele) 


, 2 h ‘ 2 
we can construct the equation which ¥. satisfies in the following way: 


ay? 
2(a+8 ) € 2,2 1 
8) -e —z + a(0,u,) Vo = go (u),u,), 
du 
L 
2 2 
9) v = 0 and vo *+O (u,rt~). 
‘ u,=0 . 


Using the cascade system defined above, we can obtain ve (n=0, 1, 2,... 


We put 

10) of = ve #2 2 (or8) yt pha pags 

and 

11) i re 

Then We satisfies 

12) ~e7 OH) ay + a(uysu,)?w, © ace (Mt?) (ord) in R., 
13) Me | = 0 and Ww, +0 (u,> te”). 


From (A.12,13), we have 
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- (nt2) (a+8) 


(A.14) || w_ || < O( ) 
€ 2,,2, = 2 
L (R,) 
(A.15) Hw. {i ogg.) 
€ u(r?) 
+ 
and moreover 
(A.16) \| we No (92) < O(1). 
+ 
3° We compute 
€ € € 
(A.17) aye ccs _ ow 
du du du 
Ty =0 1, =0 Ny 0 
od 1 1 
where 
k 
€ n oy 
(A.18) so eee : 
du du 
1 k=0 1 
u,=0 u, =0 
On the other hand, from (A.16) 
aw A 
(A.19) oe < O(1) (T: the u, axis of w plane). 
du 1 a 2 
1 x at * 
rg (T) 


(A.20) ma 


€ 
By noting a 


(3.26)-(3.29). 


r 


= a(0 »u,){-€ 
Sone Oa) 
~ a(O,u,) duy 


-(a+8) 


+si}a(u,) Eu “(P) 


OA 


for any AcC)(T). 


, and using the density argument, we conclude 


it 
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Footnotes 


1. 932 stands for the boundary of Q. 
2 lvl, E stands for the norm of v in H"(E). 
3. This theorem was proved in [3] for the case o>0 and 8>0. In this paper, we 


give another proof, which is simpler than in [3]. 
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PARTIAL REGULARITY AND THE NAVIER-STOKES EQUATIONS 


Robert V. Kohn 


Courant Institute of Mathematical Sciences 


It is a pleasure and an honor to participate in this U.S.-Japan 
Seminar. My talk concerns recent joint work with L. Nirenberg and 
L. Caffarelli, in which we prove 
Theorem 1: The singular set of a "Suitable weak solution" of the 
Navier-Stokes equations has "parabolic one-dimensional measure zero" 
in spacetime, 

I shall explain what we mean by a "Suitable weak solution," and by 
the phrase "parabolic one-dimensional measure zero"; and I shall 
describe the structure of the proof, avoiding the more technical 
parts. A fully complete discussion can be found in [1]. 

Theorem 1 extends and strengthens results of V. Scheffer [15-19], 
and our arguments draw extensively from his ideas. Scheffer has 
recently proved a result on "partial regularity at the boundary” [19]; 
here and in [1] we consider only the interior problem. 

Section 1, Remarks on existence and regularity. 
Let 2 be a smoothly bounded domain in R?, and consider the 


initial-boundary value problem 


(1.1) u. + urVu - Au + Vp =f 
Aeu = 0 on x(0,T) 
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(1.2) u(x,0) = Ug (x) on 2, u(x,t) = 0 on 93x(0,T) 
where 
Ug = 0, Veuy = 0, and V°e£ = 0 
ely) 
: a T2203 : 
The function u = (u’,u’,u”) represents the velocity of an 


incompressible fluid with unit viscosity; p is the pressure; and f 
is a nonconservative force. 


It is well-known that if u, and f are C then (1.1), (1.2) has 


0 
a unique Cc” solution on Qx(O,T) for some T > 0 [7]. There is also 
an extensive theory of strong solutions with less regular data 
{9,11,20]. If, for example, Uy has "one-half derivative in Le" or 
if Ug € ie one can still show the existence of a unique strong 
solution locally in time [2,3,5,8]. One might conjecture that the 
strong solution exists for all time; but this has been proved up to 
now only when the data Ug: £ are sufficiently small. 

The concept of a weak solution of (1.1), (1.2) was introduced 
by J. Leray, in order to obtain an existence theorem that is global 
in time. Pioneering work of Leray [10] and Hopf [6] showed the 
existence of a function u and a distribution p such that 
2( 


(1. 3a) ueé L”(0,T;L Q)) n Lu? (0,7T;H* (2) ) for each T < o; 


(1. 3b) equations (1.1), (1.2) hold weakly; 


(1. 3c) jul 7ax + 2 
Qx{t} 


owt 


t 
| |vul axat < 2 {| u'fdsdt + | Jug |*ax. 
2 02 Q 


In relation (1.3c), the "energy inequality", we write 
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A sufficiently regular “strong solution" is known to be unique 
in the class of Leray-Hopf weak solutions [13]. However, weak 
solutions are not known to be unique. 

The fundamental regularity problem for the Navier-Stokes 
equations in three space dimensions remains open: even if f = 0, one 
does not know whether weak solutions of (1.1) remain smooth for all 
time. The work presented here achieves a much more limited goal: 
we show that a "Suitable weak solution" can be singular only ona 
rather small set. Results of this type, called partial regularity 
theorems, are well-known in the theory of minimal surfaces and quasi- 
linear elliptic systems. It was Scheffer's remarkable idea to study 


the Navier-Stokes equations from this point of view. 


Section 2. Basic tools. 


The proof of Theorem 1 makes extensive use of the following four 
tools: (a) Interpolation inequalities; (b) Solving for p in terms 
of u; (c) Dimensional analysis; and (d) The generalized energy 
inequality. Of these, (a)-(c) are quite standard, while (d) was 


introduced by Scheffer in [16]. We review each briefly. 


Interpolation inequalities 


The energy (or generalized energy) inequality gives information 
about bul? and |vu]?. To draw conclusions about other LP norms one 


uses the well-known relation 


(2.1) | jul@ < (| Jvul?y2 cf rt ea hi + — a {uf 29/2 : 
r 


B B B B 
xr xr r r 


where 
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BL is a ball of radius r in Re and C does not depend on r [4,12]. 


A typical use of (2.1) is this: if u : 2x(0,T)> R°, ul = 0, and 
Che 
(2. 2a) \u| Zax <M a.e.t 
axt{t} 

T 
(2. 2b) i |vul7axat < M 

02 
Then T 10 5 
tees I ju] > axat < cm. 

02 
To prove (2.3), extend u by zero off 2 and apply (2.1) with 
qe ae a=1, r+* to see that 


10 2 
| Jul 3 ax = cm? | \vu] Zax : 
Qx{t} ax{th 


(2.3) follows by integration in time. 


Solving for the pressure. 


The generalized energy inequality gives information about u, but 
not about p. To draw conclusions about the pressure, one uses the 
relation 

3 ij 
(2.4) Ap = - } Viv5 (a u’) , 

J 
which follows from (1.1) by differentiation. If 2 = R? then (2.4) 
determines p explicitly as a sum of singular integral operators 
acting on uu. 

For partial regularity theory, it is more important to represent 


p locally, using only local information about u. Let 6(x) be Ce: 


with supp $9 ¢ BL and ¢ = 1 on BL - Then 
7 
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(2.5a) (x) p(x) = - i | [gay] OUR) (ay 
and 
(2. 5b) Alép) = pAg +2 < Vo, Vp > - 6 3 vi7, (atu?) 


Substituting (2.5b) into (2.5a), one obtains a formula for p on 
B. as a sum of harmonic functions and integral transforms of u. 


2 


Dimensional analysis. 


Though elementary, the scaling properties of the equations are 


of fundamental importance. If (u,p) solve (1.1), then so do 


uy (x,t) = w(x, 2) 


(2.6) 
Gees) 


P, (x,t) 


for any } . We encode this information by assigning a scaling 


dimension to each quantity: 


xi has dimension 1 
t has dimension 2 
(2.7) u* has dimension -1 
p has dimension -2 
so that each term in (1.1) has dimension -3. The fact that u has 


dimension -l1 is consistent with its interpretation as a velocity, 
i.e. dimensionally as space/time. 
In view of (2.6), it is natural to use parabolic cylinders 


in Space-time instead of Euclidean balls; we therefore define 
2 
(2.8) Q.(x,t) = {ly,t) =: fy-x| < x, Jt-t| < xr} 


Using (2.7), one can assign a dimension to any integral 
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involving u and p. For example, the estimates 
2 2 
(2.9) [Vu|“dxdt < » and jul“dx < 


have dimension one; this corresponds to the fact that 


iT} 


{| |Vu, |*dxat oh [| |vu|Zdxdt 


Q. Q 


fo leylax =a? [ju l?ax 
B 


B,. Ar 


The relevance of this "scaling dimension" will become clearer 
as we proceed. We note here, however, that various estimates of 
dimension < 0 imply regularity. For example, every known existence 
theorem for a strong solution requires a hypothesis of dimension 
< 0 on the initial data. Moreover, Serrin has proved that if f 
a CO 
is C and 

= 
(2.10) J | jul %dx)4 dt < ©, 


then u is C” in space; the estimate (2.10) has dimension < 0 [14]. 
It is thus not surprising that the estimates (2.9), which have 
scaling dimension one, lead to an estimate of the one-dimensional 


measure of the singular set. 


Generalized energy inequality. 


We shall work only with weak solutions that satisfy the 
following generalization of the standard energy inequality: if 


o (x,t) is roe compactly supported, and @ > 0 then 
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(2.11) | jul 25 + 2 


ort 
ort 


| | vu} 29 < |f lel? opts + 
Q 2 


t 
| (ju|2+2p) uevo + 2 [[ca-tre 
Q OQ 


Oo et 


One obtains this relation formally, with < replaced by =, by 
multiplying (1.1) with ud and integrating by parts. That procedure 
is, of course, not admissible for a weak solution. There is, however, 
at least one weak solution of (1.1) - (1.2) which satisfies the 
inequality (2.11) [1]. 

The advantage of (2.11) over (1.3c) should be clear: by choosing 


d appropriately in (2.11), one can obtain local or weighted 


estimates of u. 


We close this section with some definitions. 


Definition 1: We call (u,p) a suitable weak solution of the Navier- 


Stokes equations with force f if 


i) u, p, and £ are defined on a space-time cylinder D = Bx (a,b) 


fe L4(D) for some q > 3 


[Iva] Zaxae < ¢ 


P 2 
ful“ax < C a.e. t € (a,b) 


BUx{th 
3 
peé 4 (D) 
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in the sense of distributions. 


iii) The generalized energy inequality (2.11) holds for every 


foo) 


¢ > 0, C and compactly supported in D. 


Definition 2: If (u,p) is a suitable weak solution, we call a point 
(x,t) regular if u is ae in a neighborhood of (x,t). Other points 


are called singular. Notice that 
(2.12) Ss = {singular points of u} 


is by definition a closed set (relative to the domain of u). 


Definition 3: A set X in R°xR has parabolic k-dimensional measure 


zero if for every « > 0 there exists a finite family of parabolic 
N 
} 


cylinders, {Q; = Q, (x ,-tj)}5_, , with 
i = 
x Cc YQ; 
and 
N 
) Ee <e€ 
i=l 


How big can X be and still have parabolic one-dimensional measure 
zero? Certainly it cannot contain a smooth arc; indeed, its one- 
dimensional Hausdorff measure must be zero. Moreover, it is easily 


shown that the projection onto the t-axis 


nm(X) = {t : ax, (x,t) € X} 


must have one-half dimensional Hausdorff measure zero. 


Section 3. Sufficiently small solutions are regular. 


We have already noted that “sufficiently small" solutions of the 
initial-boundary value problem are regular. The key to proving a 


partial regularity theorem lies in showing an analogous local result: 
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C, > 0, anda 


Proposition 1: There are absolute constants Ey, Cy a 


constant E 5 (q) depending only on q, with the following property. If 


(u,p) is a suitable weak solution of the Navier-Stokes equations on 


Qy with force f € Lo (q > 2, and if 


1 5 
Ga ff del? + duleb +f ¢ | Iplan® at se, 
Qy -l1 |x] <1 

and 
(3.2) {| feet, 

Q 
then : 
(3.3) ju(x,t) | < C, a.e. on 1/2 

Proposition 1 is a local version of the main lemma in [16]. To 


understand it, one should ignore f and p; heuristically, it says 
that if |u| is small enough in the L?-norm on a unit-sized cylinder 


Q then u is regular on Qy : 


2 


1’ 


One proves Proposition 1 by a variant of Scheffer's clever 
inductive procedure. As motivation, consider trying to bound 
ju (0,0) |? by using a fundamental solution of the backward heat 


* 
equation: suppose 4 is defined for t < 0, 


0 near (x,t) = (0,0) 


o 
ct 
+ 
> 
2 
* 
il 


0 near {|x|=1} VU {t=-1}. 


aa 
i 


Substitution of ¢* into (2.11) leads formally to a bound for 
ju (0,0) |; but one lacks sufficient information to estimate the 


right hand side. 
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Next, notice that the worst term, I ({u]?+2p)u-v6, is cubic 


in u, while the left side of (2.11) is quadratic (pis "like juj?n 
by (2.5)). Moreover, uSing (2.1) 
(3.4) al Ju? <catry? , 

r 


for any r > 0, where 


a(r) = ( sup co | ea fag ea {| [vu ? 


2 
[t|<r BL Q. 


is roughly the information available on the left of (2.11). 
* 
The inductive argument, then, uses not ¢ but a sequence of 


* 
test functions{¢ }, o, being essentially a mollification of > of 


order 2". As one enters the nm stage, one knows 


3 
(3.5) 23 (aah x ° oo eae Ty 


2, 


and an analogous bound for the pressure. The function on satisfies 


ba g73n 
n 
one -n-1 
2 
-4n 
Ive, | < C2 
6, < c273k 
on Q -'2 -K=1! k <n 
Ivo, | < c274k 2 2 
l(o,),t4o,1 < ¢ on Q) 


Therefore, using (3.5), 


2 
[J lelPive,t < ce} 
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One bounds the other terms in (2.11) similarly, to obtain 


gio net < Ce 


Hwy 


Using (3.4), and assuming that Ey is small, it follows that 
(3.6) Pa i jul? < ce 


One proves a corresponding estimate for p using (2.5) (this is the 
most technical part), and the induction continues. The key is the 
different homogeneity on the left and the right in (2.11), which 
allows the smallness hypothesis to be useful in (3.6). 

One can rescale Proposition 1 to obtain a result on Q, = Q_ (x,t) 


for any r, using (2.6): 


Corollary 1: For any r > 0, if 


13 5 

an 2? ff quit+tuliph +e 7 { (lplay* ar < e, 

Q, Q, 
and 
(3.8) r3a°5// le|F < e, 

QO, 

then 

lu| < eee a.e. on y 

2 


Again, the way to understand Corollary 1 is to ignore f and p. It 


says, in essence, that if the dimensionaless quantity 


(3.9) R(r;x,t) = near te || (Jul) Fdxat 
u “ry (x,t) 


is small enough, then u is regular on Q.- One may view R(r) asa 


2 
local Reynolds number for the flow on the cylinder Q.- 
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Section 4. A dimension 2 result. 


If (u,p) is a suitable weak solution on all of Re then by 


(2.3) and (2.4) 


(4.1) il ju}? + |p[? < » 


As Scheffer observed in [16], Corollary 1 and (4.1) imply an estimate 


for the parabolic 2 - dimensional measure of the singular set S. The 


3 
idea is simply this: 
10 
if ue L a , then “at most points" the average of u on Q, (x,t) will 


not be too large; at such points R(r;x,t) + 0 as r +0. To quantify 


this, one uses the following Vitali-type covering lemma. 


Lemma 1: Let J be any set of parabolic cvlinders Q). (x,t) contained 


in a bounded subset of R2xR. There exists a finite or denumerable 


family J' = {Q. (x, ,t,)} such that 
i 


(4.2) the elements of J' are disjoint; 
(4.3) for each Q © J there exists 


= ' 
Q; cs Paice akc € J' such that 


Qc Many ET 


Given Lemma 1, we argue as follows. Fix6é> 0; since f € La 


and q > 3 , we may assume that (3.8) holds whenever r < 6, by choosing 
6 small enough. By (3.7) and Holder's inequality, there exists 
oa > 0 such that 
3 3 ' ; 
(4.4) r Jul + |pl>< €, ™ wu is regular on Q. 
Q 2 


whenever r < 6. 


Partial Regularity and Navier-Stokes Equations 113 


Let V be any open, bounded subset of R?x (0,0) , and let J 


consist of all cylinders Q, (x,t) such that 


Q.oCV ., FX car 


wiu 
wu 


10 
(4.5) i luj 3 + |p} >eqr 


Qy 


By (4.4), J covers SN v. If J' is as in Lemma 1 then 


sqovec U Qe, (xprt ) 
al 1 
by (4.3), and 
5 lo 8 
3 1-1 3 3 
(4.6) oe te) I] 5 ei 
Ug, 


by (4.1), (4.2), and (4.5). As &+ 0, we conclude that S 9 V has 
Lebesque measure zero. Since vQ.. is contained in a 6~neighborhood 
of S, the right side of (4.6) sueually tends to zero as §> 0, so 
the 2 - dimensional measure of S is zero. 
Section 5. The dimension 1 result. 

The argument in section 4 gives a 3 - dimensional estimate 
for S because it uses the global estimate (4.1), which has scaling 
dimension 3 . To prove a dimension-one result by this method, one 
must use the dimension-one estimates (2.2) instead of (4.1). 


Returning to Corollary 1, suppose that the point (Xg,tq) is 


Singular. Then (3.7) must fail for every sufficiently small r > 0. 


Heuristically, this means that R(rjXxXq,tq) is bounded away from zero, 
i.e. that 

c 2 
(5.1) Jul > F. 5 = |x-xg|] + |t-tg]” + 9, 
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‘ 3 are wos 
"in the L°>~mean". Thus Corollary 1 specifies a minimum rate at 
which Singularities can develop. If |u| grows as - , it is natural 


to guess that {Vu | should grow as + . These considerations motivate 
r 


Proposition 2: There is an absolute constant £3? 0 with the 


following property. If (u,p) is a suitable weak solution of the 


Navier-Stokes equations near (x,t) and if 


: |va|? dxdt < €, 


Q(x, t) 


(5.2) lim sup r_ 
r+0 


then (x,t) is a regular point. 


Proposition 2 implies Theorem 1 by the covering argument of 
section 4, using (5.2) in place of (4.4). 
The essential idea in the proof of Proposition 2 is contained 


in the following calculus lemma 


Lemma 2: Let w(x,t) be a wir? function defined near (0,0) € RXR, 


For r > 0, let 


¢ 


R(r) =r? lw]? 
2) 
mee ; 
g(r) =x 7 If fw, |? 
Qy 
-1 {ff 
y(r) =r i |yw}? F 
Qr 
Then for any 9 < r, 
i Z 
(5.3) Rio) < CC (2)? (Rin) pe? (xd) + Ey ER? (x) 480) y4 (x) 


Notice that R(r), ®(r) and y(r) are dimensionless in the 


sense of (2.7). Proving the lemma is an amusing exercise, using the 
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interpolation inequality (2.1), Holder's inequality, and the 
fundamental theorem of calculus. The conclusion (5.3) is a sort of 


decay estimate for R(0): 


Corollary to Lemma 2: For any € > 0 there exists 6 >0 such that 


(5.4) lim sup B(r) + y{r) < 6 * lim inf R(r) < € 
r>0 r>0 


Indeed, (5.3) implies 
1 
0\3,. 2/4 
R(p) < CyR(r)+[(F) > +e (5) 


3 
+, (87 (r)+(Z) 3a (r)y 4 (r)) 


whenever R(r) > €. Choosing 0 < © < 1 so that c,8° < z , then 
6 > 0 so that 
_l 3 7 
2 -3,4 1 27304 eo 1G 
€ c,9 6° < é and C36 +90 “S$ J < é 
we conclude 
R(@r) < tRr(r) + & < R(x) 
-— 3 6- 2° 
whenever R(r)>e€ and B(r) + y(r)< 6. The assertion (5.4) follows, 


with this choice of 6. 


The proof of Proposition 2 is roughlv parallel to the above 
3 
2 


argument. For a weak solution u, one has no bound on J log! , but 


the generalized energy inequality lets one bound the oscillation 


in time of | juf? . One proves a "decay estimate” like (5.3), for 


B 
xr 


the entire left side of (3.7) instead of for R(p). 
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Section 6. Concluding remarks. 


One reason for studying partial regularity is the hope of 
settling, by this method, certain classical open questions about 
weak solutions. Might one prove uniqueness or strong continuity, 
for example, without actually proving regularity? Theorem 1 alone 
does not suffice; one appears to need information about the maximum 
rate at which singularities can develop. We note in this context 
a qualitative difference between Corollary 1 and Proposition 2: 
the hypothesis of the former concerns a fixed Wis and the conclusion 
asserts a bound for u ; the hypothesis of the latter concerns all 
Que and the conclusion gives no explicit estimate. 

Might similar methods be used to prove an estimate of the 
Singular set of dimension less than one? This would require a 
global estimate with scaling dimension less than one. Proving such 
an estimate would take, it seems, a fundamental new idea. 

It may be, of course, that weak solutions are not regular. 
An attractive scheme for constructing a solution with a self-similar 
Singularity is proposed in [10]. 

Finally, I note that the generalized energy inequality may 
have uses other than for partial regularity theory. In [1], for 
example, it is used to prove weighted norm estimates for the Cauchy 
problem, in case the initial velocity satisfies | [uy 171 x| < ©, 


or | Jug! 74x72 sufficiently small. R° 


Ro 
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Blow-Up of Solutions of Some Nonlinear Diffusion Equations 
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Abstract 


We prove that any solution of ue = Au + ué can be 
analytically continued ( in t) through the upper 
( and lower) half- complex plane into some infinite 


interval (t*, ~ ), t® > 0 


1. Introduction Consider the nonlinear diffusion equation of 
the form 

z 2 
(1) uy = Aw Poa; xen, to 


with the homogeneous Neumann boundary condition: 


(2) BUZOn ip = 0 
and the initial condition: 
(3) *itea ~ “Oo 


where 2 is a bounded domain ( in R”) with smooth boundary [T , 
and Up is a given smooth function satisfying the homogeneous 
Neumann boundary condition; 3d/dn denotes differentiation in the 


direction of the exterior normal to [ 
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We know that the local ( in t) solution of (1), (2), (3) 
exists and unique. On the other hand, it is easy to see that 
any solution of (1),(2),(3) does not exist globally, and blows up 


in a finite time if Pu is positive, where 


0 
1 
(4) Pf = —— fs f(x)dx 
Ja} 2 
( |Q] : the volume of 2 ) ; see H. Fujita [1]. In particular, 


if Ug is a positive constant function, then the solution u = 


u(t) is explicitly given by : u(t) =u, /(1- ut) > and surely 


0 
blows up at t = 1/uy ; note Pu, = Ug: Moreover, this local 


fe) 
solution can be analytically continued into the infinite interval 
(1/uy; oy), More generally we shall show that the local 
solution of (1),(2),(3) can be analytically continued through 
the upper (and lower) half-(complex)plane into some infinite 


interval (t*, ~), t#® > 0 


Fix po>n. We suppose that Up is a real-valued function 


in LP(@) with Pug ~ OO. Put a= 1/Puy » and let 6 be suet 
that O< 6 < jal. Let Dy be the angular domain in the 


complex-plane : larg t| < n/4 . D, is the angular domain: 


5n/4 < arg( t-a-61) < 71/4 


D, = Do - cel. (D,) ; 

Dis Aes: Bre Dy at 
(el. means the closure) ; note that D, = Do Dy if a< 0. 
See Fig. l. 


We define the operator Q in LP (a) by Q=I1I-P (I 


the identity operator in LP(a)). 
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Fig. 1 


Our results now read as follows. 


Theorem 1 Let p>n. Let Uy e LP(a), real. Suppose that 


!] Qu, | gi eoriie is sufficiently small. Then the initial-boundary 
iF 


value problem (1),(2),(3) has one and only one solution qs ut(t) 


(resp. u = u (t)) that is analytic for t in Dy (resp. D_) as 


a wt?P(q)-valued function ( wieP(a); the usual Sobolev space). 


Theorem 2 Let Ug uy, be as in Theorem 1. Suppose that 


ie is sufficiently small. 


Puy is positive, and that Hugi /|\Puy 


Then if u(t) = u(t) for some real t :t>a+ 6, then Uy is 


real constant. Conversely, if Uy is a real constant, then 


u*(t) =u (t) forall t: t>r>atsé 
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2. Proof of Theorem 1 We have decomposition 


LP¢n) = PLP(a) + QLP(2) 


Let y = y(t) be a solution of (1),(2) with the initial 


condition y(0) = Pu, , i.e. 

(5) y(t) = a/(l- at) , ( a = Pua). 
For any b in atP a), we set 

(6) o(b) =a + ab 


If u is a solution of (1),(2) with the initial condition a 


= o(b), then the function v= (u-y)/ y* is a solution of the 


equation 


(7) v, = av +e(t)v?,  ( e(t) = y(t)? ), 


satisfying the conditions: 
(8) dv/an | p= 0 ; 


(9) Yle=0 =b 


and vice versa. Using the theory of equations of evolution, we 
shall show that the initial-boundary value problem (7),(8),(9) has 


one and only one solution that is analytic in D, ( and D_) asa 


wee (@icvanuea funetion. To this end, we define the operator A 


in LP(2) by Au = - Au with domain D(A) 3 
3 25P = 
D(A) = fu eW (Q) 3 au/an = Q } 


( we?P(Q) is the usual Sobolev space). The following is then well 


Known. 


Blow-Up of Solutions of Diffusion Equations 123 


Proposition 3 The spectrum of -A consists only of non-nega- 


tive and discrete eigenvalues { ry}, “53 tending to the infinity. 
Fis 


Moreover, the first eigenvalue is zero , which is a simple one; the 


projection corresponding to the eigenvalue zero is given by (4). 


Setting 


r=t{tec 3 Jarg t[ < 7/2 -e}, €>? 0, 


we have 


Propostion 4 The operator -A generates the holomorphic 


semi-groups peo) in LP(Q) such that for each € > 0 


£>0 
ere is holomorphic in ze . Moreover, it satisfies the estimates: 
(10) fle Pell ete 
(11) fae AY] < M. Sar 
(12) ae PA com, eT PREF yi 
for t in & M and 8 being positive constants. 


( For the proof, we refer the reader to H. Tanabe [3]) 
In what follows we fix e¢ = n/4 and Ee rosy 


Using a priori estimate: ( M denotes various constants) 


\J Vu] < Mju - Pull + M jj Au |{ > ue D(A) 
(see [3]), we get 
(13) eA ae oe Se PPR ee 


by the proposition 3 and (12), and by noting 
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Nu- Put os M iaull 


Let Y be such that 0O< y < 8 , B being as in Proposition 4, and 


we introduce function spaces Yo» Ya: Yo is the set of all 
holomorphic functions u in D, with values in LP (a) such that 
- Re t 
Ih ull = sup ( i] Putt) I], + ef * © [fauct) I) < @ 3 
0 teD, L L 


and Ty is the set of all holomorphic functions u in Dy with 


values in wh»P (a) such that 


yRe t 


ho lh, He ll + sup (e 


ba 
1/2 
Erm | Vu(t) || _) <@ 
teD, ine LP 


Equipped with the norm ||| will, (resp. ll u III, ), Y. (resp. Y_) 


0 1 
is a Banach space. 
We define the map F of QL(@) xY, into Y, by: 
oa % -(te- 
(14) F(b,w) = w(t) - e Ay - fo e (t-s)A e(s)w(s)*ds 


(ot éD,) where the path of integration is taken in the interior of 


Dy. Then: 


Lemma 5 The F is an analytic map : QLP(2)xY, > Y 


1 > 
satisfying 
(15) F(0,0) = 0 ; 
(16) F (0,0) =I 


( F (0,0) denotes the Frechet derivative with respect to w at 
b= 0, w= 0). 


Proof : The map I, defined by 
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a 2 ecia ae b € QLP(Q) 


is analytic map of auP(a) into yy by Proposition 4 and (13). 


Next the map I, defined by 


I,[w] = he en (t-S)A e(s) w(s)ds 


1/2 


is an analytic map of Yq into Ya » where g(s) = ((1l+s)/s) e(s). 


In fact, we have the inequalities: 


t 
Pt ly < My lets #sl Ill w Ig 5 


t 
M Jo le(s)llasllll «Ilys 


{A 


yRe t 
e {| QI,Cw] |} 
2 LP 


t 1/2 
evRe t M Sg It-s] lge(s) | ]asliil w ill, 


[A 


N 92,08 Ip 


( teD,) by (10), (11) and (13) from which it follows that I, 
is an analytic map : Yq > Yi: 
We finally define the map qT by: 


T3{w] = (e7Cast)) 27? WP, 


Then the T3 is an analytic map of Ya into Yo since we have 


the following inequalities by the Sobolev inequality 
Nowil < Claw, + tell.) 
L L L 


and by the decomposition 


aw? = a((Qw)*) + 2 Pw-Qw 


Jers) s milwil, < # Iihwlilg 
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evRe t 


[A 


co 


ilar,tw] | m eYRe tit ycisty i 2/7? ¢ ilawil , + 
ai L 


Pp 


lew] ) lawl 


{a 


al 
m eYRE Cig ycisty | 20 owl ae 
: 


+ |low|| , + [Pwl ) {| owl 
iF L 


p p 


2 
mw all 


jA 


Since 


F(b,w) = T,lb] + Tol z{w] 


( I,ol is the composition of I, and T2)5 it follows that 


F is an analytic map of QLP(2)xY, into Yi: It is easy to see 


(15) and (16). Thus the proof of the lemma is completed. 


Now we are in a position to appiy the implicit function 
theorem, and can see that there is one and only one solution w = 
+ + ; 
v (t,o) of F(b,v (+,6)) = 0 near (0,0) that is an analytic 


function with values in Y, of b near OQ. The vt satisfies 


(17) ee = 2G ce ie eW F-S)4 (sy (vt (s,b))@ds 


( t eD,). By the standard argument in the theory of equations of 
evolution, it follows that v* (t,b) converges to b as t > O, 
+ on 
strongly in LP(Q). We can also see that v is locally Holder 
+2 


continuous for t in Dy ( in DP(H))5 and so is (v )” , since 


tcc)? = v¥Cs)? Po em vt (e) HE ot lv Goll) 
L L L 
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+ + 
x [lv (t) - v (8) | 
LP 


( we simply write v*(t) for v*(t,b))3 note v' eY,- Hence v(t) 
is continuously differentiable in teD, ( in LP(2)), and its 
derivative av" (t)/at is locally Holder continuous ( see, e.g. 


T. Kato [2]). We also see v*(t) is in D(A), Av’(t) is locally 


Holder continuous, and satisfies 


av*(t)/at + Avé(t) = e(t)(v(t))* >, ¢ eD, 


with 


v'(0) = b. 


+ 
By the regularity theorem on solutions of parabolic equations, v 


is actually a unique classical solution of (7),(8),(9) that is 


analytic for t eD, asa wi>P(9)-valued function. Hence 


ut (x,t) = y(t) + e(t) v* (x,t) is a unique classical solution 
of (1), (2),(3) that is analytic for teD, as a wt?P (9) valued 
function. Similarly we can show there is a unique classical 
solution wu of (1),(2),(3) that is analytic for te D_ as a 


wt>P(9)-valued function; u (x,t) = the complex conjugate of 


u*(x,), t e€ D. This completes the proof of Theorem l. 


3. Proof of Theorem 2 Lf Ug is a real constant, then ut(t) 


and u(t) take the same real values on (a,*). We shall show 


u*(t) does not coincide with u(t) for any real t (> a+ 6) 


if u, is not (real) constant, and if |l{Qu,|| ./ |Pu [° is 
0 0 LP 0 


sufficiently small. Let Po be a positive number such that 


v*(t,b) and v (t,b) are both analytic in b 5 I] b II < P53 
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Here and in what follows we shall use the same notations as in the 


proof of Theorem 1. Furthermore we can take Py SO small that 


vi(t,b) is locally bounded in |{b}| Bs ( in the norm of Y,)> 
L 


as can be easily seen from the proof of Theorem 1. Hence vi (+b) 


N 


Nv'(+,b)Chyhyee+yh] (oh 


has infinitely many Fréchet derivatives 3 


eLP(Q); N = 1,2,--+-). In particular we have the expansion of the 


form: 
(18) vi(+,b) = v"(+,0) + av*(-,0)[b] + aév*(-,0)[b,b] 
+ R(+,b) 
where 
(19) WRT b) Hl, = OC Wot) 
pR™C-,b) Ill Ill 
Clearly 
(20) vg it) = v*(t,0) = 0 


By (17) vz it) z anv’ (6,0)(b] satisfies 


tA 


vj (t) = e@ "Dy + pre eee 


e(s)vp(s)v](s)ds 


and hence, by (20), 


(eu aye ahs 


We can also see v5 (t)s aev"(t,0){b,b] satisfies 


v(t) = 2 she) Ao(sytvi(syvh(s) + (vt(s))°7 as 


2 Ff a (t-s)A 
P+ 


"i 


e(s) (v}(s))*as 
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by (20) and (21); the path of integration Ie joing OQ to t 


is taken in Dy: The procedures above can be easily justified. 


If volt) vi (t), va 


a(t), R_(t,b) are similarly defined, we have 


- -tA 
3 v,(t) =e b 


u 
fon) 


v(t) 


e7 (t-s)A 


Ut 
nN 
_ 


v(t) o(s) (vj (s))*ds 


-sA,\2 
e 


b)" ( s eD,), and let f be as shown in Fig. 2 


Re 


Fig. 2 


130 Kytya MasuDa 


Since ec(s)h(s) is holomorphic in a complex domain bounded by “0 y. 


+ 7_ , we have, for any fixed t (>até), 


ee eee oe mea 


T e(s)h(s)ds 


f 1 a7 (t-s)A 


h(s) ds 
T (q-s)* 


SS Sa oS 4 
os 


mais (0) gee 


-(t-a)A -aA, \2 


= Unie (Ve b) 


by the Cauchy integral theorem and formula. Hence 


a7 (tna) -aA, \2 


vi(t,b) - vi (t,b) = (Ve b)” + (lle ) : 
16 


Consequently, 


(ta) A, -aA, \2 


Ua 2 Wee be en)? + o(ffoll ayant)? 
L 


and hence 


[uy (t,b) - u7(t,bd) || \P(ur(t,b) -u(t,b)) | 


|v 


LP 
(22) 
4m -aA, .2 3 
= ——3 [ fg (ve) “ax + o(l|b il.) 1. 
(a-t ) L 
If Uo is not real constant, then b is not real constant. Hence, 


= 2 
oP) is non-negative, 


e b is not real constant, and so (Ve 
and does not vanish identically. This gives the proof of Theorem 2 


by (22). 
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4. Remark We can also consider diffusion equations of more 


general type: 


(23) = Au + f(u) 


where f = f(z) is an entire function of z with some conditions. 
The results concerning theequations above shall be published 


elsewhere. 
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Asymptotic Behavior of the Free Boundaries 
Arising in One Phase Stefan Problems 


in Multi-Dimensional Spaces 
Hiroshi MATANO 
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Faculty of Science 
Hiroshima University 
Hiroshima 730 


JAPAN 


We discuss the asymptotic behavior of weak solutions to 
one phase Stefan problems in exterior regions. It is 
shown that any weak solution eventually becomes classical 
after a finite period of time and that the shape of the 
free boundary approaches to that of a sphere as t + +™, 


1. Introduction. 


A Stefan problem is a mathematical model for describing the melting of a 
body of ice in contact with a region of water. In one phase Stefan problems, 
the temperature of ice is supposed to be maintained at O°C. Hence the 
unknowns are the temperature distribution of water and the shape of the 
interface ( free boundary ) between ice and water. 

In the case where the space dimension is one, the problem has been 
completely solved; and it is well known that, for any bounded smooth initial 
and boundary data, the solution is unique and exists globally in time in the 
classical sense ( see Friedman [4] ). However, in the case of multi- 
dimensional spaces, a classical solution cannot always be extended globally 
over the time interval 0 S$ t < +™, since cusp-like singularities sometimes 
appear on the free boundary. Such singularities occur, for instance, when a 


portion of ice is in the process of being separated from the rest of the ice 


133 


134 Hiroshi MATANO 


by the growing water region. 

Duvaut [3] has introduced a weak formulation of the above problem in terms 
of variational inequality, for which the solution exists globally in time. 
Following his formulation, Friedman, Kinderlehrer, Nirenberg, Caffarelli and 
others have studied the properties of weak solutions and obtained a number of 
regularity theorems. These studies have revealed that any singular point 
appearing on the free boundary should be a cusp-like singularity [1] and that 
the solution is sufficiently smooth, say oa » inside the water region and also 
up to the free boundary provided that this free boundary forms ( locally ) a 
c! hypersurface [8]. It is also known that the free boundary is Cc if it is 
c! or even simply Lipschitz ( [8], [1] ). Friedman and Kinderlehrer [5] have 
given an example in which the free boundary possesses no singular point for 
OSt<+*, in other words, the solution is classical for all time. This 
example, however, requires a strong geometric assumption on the initial data. 

The aim of this paper is to prove that any weak solution ts "eventuatly” 
classical. That is, the interface between the ice and water regions is 
sufficiently smooth for all large t ; hence so is the temperature distribution 
of water. It will also be shown that the shape of the free boundary ( ¢.e., 
the interface ) approaches to that of a sphere in a certain manner as t>+, 
Of course the radius of this sphere goes to infinity as t + +. Note that we 
shall impose no specific hypothesis on the geometric features of the initial 
and the boundary data. The only assumption required in this paper is that the 
temperature of water averaged on the prescribed boundary ( that is, the surface 
of a heat supplying obstacle located in the midst of the water region ) be 
bounded from below by a time-independent positive constant, 

To state the above results more precisely, let us introduce some notation. 
First, Let G, be a bounded domain in R" such that 3¢, is sufficiently 


1 1 


smooth and that R'\G, is connected. Let G _ be a bounded domain containing 


G, . The boundary of G is also assumed to be smooth. G, represents the 
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3 Bs 5 ea ‘ n 
fixed obstacle, ENG, is the initial water region at t=O and R \G 
denotes the initial ice region. As is mentioned above, the temperature of ice 
is supposed to be maintained at O°C . The water region at each t20 and the 


interface between ice and water are denoted by Q(t) and [(t) respectively. 


From the definition it follows that 
a(0) = GNG, ; 


an(t) = r(t) UaG ( t20)., 


1 


The temperature of water will be denoted by 6 = @6(x,t). This is a nonnegative 
function defined on the closure of the set { (x,t) | x€a{t), t20} and 


supposed to satisfy the following initial and boundary conditions: 
(1) 6(x,0) = h(x), xE2(0) , 


(2) 8(x,t) 


tt 


g(x,t), x€ aG, » £205 
here h and g are given positive smooth functions satisfying 


g(x,0) ( x€ aG, ) 
h(x) = { 
0 ( x€3G ). 


The equations governing the phenomenon are as follows: 


(3) 6, = 48 : xEN(t) , t>0, 

(4) @=0, x€T(t) , tro, 

(5) o = 2\ve\? xET(t) 5 t>0 
t ok 7 3 : 


where k is a given positive constant. Thus the problem is to find 6(x,t) 


and [(t) satisfying (1) ~ (5) and 


(6) r(G) = ac. 
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Although the problem (1) ~ (6) does not necessarily have a global classical 
solution, it always has a weak solution ( in the sense of Duvaut ) that exists 
globally in time. In his weak formulation, the temperature 6 is locally 
given by the form 6 = Us where u = u(x,t) is a solution of a certain 
variational problem ( see Section 3 for details ). Caffarelli and Friedman [2] 
have proved that 6 is continuous in CR" \G,) x [0,+”) , where we understand 
that 6(x,t) = 0 for x€a(t) UG, , t20. It is not difficult to see that 8 
is sufficiently smooth in the interior of the water region, since it satisfies 
there the heat equation v. = A@ in the sense of distributions. Further 
regularity of © near the free boundary [(t) depends on the regularity of 
T(t). In other words, a weak solution is classical so long as T(t) has no 


singular point ( [1], [8] ). 


2, Main Theorems. 


In what follows the pair 6(x,t), I(t) will denote the weak solution to 
the problem (1) ~ (6). The notation in the preceding section will be used 


freely. The main theorem in this paper can now be stated as follows: 


Theorem 1. Suppose there exist positive constants §& and M_ such that 


(7) $< f g(x,t)de < M 
1 


holds for all OS t<+™,. Then there is a posttive number Py such that 


T(t) ts sufficiently smooth for all tz Py 3 


Theorem 2. Let the same assumption as in Theorem 1 hold. Assume further that 


n2 3, Then there exist a positive number T, and a bounded convex set W in 


RR" such that for any t2T, and any potnt xy € T(t) the inward normal line 


0 


to T(t) at Ly intersects the set W. 
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Combining Theorem 2 and the fact that the free boundary [(t) is moving 


away from every finite region ( that is, any point outside G, will eventually 


be swallowed by the water region ), we get 


Corollary 3. Let n2zs and let (7) hold. Then, for any bounded set A in 


R" , there existe a positive number T, such that a(t) UG 


with respect to any point of A for each t 2 ry . 


1 ts star-shaped 


Corollary 4. Let nz 3 and let (7) hold. Let Ly be any point in RR” and 
put 


m(t) = min |a- 2, | $ M(t) = max ja-«,| 
xer(t) xe r(t) 


Then M(t) -m(t) remains bounded ag t+ +°. 


Remarks. (i) The condition (7) can be relaxed somewhat. For example, even if 
the integral of g tends to zero as t > +”, the assertion of Theorem 1 still 
remains true so long as the rate of decay is moderate. However, if this value 
decays very rapidly as t + +”, then the total amount of the heat energy to be 
supplied to the water region through the surface 3G, becomes finite, which 
implies that only a finite portion of the ice will be melted. In such a case, 
as it seems, the conclusion of Theorem 1 is not likely to hold. 

(ii) In the case n = 2 , Corollary 3 still remains true, but the assertions in 


Theorem 2 and Corollary 4 should be weakened slightly. For example, the 


boundedness of M(t)-m(t) must be replaced by 


m(t) _ 


lim (> ee 


t++0 
However, if g(x,t) = constant on 9G, x {0, +>) , then Theorem 2 and its 
corollaries all hold true even for n = 2. 
(iii) In the casé where g is independent of t , the growth order of the 


radius of f(t) can easily be calculated; namely we have 
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Corollary 5, Let n28 and let g in (2) be independent of t. Then 


mt) - cce)2/” 


remains bounded as t++™, where M(t) is as in Corollary ¢ and C tsa 
constant defined by 

-1 

Ce eee 
kb, 9G oY i 
1 

in which k its as in (5), b, ts the volume of the n-dimensional unit ball, 
that is, b, = a!? 1p (n/241) with T(-) being the usual gamma function, 
3/dy ts the outward normal derivative on 3G, and, finally, 6 = 6(x) ts 


the solution of the boundary value problem 


sb6=0 in RNG, ; 
(8) 8 =9 on 3G, 
lim 8(x) = 0 
|r 
3. Preliminaries — Existence and Regularity Theorems, 


In the weak formulation due to Duvaut, 6(x,t) is locally given by the 
form 6 = us with wu being a solution to a certain variational inequality. 
More precisely, let T be any positive number and R be a sufficiently large 


positive number. Set B, = {xeR"| |x| <R},D= BR\G, ; 


K = {veH'(px(0,7)) | v2z0}, 


, OstsT, 


t 
w(x,t) = f glx,t) dr, x € 3G, 
0 


h(x) ( x€G ) 
(9) £(x) = { 
-k ( x€D\G ) ’ 
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where k is the constant given in (5) and H™ is the Sobolev space of all 
i functions whose derivatives up to order m _ belong to i, We are to find 


a solution u€ KN L*(0,T;H2(D)) to the variational inequality in the pointwise 


form 

(10 a) (Au tu) (v-u) 2 £(v-u) a.e. for vEK, 
u = 0 on Dx {0} , 

(10 b) u=y on 0G, % (0,T) , 


u=0 on oB, * (0,T) . 


Given a solution u_ to (10), we put 


(11) a(t) = {x€D| ulx,t)>0}, 
(12) T(t) = ant) \ae, , 

u, (x,t) ( x€D ) 
(13) 8(x,t) = { 


0 ( xER" \B, ) : 


It is known that the problem (10) admits a unique solution ( see 
Proposition 3.1 below ). Moreover, one can check that the above-defined 
8(x,t), I(t) are actually independent of the choice of T, R provided that 


R is chosen sufficiently large so that 
(14) P(t) aB, = D 


for OsStsT. We therefore can define 6, f globally on the time interval 
OSt<+*, Hereafter by a weak solution we mean the solution pair 6, 
defined in the above manner. 

Let us now consider the problem (10) in more detail. It is easily seen 


that (10) possesses at most one solution. The existence of a solution can be 
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shown by approximation with a suitable penalty function. The following 
construction of approximate solutions is due to Friedman and Kinderlehrer [5]. 


For e¢>0O , define a function B(t) €c (R") with the properties 


8 (t) = 0 if t2Zze, 
B (0) =-1, 
B.' (t) > 0 and B."(t) s0o0, -o<t<e, 


Let f(x) be as in (9) and let £ (x) be a sequence of functions smooth in D, 
uniformly bounded, decreasing to f(x) as e+ 0 , and having uniformly 


bounded variation in D. Set 
n(x) = en(x) , x€D, 


where n€ CoC rR") is a function satisfying 


n(x) = 1 in {x ER] dist(x,G,) < 2a}, 


n(x) = 0 in {x eR" | dist (x,G)) > 3a} 


for some positive constant a with 3a< dist(aG, aG,) ‘ 


The approximate equation for (10) is an initial-boundary value problem of 


the form 
-Au + ui + kB (u) = fe in Dx(0,T) , 
v= in. in Dx{0} , 
(15). 
uF=pte on 9G, x (0,T) ; 
u = 0 on OB, x (0,T) , 


where k is as in (5). 
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Proposition 3.1 ( Friedman and Kinderlehrer ). For T>0, there exists a 


untque solution u to the problem (10) with the properties 
u€L (0,0; WP(D)), eps, 


u,€L (0,T;L (D) }, 


t 


u, 20 ae. tn Dx (0,T) , 


where w2P (p) ts the Sobolev space of LP functions whose derivatives up to 
order 2 belong to rP¢p) . Furthermore, tf uns €> 0 , denotes the solution 


to the problem (15) | » then 


u.*u (as €*0) weakly in ws” (D x (0,T)) 


and weakly in WP (Dp) for each t€(0,T) and 1<p< ~s hence uu 


uniformly in Dx (0,7). 


Remark 3.2. (i) Actually it can further be shown that u€L°(0,T3 We? (D)) and 


that u. is continuous ( [2] ). 


(ii) The region (t) defined by (11) is easily seen to coincide with the set 


{x ER"\G,]| o(x,t) > 0}. 


| 
1 


It therefore makes sense that we have called Q(t) the water region. 


Definition 3.3. Let A CIR" be a measurable set and let x, be any point 


0 


in R" . We say Xp has positive Lebesgue density with respect to A if 


u(ANB (x) 
lim inf SERCH >0, 
a) o**0 


pro 


where yp is the Lebesgue measure and B(x) = { x€ R" | [x~x,| <p}. 


Combining the C” smoothness criterion of Kinderlehrer and Nirenberg [8] 


and the c! smoothness criterion of Caffarelli [1], we get 
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Proposition 3.4. Let ty be any posttive number and let Lp be any point 


on T(t). Suppose x, has posttive Lebesgue density with respect to the set 


0 
R'\ (a(t) 0G), Then there exists an xt-neighborhood V of the point 
(pst q) such that T(t)NV is an n-dimensional C” hypersurface transver- 
sal to the hyperplane t= to . Moreover, 6 ts Cin vA 

{(x,t) | xw€att)ur(t), t>0}. 


4, Proof of the Main Theorems. 


In order to prove that the solution is "eventually" classical, we must 
show that each point on I(t) has positive Lebesgue density with respect to 
the ice region RP \ (a(t) UG) if t is sufficiently large. Such a property 
of [(t) does not follow simply from local regularity analysis; studies of the 
geometric features of T(t) in some global aspect are needed. 

The main tool employed is the "plane-reflection" method first introduced 
by Serrin [9] and later developed by Gidas, Ni and Nirenberg [6] and Jones [7]. 
In particular, we owe much of the discussion below to Jone's work [7], in which 
he has investigated the asymptotic behavior of radially expanding wave front 
solutions to the equation uF Au + f(u) , x€R" » t>0O. Of course his 
argument does not apply to our problem automatically, partly because of the 
existence of the obstacle G, and partly because of the presence of the inter- 
face [(t) through which 6 gains derivative gaps. 


We begin with some notation and lemmas; 


Notation, Let P be an (n~1)-dimensional hyperplane with PNG, = QD: set 
+ 
(16 a) S*: the half space with boundary P such that S$ 26, ; 


(16 b) x"; reflection of a point x eR" in P. 


The following is the key lemma for the proof of the main theorems: 
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Lemma A. Assume n23 and that (7) holds. Then there exists a positive 

number Ry such that for any hyperplane P with dist(P,G,) 2 Ry tt holds 
d 

that 


(17) g(x,t) 2 o(a*,t) 

for all xr€S*\G » t20 , where st > x are as tn (16). Moreover, we have 
r 

(18) (x,t) > B(x’ ,t) 


for all x€S*na(t)\G, t>0. 


Corollary A. Assume n23 and that (7) holds; and let P be as in Lemma A. 


Then |¥,e(x, ¢) | #0 for any x€PNQ(t) , t>0, where V, = (3/da,,+++,3/de,). 
Lemma B. Assume (7). Then 


lim dist (T(t) ,G,) =O, 
tr4+o 
The proof of Lemma A will be carried out in the next section. Corollary A 
follows immediately from Lemma A and the strong maximum principle, since 8 


t>0 . For 


satisfies the heat equation 8, = 46 in the water region Q(t) , 


the proof of Lemma B, see [5]. 


Proof of Theorem 1. For simplicity we assume n 23. The case n= 2 
follows from a similar ( but slightly modified ) argument. 


Let R.>O be as in Lemma A and set 


0 


(19) w= co({ x €R"| dist(x,G,) S Ro}UG) , 


where co denotes the closed convex hull of a set. By virtue of Lemma B, 


there exists a positive number Ty such that 


r(t) awe 7) 
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Take any to€ [Tos +*) and fix it. And let x, be any point on T(t). 


0 


In order to apply Proposition 3.4, we must check that Xo has positive Lebesgue 


density with respect to the region R'\ Q(t). This will be shown by 


constructing an open cone K, with vertex x 


0 O° 
Put 
K. = {z€R" | (2-x,)*(y-x,) <0 for all yew), 
0 0 0 
where -: denotes the Euclidean inner product in R" . Since W isa compact 


convex set and since xy EW e Ky is a non-empty open cone with vertex Xi 
that is, Ko is an open set such that (Kp - Xp) = Ky 7 Xo for all r>0. 


Let z be any point in K, and set 


0 
F. aiye R™ | (y~X_- ae) "E =O}, 
where €=2- XQ ° Applying Lemma A to P = Pe for each a20 , we easily 
find that B(x_ + ab, ty) is monotone non~increasing in a20 . Consequently 
B(x, + a8, to) $ 8(xq sty) =0 
for all a20. This shows that 9% vanishes everywhere in Ko , hence Xo 


has positive Lebesgue density with respect to R \a(t). The conclusion of 


Theorem 1 now follows by applying Proposition 3.4. 


Proof of Theorem 2, Let W be as in (19) and set 
T= {x€ R"\w | 6(x,tq) = ¢ | 


for each ¢>0O. By virtue of Corollary A, VOC st) does not vanish on re ; 
hence Ee is an (n-1) -dimensional smooth hypersurface. Moreover, as is 
easily seen, rin aW=Q@ if ce is sufficiently small. We shall show that 

any ray inward normal to Te ( i.e. the direction parallel to V Ox, to) ) 
intersects the set W . The conclusion of Theorem 2 then follows by letting 


¢ + 0 and using the fact that 8(x,tp) is smooth in 2(to) up to the 
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boundary T(to). 


Let x, be any point on Tr. and let & be a ray inward normal to Tr. 


x, . Assuming that 
(20) NW=B, 


we shall derive a contradiction. 
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at 


Denote by fy a non-zero n-vector parallel to &. By the definition of 


& , we have 
(21) by = cV6(x,,t9) 


for some c>0O. Since W is a compact convex set, (20) implies that there 


exists an n-vector 2. such that 
(22 a) B+(y-x,) <0 for all yew, 
(22 b) cE, >Oo., 


Arguing as in the proof of Theorem 1, we see from (22 a) that 6 is monotone 
non-increasing in the direction of ¢ ; more precisely, O(x, + 05,tp) is 


monotone non~increasing in o20 . In particular, we have 


yo, 


5°V (x) ,ty 


hence 6:6, § 0 by virtue of (21). But this clearly contradicts (22), thus 
showing that the supposition (20) is false. This completes the proof of 


Theorem 2, 


We omit the proof of Corollaries 3, 4 and 5. 


5. Proof of Lemma A. 


In this section we prove Lemma A, which, although simple, played a key role 
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in the proof of the main theorems, We begin with some auxiliary lemmas: 


Lemma 5.1. Let 6(x,t) , 8(x,t) be solutions to the following initial- 


boundary value problems: 


B. = 8, c€R\G,, t>0, 

: h(x) (x€G\G,) 
(23) 8(x,0) = { Ff 

0 (x€R\G), 

6=9, r€G,, t>0, 

6, = 48, rEG\G,, t>0, 
(24) 6(x,0) = h(x) , rEG\G, . 

8=g9, rEG, , t>0. 
Then 


B(x,t) 2 (x,t) for ER \G,, tz0, 


O(x,t) £ ofa, t) for x€G\G t20. 


1? 


Recalling that R'\G,>a(t) >G G, for tz0Q and that 6, = 40 in Q(t), 


6 = 0 on Y(t) , one can easily verify the assertion of Lemma 5.1. This lemma 
is a special case of a more general comparison principle in one phase Stefan 

problems; see [5;Lemma 2.5] and its subsequent remark. Suffice it to say that 
(23) ( resp. (24) ) derives from the Stefan problem (1) ~ (6) if one sets k = 0 


( resp. k=) in (5). 


Corollary 5.2. Asswne (7), and let G, be a domain with a smooth boundary 


2 


satisfying G,6G,c6,c6 . Then there exist constants 8, >0, M, >0 such 


that 


for all x€ 3G, a B20. 6 
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Corollary 5.3. Assume n23 and that (7) holds. Let Go be as in Corollary 


5.2. Then there extsts a positive constant My such that 
6(x,t) SM,o(x) for all zER\G, P 


where ts the solution to the problem 


se=0 in RNG, ; 


(25) ¢=1 on Ge s 
lim ¢(x) =0. 
|z|>~ 
In particular, we have ike 8(x,t) = 0 uniformly in t20. 
xl so 


The proof of these corollaries are straightforward, so we omit it. Note 
that the assumption n 2 3 in Corollary 5.3 cannot be dropped, since the 


problem (25) has no solution in the case n=1 or n=2., 


Lemma 5.4. Let us €> 0 , be the solution to the problem (15). and set 
6. = ou /at . Then ur, 8. > 6 decreasingly as ¢ 4 0 , provided that 


ie and B are chosen appropriately. 


Proof. Define Be by 
s 
a(s) = 82) , 


where §8(s) is a function with the properties 


Ml 


8(s) 0 if s21, 


6(0) -1 > 


8'(s) > 0 and g"(s) $0, -o<gs<d. 
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It is clear that B has the properties required in Section 3. Next we choose 
ft. appropriately so that eAn + fe decreases as ¢€ +O and that f. satisfies 
the conditions listed above (15). The existence of such f. is obvious. 

The decreasing property of u. ( as ce +0) follows immediately from that 
of pte, "> f and -B.(s) (s20) . In order to show that Re is 
decreasing as e + 0 , we differentiate (15) . by t , to get 


36 


- aac: , = i 
Ao +a + kB) (u.) 8. ) in Dx (0,T) , 


8. («,0) = eAn(x) - kB(n(x)) + £ (x) in D, 


8. =g on 3G, x (0,T) , 
a =0 on By x (0,T) 
By virtue of the assumption above, the initial data 8 _(x,0) decreases as 
¢€ + 0 . Moreover, since Br <0 and since u.. is decreasing as e€+0, 
BiG.) is increasing as e¢ + 0 . Applying the maximum principle, we see that 


G. is decreasing as e ¥ 0 ; this completes the proof of Lemma 5.4. ( Note 
that the convergence a. + 6 does not take place everywhere on Dx (0,T] 3; in 


fact, 8, (x,0) does not converges to 6(x,0) for some x€G. ) 


Proof of Lemma A. Let ues ae be as in Lemma 5.4. By virtue of Corollary 


5.3, there exists a positive constant R, such that 
sup 6(x,t) < 6 
1 


1? 


where 6, is as in Corollary 5.2. By a similar argument, we see that there is 


1 


a positive constant, again denoted by R, , such that 


1 


(26) sup 6 (x,t) < 8, 
(x,t) € Dx[o,T] © 
|x| 2R 


1 


for any sufficiently small e 
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Now take a positive constant Ro such that the set 
W=co({x€R"| dist(x,G,) © R)}) 


contains both G and {x€R® {| |x| s Ry} . And let P be a hyperplane with 
; ‘ + a r + : 
dist (P,G,) 2 Ry ; and set D' = {x€S | x €D}, where x ,S are as in 


(16). We shall show that 
a 
(27) 6 (x,t) $ 6 (x,t) 
E € 


for all x€ D'\G, , where Gy is as in Corollary 5.2. 


Put 


v(x,t) = u(x,t) - ut) ; 


we R(x, 0) = 6. (x,t) 0 Gt) 


The functions v , w satisfy the degenerated parabolic: system 


in (D' \G,) x (0,T) 


< 
fH 
= 


(28 a) 


we Aw - kB" (uw - KO, (x",t)(x,£)v in (D'\G,) x (0,T) 


together with the initial and the boundary conditions 


vz0 in D'\G, , 


(28 b) w20 in D'\G, ; 
w20 on 3 (D'\G,) x (0,T) , 
where 
Bt(u_(x,t)) - BY(u, (x, e)) 
E(x,t) = —-£ —_-____£ = 


N 
u (x,t) - u(x yt) 


Note that the last inequality in (28 b) follows from (26), Corollary 5.2 and the 


decreasing property of Oe ( Lemma 5.4 ). Since Br <0 , we have 
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(29) g 


WA 
Oo 
. 


It is now clear from (28), (29) and the maximum principle that w20 in 


(D'\G,) x [0,T] , which implies that (27) holds. Letting ¢ + 0 , we get 
(30) o(x”,t) $ 6(x,t) 


a.e. in (D'\G,) x [O,T] ; hence (30) holds everywhere in (D'\G,) x [O,T] by 
virtue of the continuity of 9 ([2]). Considering that T and R ( where 
D = BR\S,) can be chosen arbitrarily large, we see that (30) holds for all 
x€ s*\c, , t20 . Thus the former part of Lemma A is proved. The latter part 
is now obvious from the strong maximum principle. This completes the proof of 


Lemma A, 
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INITIAL BOUNDARY VALUE PROBLEMS FOR THE EQUATIONS OF 


COMPRESSIBLE VISCOUS AND HEAT-CONDUCTIVE FLUID 


Akitaka Matsumura and Takaaki Nishida 

Department of Applied Mathematics Department of Mathematics 
and Physics, Kyoto University Kyoto University 
Kyoto 606, Japan Kyoto 606, Japan 


The equations of motion of compressible viscous and heat- 
conductive fluid are investigated for initial boundary 
value problems on the interior and exterior domain of any 
bounded region and also on the half space. The global 
solution in time is proved to exist uniquely and approach 
the stationary state as t + +~, provided the prescribed 
initial data and the external force are sufficiently small. 


§ 1. Introduction 


The motion of a compressible, viscous and heat-conductive Newtonian fluid 


is described by five conservation laws: 


0. + (put) == 0 
t x. 
Jj 
i ji 1 _1 i j ep ij i * 
(1.1) | ul tuu +p == Mu +ue ) + uta’ 6 ~) +f, i= 15253; 
t xX. 0 ‘xX. ) x xX. x. x 
j 1 k j 
3 @P 
eo tuo + ew ele ) +), 
t x pc x pc x. 5 
3 : ‘ 182033 ; 
where x = (x) 5X4 9%q) eR, t > 0, po is the density, u = (u',u’,u-) is the 


velocity, § is the absolute temperature, p = p(p,8) is the pressure, 

f = (f ,f°,f) is the external force, p= u(p,8) and u'(p,8) are viscosity 

coefficients, kK = «K(p,6) is the coefficient of heat conductivity, c = c(p,8) 
bY i 


5 fu, + ud )* + ut (uk if 
x. x. x 
i k 


is the heat capacity at constant volume and ¥Y = 


153 
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is the dissipation function. First we assume the following basic assumptions on 
(1.1): 


(A.1) The external force tf’ is generated by a potential function (x), i.e., 
P 


(A.2) Uy u', K, p and c are smooth functions of ,0 > 0, and 


2 
' pecs > 
He Ka€s Ba Boe Bg. 7 Oe. Ht egh sD 


We consider the system (1.1) in the following domain 2. 


Q, : a bounded open set in R° with C boundary af. 


Case l. & l 


3 


Case 2. 2 =, : compliment of 2, or the half space R = {x € R, x, > O}. 


3 


For both cases we discuss the existence of a global solution in time under the 
suitable initial and boundary conditions since the local existence theorem is 
established by Tani [14] under full generality. In this note we shall summarize 
the results in [9] and [10]. 

Case 1. (Interior Problem) Let us consider the system (1.1) in Qy with the 


initial condition 
(1.2) (p,u,6)(0,x) = (Pg stg28,) (x) xe Os 
and the boundary conditions 


(1.3), u(t,x) = 0, 6(t,x) = 6, x € 32, t 20, 


where § is any fixed positive constant. In order to state the theorem 


precisely, let us list up further assumptions: 


(A.4)) (Pg 24g 8p) € W(Q), @e H’(Q) and (Pg 285) (x) >0O for xeQ, 


(A.5) (compatibility condition) 


un € 45,(2), 3) 


nee | 
0 -6e Hy (2), 


0 


_ i j ‘ k ,ij 2 
(Po). + “oo,x, + “o,x,) * WOM x 6") 
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o j 1 
Sa Par atd.x..* “Soo to Bats 
J = ee) 
Q 
where Pg = P(Pgs9q)s Hy * (0918), *+, and so on. Here H(2) denotes the 
Sobolev's space on Q 


ie7 


a a 
Ile jax, ax, dx, lalsk}e L7(9), 1 $k s 2} 


(a) = {fe 17(9), pXe=(3 
1 


QR _— 
with the norm llell, =( | [p¥e|2ax)? , and 45 () denotes the completion 
2 


of C62) in H(Q), Define a positive constant p by 


p= | 0, (x) dx 
VQ Q ) 


where V(Q2) represents the volume of 2. We call (p(x), u(x), 8(x)) € cl) 
x (c2 (@))* an equilibrium state of the problem (1.1) (1.2) (1.3), when (9,u,6) 


satisfies (1.1) and the additional conditions 


Then we have 


Theorem 1. Under the assumptions (A.1)(A.2) (A.3) (A.4) (4.5), there exist 
positive constant €, @ and C such that if [| P9~Ps Ups 8-8 Il, + lel), S$ €, then 


the problem (1.1)(1.2)(1.3), has a unique global solution in time (p,u,8) and a 


1 
ie) 


unique equilibrium state ( 4u, 9) = (0, 0,8) satisfying 


p € C°(o,4e; 12(2)) 9 cho, +05 H7(0)), 


(u,6-6) « 0°(0,40; H3(Q) 1 HW, (0)) n ch (0, +; HA (9), 


and 
~aa mat 
sup | (p,u,9) (t) = (9,0,0) | S$ Ce ‘ 
x€ Q 
Case 2, (Exterior or Half-space Problem) In this case let us consider the 


system (1.1) in Qy with the initial condition (1.2) and the boundary conditions 
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(1.3), u(t,x) = 0, 6(t,x) =6 for xe, ¢t 20, 

u(t,x) > 0, 6(t,x) > 6, o(t,x) +p as |x| + +e for t 20, 
where p and © are any fixed positive constants. Let us assume that 
(A.4), — (o9-Bs Uns 80-8) € HAC), = € HCD), 

2 0 0 0 


and the compatibility condition (A.5). In this case we call (B(x), u(x), 8(x)) 
an equilibrium state of the problem (1.1) 1.2)(1.3), when (p,u, 6) satisfies (1.1) 


(1.3) 5 and (pp, u, 6-8) € H7(Q). Then we have 


Theorem 2. Under the assumptions (A.1) (A.2) (A.3) (A.4) (A.5), there exist 
a positive constant e€ such that if Il pg-e, Ug? 85-8 Il, + He il, $ €, then the 
problem (1.1) 1.2)1.3), has a unique global solution in time (p,u,8) and a 


unique equilibrium state (p,u, 6) = (0,0,8) satisfying 


0 ~ 5 € C°(0,4~; H2(2)) 2 ch (O,4@; H7(0)), 


(u,8-B) € (0,405 H7(@) 1 H(2)) 9.Ch(0, 405 HO ()), 
and 
sup |(o,u,9)(t) - (9,0,6)| +0 as tr, 
x 
The proof of both Theorems are given by an energy method similar to those 
of our previous papers [7][8] on the initial value problem. However the initial 
boundary value problems require a new a-priori estimates of the solution near 
the boundary. In the following sections, we shall show rough sketch of the proof 
only for the half space case because the other cases are proved along similar 
strategy. Details are to be appeared in [10]. Finally we should mention that 
for one-dimensional model system of (1.1) we can see more precise results in 


Kawashima-Nishida [5] and Okada-Kawashima [11][12]. 
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§ 2, Stationary solution 


Let us write the equations and conditions for the stationary solution 


(,u,8) 
(2.1) (eu), =" 0; 
x. 
J 
(2.2) Pale “epee 8 be! Sitges ata 6 ede “ge Ge. 
x, x, xX. x, xX. x. xX. 
j 1 ir 1 k j 
oe ee eer eee 
(2.3) oc u ot + ee (KO Oy. y 0, 
J Ja 
(2.4) u| = u| = 0, 8 = 8 =o, p| =p, 
an oo a2 oo oo 
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where p= p(p,9) etc. The stationary problem (2.1)-(2.4) has a unique solution 


as 


Lemma 2.1. Under the assumptions A.1 ~ A.3 there exist positive constant € 


and C_ such that if loll, Sec, & = 3,4, or 5S, the problem (2.1)-(2.4) has a 


unique solution (p(x), 0,6) in a small neighborhood of (p,0,8) in (n2)3 
satisfying 
(2.5) |p = Pll, $ ciel, » & = 3,4, or 5 respectively, 
where o(x) is determined by (1.8), i.e., 

p(x) p(n.8) 
(2.6) | ——— dn + (x) = 0. 

ame n 

p 

: : : -,.a 2,3 

Proof. Since we consider a small neighborhood of (p,0,6) in (H')”, by 
Sobolev's lemma we may suppose lp-pl, jul, |6-8| < 5 min{p,6}. Then we can 


estimate the equalities: 


 p.(n,8) 
| [2.1] x — dn dx = 0, 


0 n 


(2.7) | (2.29: x alax = 0, 
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| [2.3] x (6-6)dx = 0, 


where [2.1], (2.2]* and [2.3] denote the terms on the left hand side of (2.1), 
(2.2)* and (2.3) respectively. Take the sum of (2.7) and integrate it by parts 


using the mean value theorem and Lemma 4.1. We obtain the inequality: 


II pa |]? + |] pd |? < efi}pe}) + Wall, + 18-4} 9 * |] 6-8 |] 3c]] pa |]? + |} p84). 


Therefore if [| De {f, lu ll,» (| 6-6 [[, is small, we can conclude 
(2.8) u=0, 6-8. 
If we substitute (2.8) in (2.2), we have 


a dn + or = 0 


(" pain @) 
i i 


which implies (2.6). 
§ 3. Local and global existence 


Let us rewrite the problem (1.1), (1.2) by the change of variables 


(p,u,8) + (p + 0,u,6 + 8) using (2.6) as follows: 


(3.1)° LeCoyu) Spee ie. * puns = £° , 
j j 
i i ee ee ee eee _ oi e 
(3.1) L (p,u,8) = BS iS ge Qutu yu + PP, P»8 f, 1 = 1,253, 
jj i 
4 4 ae ae, fo oh 
(3.1) gC) iO a A 
jj 
(3.2) (u, 6) = (u,9) = 0, 
ve) co 
(3.3) (p,u,6)(0) = (Pg rtg> 85)» 


where we denote the constant for the function g of p and 8 by g = 8(p,9), 
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and also i= /b, i =i'/o, © =K/BE, py = B,/d, Py ~ Py/B and 
P3 = 8p, /oc . The terms on the right hand side of equations (3.4) are nonlinear 


and have the form: 


i ee a 
£°(p,u,9) = (p-p-p)ud - po wi, 
xX. xX, 
j j 
£'(p,u,6) 2 -wur + CHe- pu + (HR --ud | G 
xX, XX. XX 
j ptp jj O+p ij 
P 
+t Ge eal) + ut uk 64} + Gp, -o + 
exo “jG i gk pep ME 
(3.4) a rs oa 
Pg op (0 + 0,6 + 8) 
D5 ee ee I i 8s 
ptp Ci (oto) p (0,8) i 
© (aise) Sue. 4 ee Bg... gy 
XxX, ae X.X, 
j (ptp)de jj 
(8+8)p. 
+ (p, - ~ $y 43 + : (K @ + ¥). 
(oro)e x; (ptp)e * * 


Next we choose a constant Ey by use of Sobolev's lemma such that 


IA 


Teeeh 2a 2 
Hell o > min(o, 8) for any g eH’, Hell, sk, - 


Then the solution of (3.1)-(3.3) is sought in the set of functions X(0,~; E) 


for some E § Ey » where for 0§ ty S$ t, < », we define 


X(t) ,t55 E) = {(p,u,6) 


. ae . 2 
pe C(t, ts H-), Dp e L,(ty,t,3 Hq"), 


0, € C(t, ,t5 H?) nL (ty,ty3 H), 


es ee | ig 
u,O ¢€ C(t, ts H™ nH), D(u,8) «€ Lj(t),t,3 H-), 


ui,@ € C(t 


1 
aA oe ee ee er ree 


2 


where 
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2 2 
n?(e, 45) = sup |} o,w,0¢e) [15 + lege) IID + I) ugs8, Ce [ly + 


t, Sse 
(3.5) Bs 


t 
+ | 1) pots) [15 + | opts) {1 + |] p(u,0)¢s) |] + Ia, .8,¢s) [Jas 


al 


2 : . Q 
Here and in what follows we do not write ® in H (%). 
We will obtain the global solution by a combination of a local existence 
theorem and some a priori estimates for the solution in X, namely that for the 


norm N. 


Proposition 3.1. (local existence) 

Suppose the problem (3.1)-(3.3) has a unique solution (f,u,8) « X(0,h; Eq) 
for some h 20 and consider the problem (3.1)-(3.3) for t 2h. Then there 
exist positive constants T, Eq and Caley’ 1402 s E4) independent of h_- such 
that if N(h,h), Toil, $ Eq > the problem has a unique solution 


(p,u,8) € X(h,h+t; CoN(h,h)). 


The proof is the same as that for the interior problem in [9] and is omitted. 
Although the local existence theorem by Tani [14] is more general, we need it in 
the form of Proposition 3.1 to extend the solution globally in time by use of “ue 


energy method. 


Proposition 3.2. (a priori estimates) 
Suppose the problem (3.1)-(3.3) has a solution (p,u,6) € X(0,h; Ey) for 


given h > 0. Then there exist positive constants Ey and C (e, g Eg? e,c S$ E,) 


A 
mo 


which are independent of h such that if N(0,h), loll, 
N(O,h) $ €,N(0,0). 


If Proposition 3.1 and 3.2 are known, the global existence of unique solu- 
tion can be proved as follows: Choose the initial data (Dg otgs8q) and the 


potential function © so small that it holds 
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: 2 
N(0,0) § mint€,, e,/Co, e,/Cv 1+#C) } and 1? ll. Se). 


Then Proposition 3.1 with h=0 gives a local solution (p,u,8) © X(0,T; CyN{0,0)). 
Since CyN(0,0) $ & $ Eq > Proposition 3.2 with h=t implies N(0,t) < C,NCO,0). 


Then Proposition 3.1 with h=t implies the existence of solution 


(p,u,8) € X(1,273 CoN(t,1)), 


© X(0,21; / L4ce N(O,t)). 


Hence, since / Lec N(O,t) < c 7 1402 N(O,0) $ ey» Proposition 3.2 with h = 2tT 


gives N(0,2T) < C,N(0,0), and Proposition 3.1 with h = 2T gives 


(p,u,8) € X(2T,37; CoN(2t,2T)), 
€ x(0,31; Vv L+ce N(O,2t)). 


Repetition of this process yields 


Proposition 3.3. (global existence) 


There exist positive constants ec and C(eC ¢ Ey) such that if N(0,0), 
1? Il. Se, then the initial boundary value problem (3.1)-(3.3) has a unique 


solution 


(p,u,6) € X(0,; CN(0,0)). 


8 4. A priori estimates for the half space case {= Rs 


First we recall some inequalities of Sobolev type. 


Lemma 4.1. It holds 


HA 
aQ 
Fh 


O0O<oa<i1/2, 


{| £ | , 
c°(Q) H“(Q) 


i 
ie) 
hh 
N 
LA 
ne) 
A 
a 


(4.1) 


| £ || s , 
L (2) u* (Q) 
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I] £ || = cl] DE || . 
Lg (2) L, (2) 


Proof. See for example [3], [4]. 
Next we note some estimates of elliptic system of equations for our domain, 
when we regard equation 3.1)", i = 1,°*+,4, as elliptic with respect to x 


variables, i.e., 


ful + Gieityud | sub +p +p, -f, i= 1,243, 
ij ij i 
j 4 
(4.2) a ae eee ae 
jj j 
u| = u| = 8] = 6] = 0 
32 %0 3 co 
Lemma 4.2, We have for k = 2,3 
k 7 
(4.3) [I oa} s tila, Mey + 1029) Mey + WE lig g * Hels 
k - 
(4.4) KOI s cE 8, Myey + Helle > * WE gy + I 08 Il}. 


The first estimate is well known, e.g. [1]. The second one is given in [5]. 
The last estimate for an elliptic system concerns Stokes equation in 2 


which comes from 3.1)", i = O,-**,3. 


pul =h 3 
x. 
J 
A 4 i ae 
(4.5) “WU x. + P)o, = & >» i= 1,2,3, 
Jj i 
u = a, u = 0 
AQ 00 


Lemma 4.3. For k = 2,3,4 it holds 


Kk f2 “142. é 2 2 
C406) TOS? 6 Hoo? = ecm + Meliae * Hala gt MPU ll? 
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where the last term on the right hand side is necessary in the case of exterior 


domain. 


Proof. See for example Solonnikov [13] and Cattabriga [2]. 
Now we begin to obtain the energy estimate for solution of equation (3.4)*, 


i = O,e*+,4, with (3.5). 


Lemma 4.4. We have for 2=0 and 1 


t 
g 2 g 2 Rd 2 
I] 8Co,u,8)(t) ||° + je || Da (u,8) (s) |] + |[ 9, ic (s) ||“ds 
(4.7) 
t 
< of|] 3¢¢0,u,0) (0) ||? + | ay! + Ul ate? [[2as) 
0 
where 
P , wt ty P 
Ag = | Lt e(fy - utp )+ uf? + as er! dx, 
= x. p 
0 j 3 
(4.8) A, = os (f° - j ) +urtt + ne 6 gt dx 
: 1 a Re eg is Da. boty ee 
p 4 3 
do _ j 0 = 
a =o, + uo =f - pu . 
Jj j 


We have also for k =0O and 1 


t 
|| vase) ¢e) |]? + | || af**(p,u,6)¢s) |]2as 
0 
(4.9) s cf|] Dag(u,6) (0) |]? + |] akocoy |]? + || akoce) |]? 


t : 
+ | I| pak (u 8) (s) ||? + |] akce°-udo y II? + \| ate (s) ||?ast. 
) j 


Proof. Compute the integral 
tC P Bete nis Pp 
| = o£) + ube!) + 2 ocn'-e4yaxae = 0. 
0/20 P3 


Integration by parts using the boundary condition gives 
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Pp Pp Coho on cae . Po. 
; ce 0? + ul? + ~ 07 ax + | | n{Du |? Poe Cre Yevtage ee es <|pe| Zaxde 
2p P3 0 72 x; Ps 
t 
1 | Pi 2 2 P2 2 
=>|— 0. + lu, |“ + = 67dx + A.dt , 
ae a 0 P, 0 a 


where Ay is defined by (4.8). If we use the notation dp/dt in (4.8), we can 
obtain (4.7), % = 0 from this equality. The time derivative can be treated 
similarly, because it has the same boundary conditions. Next compute the 
integral 


t ; 5 
| | 0. (wo - £°) + utcui - 4) + 9. cn - e*yaxde = 0 
0/2 t t t 


Integration by parts gives by use of Schwarz inequality 


7 a t 
| apa]? sed") Gad 92 4 eba|? * pebul axe :| p2 + |u|? + e2dxae 
x. LN Xs 2 t t t 
Q j j 0 72 


WA 


; Oe a Pe 2 j 
|. u[Dug|" + (itu Moe! + «|D9,|" + P10! x, 


t ~ 
+C | | |p(u,8)(s) |? + |E|2axat ; 
0/2 


where f£ = (f°-udp see ey, If we use Schwarz inequality for the term 


5 J 
pul » we obtain (4.10), 2 = 0. The estimate (4.9), 2 =1 is obtained 
j 
similarly. 
Since the tangential derivatives of the solution of (3.1) satisfy the same 


boundary conditions (3.2)(3.3), we can obtain the estimates for these similarly 


to the above lemma 4.4. Let us denote the tangential derivatives by d= (3, »9¥ ) 
1 2 


and integrate the equality for each k = 1,2,3 by use of integration by parts 
Pi des 0 clea ee “in led 
—O(L -£)0p +9 (L - £:)su =O. 
p 

Thus we have 


Lemma 4.5. For k = 1,2,3 


t 
i] cou) (t) |]? + | II pa“ucs) {[7 + |] a* $2 (s) |[7as 
0 
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(4.10) 
t 
«eff 3¢o,u)0) JI? + | I] ahe%cs) II? + Ha Tec I? + Lay les), 
0 
where 
(411) AQ { “lak poke? - us Ip dx for each k = 1,2,3. 
Q i) *; 


Then we have to obtain the estimates for the normal derivatives of solution. 


To do that we use the following equations from (3.1). 


do =] 
(=) + pu =f 5 
dt X4 4i%s X4 
(4.12) 
Js 8 eee j = 6 
Mg = MRS RUE I oe Bee Ree 
373 3 3 
If we eliminate the term i from these, we have 
eas 
| 
2utht (2) + po, = -u - po, + SEED page 
3 3 5 63 
(4.13) 
+ nee - + ue : )+ ut (uy + uw dg " 
eG 400 1 2 %3 


where we note the second derivatives of u at the last two terms on the right 


hand side contain one tangential derivative. Multiply (4.13) by Py and 
3 
(do/dt) | respectively and integrate them respectively. We obtain after inte- 
3 
gration by parts 


2p 26 i8 ge Rg 
[ i “ 3 1 2 
+ {-u> - p,6 + uCu tu +u + u dIp + 
0 saa Vey. ae. age AGC a 
Quen’? .0 3 
+ (Ss fy + £ Dp, dxdt 


fe) 3 3 
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Pile (8 ae 
BY | of axae + ct |} poco 11? « [Ing alae + 
0 3 0 

t 
2 2 2 01442 3,2 
+f Weg? + Hope (I? + Ue? + [Poe 1? + 112? as 
and 


t reer | P 

cael alae g (2s) adae aoe 92 dx 
= dt’x 2 x 

0 fe) 3 


t nN 
2utu' -dp ae Ens a, 3 3 1 2 
+ I. | “3 ae?x,! UL Pyo, + uta, +u +u +u 


3 Let ge ae Rs 

ine 
gout GO: “see aude 

ooo x 
fe) 3 

Aen oe t 

uti | | (22)? axae + cf |] DCO) ||? + | [By ola 

25. Jo 4 ge oes 


t 
2 2 2 04,2 34,2 
+ tleg + |] p04]? + [vou ||? + {| 2° ||? + I] £7] 2axaed 
respectively. Thus we have obtained the following 


Lemma 4.6. For k+%=0,1,2 it holds 


t 
o5*toce jf? + | I} akag*toce) ||? + {| aMaS** G8) Ca) |)?as 
0 
k+1 a4D 2 k,& 2 
< ctl] 9000) Hg + [Tat 9500 11 Hokafe, | 
0 1,2 2 
+ |] (0.0965) [12,5 + WE Mga + WE lZeg + [By gl ds). 
where 
dp _ akyh kd 
(4.14) Bogs | (3% a5) x 9°95P,, 19 950, ax . 
3 3 
and here the summation is not taken for k and &. 
Last we use lemma 4.3 for Stokes equation (4.6) with u = 0, where h 


: an 
and a. have the following explicit forms. 
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0 do 
hep -2 
(4.15) 
A ae 
gees ee a oR eee ee 
ie) i i 


Lemma 4.7. For k + £=0,1,2, we have 


lo? take | + ah tako 4 


(4.16) 


0 
+ |[peli + [lf I 


: k (de 
Scflla, lpeg + W2*E2 Iaae veeeg * UE leg 


Now we can combine the above lemmas 4.1 ~ 4.7 to obtain necessary a-priori esti- 

mates. Although we omit the details, by combining step by step lemma 4.4, 

g8=0, k=0, &=1, lemma 4.2 for 4, k= 2 lemma 4.5, k =1, lemma 4.6, 

k+2 = 0, lemma 4.2 for u, k = 2, lemma 4.7, k+2 = 0, lemma 4.2 for 4, 

k = 3, lemma 4.5, k = 2, lemma 4.6, k=1, 2 = 0, lemma 4.7, k=l, 

2 = 0, lemma 4.6, k=O, 2 =1 and lemma 4.7, k=0, £2 = 1, we can obtain 


the nH? version of norm N(0,t), i.e, 


I} (oyu,e) Ce) [2 + flo ce) UT? * I] ase Ce) |? + “ (s),Dp(s) ||? + 
Py, 2 t 1 tnt 0 P, 2ER 1 


+ |] (a,,0,9¢8) [IF + |] DG, 996) [15 + HSE Cs) [Jas 
(4.17) 
, t 
, 2 0 2 zZ 01,2 
SCE] o9s¥999 Ip + sup {{ f°-udo, [ee |l # [23 + joie 2 


OSsst j 


3 1 
04/2 2 die 92 

+ Heri + Welly + Ileo, Ip + 2 lays £ 
: } xi Tks  kene0 


|B, lds}. 
To elevate the differentiability once to obtain the estimate of norm N(0,t) 
we can repeat the above argument beginning from lemma 4.4, k = 1 and by use of 


lemma 4.2, k = 3, lemma 4.5, k = 3, lemma 4.6, k+2 = 2 and lemma 4.7, 


k+2 = 2, Therefore we arrive at the estimate for N(0,t). 
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N(O,t)” = I p,us0(e) M3 * Loced Id + Muse. ce) I? 
a [o, DeCs) |]2 + |lu.,6.¢s) ||2 + |] D(u,e) Cs) t]2ds 
ge ee p 2 Bee 2 : 3 


(4.18) $c 


a 


| ou,8(0) [5 + sup (|] £°-wp (s) [15 {] £¢s) [IP } + 
OSsst *; 
= J 


\\? + 


ia ‘ 
‘ i J #%cs) 5 + Hecs) Hp + Weer IP + Wwe, d, 


J 


+ 


, 4 2 
uso, [IP + EF laAl + 2 [B, pldsh . 
aa k=0 k+2=0 *? 


Last we have to show 
Lemma 4.8, 


A t 2 
sup {|| £°-uo (s) {I5,[| £¢s) [|e + j I £°¢s) 15 #1] o-ulo (8) [17 + 
OSsSt 3 0 j 


4.19) etsy 2+ Weel © Llale = Ie ol 
4.19 + f(s + f(s + 2 + , 8B. ds 
2 sO we w+teo Kee 


; 2 
S$ C,(N(O,t) + | © |],)8 (0,t). 


It is proved by use of lemma 4.1 and integration by parts. We show only the 
term Aj) and omit the proof of the other terms which can be treated similarly. 
Let us recall (4.9) and compute the following 


[| oce°-udo ax] = |{ ofp-p)ut - pul} ax] = |] op {G@-put - pwltax| 
*; *; a 


WA 


II Be iit] (=n)? ful tauy ( pola aay 


WA 


Woot eoih, Well + Mell, Well) 


aA 


clo Hf] Dull ell, * loll} s © NCO.) [el], + NCO.ed}. 
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\| ui {( ee ae Wut + wee ub ydx | 


ibs xX, ~~; xX 
p+p *j J ptp JJ 
oe eee 
j e+e j pto "3 7j 


he eee u |[2 4 — u u 
oO aa ull} Du |]° + II ¢ Fe ry NH Hy te II 


<C n(o,t) {|| ||, + N(O,t)}. 


The remaining terms in Ay can be treated in the same way as above. 
Finally we note that the inequalities (4.18)(4.19) easily imply the desired 


a-priori estimates, in fact, we may choose E, $0 small that 


N2(0,t) < Cll bgs4 9985 II for N(O,t), Holl, se, - 


Thus the proof of Theorem 2 for the half space is completed. 
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Equations of Mixed Type in a Half Space 
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JAPAN 


We consider boundary value problems for equations of mixed 
type u + q(xJu,, = 0 in a half space (0,0) x R. We 

f XX one Ff 3 . : 
discuss the existence, of solutions written in the integral 
form u(x, t) = fert® v(x, tT )g(tJdt , the estimate for 
v(x, «) and function spaces for g(t) and u(x, t). We put 
wike O)ev' (x, a)/v(x,%,) and consider non-linear equation 
of type w! = q(xja -w in Riemann sphere, where a topological 
method is useful. As for estimates we need a special device 
concerning the energy method, 


81. Introduction and statements of results. 


This note is concerned with the following problem 
a { Uy t q@ou,, = 0 , for (x, t) € (0,00) xX R 
u(O,t} = g(t) and limu(x, t} = 0, for téR, 
X40 
where the coefficient q(x) depends only on x _ and satisfies 


(C) q(x) is a real valued piecewise continuous bounded function satisfying 


lim q(x) > 0. 
X yea 


Remark that q(x) may change its sign. 
The boundary data g(t) is assumed to be written in a form 


pes 


(1) g(t) = a5 fel Reyer 


F . Z 3 itt Fi 5 _ 
Namely g(t) iS a Summation of exponential function elt with density function 


£(t) defined on complex path I’. Y will be defined later. Naturally the 


formula (1) is not anything but Laplace inversion formula if g(t} and [ satisfy 
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suitable conditions. From the linear property of (P) we seek the solution 
given by 


(2) u{x, t) = ah 


Jel ex, 27y2(t)dt . 
T 
Here v(x,) is a solution of 
vo. - q{x)€v = 0 for x €(0,0) 
s Xx 
© { 
v(o,ax) = 1 and vw, a) = 0. 
We have denoted « = v, Thus [ is a curve in complex plane such that 


cae {a: os t, TE T} is involved in the following domain §(q) which we 


describe in Theorem 1 


Theorem 1. Suppose (C). The problem (P) has unique solution 


u(x, «) if and only if «a belongs to the following set 


8(q) =C- { Ute} U (-» Ol}, 


where q;, (0 < qd, < d, < ...) are positive constants tending to oo if q(x) 
changes its sign, while ota is replaced by empty set ¢ if q(x) 20 in 
je 

(0,00). Moreover v(x,%) is analytic in w € §(q) for each x € [0, 0), 
each q being a simple pole. Finally v(x,a@) is bounded in a neighbourhood 
of xn = 0 for a4 >0. 

Remark 1. If a(x) 2 0 for x €é (0,0), we can take T as real 
axis. In case where q(x) # 1, (2) becomes Poisson formula by Fubini theorem 


- (tlx 


0: 
with v(x, 2°) =e and g(t) = fe **g(s)ds. 


“00 
If q(x) changes its sign, we take JT as a curve satisfying Te B(q) Uv {0} % 
For example J” coincides real axis in a neighbourhood of origin and another 


parallel line in a neighbourhood of infinity. 


Next we estimate v({x,&) in order to give exact meanings to the formula 


(2) in function spaces. 


Theorem 2. Suppose (C). Then for any ¥ > 0, there exists positive 


constant Cy such that we have 
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(EF) Ge ie Cie hy, GE tate oO 


In general we will see Cy = ot1/r7) through the process of proofs. 


By Theorem 2. we can discuss function spaces for g(t) and u(x, t). 


At first we introduce function spaces te : i : 


gomeees Saas 1 leet A oe 
By k with following norm respectively. 
kf 0 ts & * a i/ 
he ny = = {| fe ~za(s} | Pds + ae g(s) | Pads } p 
yk  j=l?~o dt 0 dt 


Hon a 0 @ p R e  -¥s ru Py 1/p 
thdee, £ {fo 15h) | Pas Ve hs) | Pas}l/? , 


sk j=l dt? dt 
Cp =i, 2) 
k | a -¥s a 
Wad, = 8 { sup | acs! + sup fe l® a nesyt J, 
By, j=l * s€(-m,0) dt? S€ (0,00) dt 


If 0<Y,<¢ Y, . then it follows 
p De ge Ge Se 
Lek © Ly ok Ay c be U yk 
2 Ly 2 
Then we fix a smooth path ref, + rT, + T; + T, , where 
1/2 
Toe {t : ImT=0, -a$ ReTSa ie a<d, 
ry {Tt : -Imt=Y¥ RET 2 28 fs 


Ps c {t+ 0<-Int CY, Behe y< 22 by 
Ty Ct: OS -mt<¢¥, -22 ¢ Ret < na}, 


Denote by J the curve {t : Ter} Remark that 


2 ai itt ~ : 1 
g(t) = OK jn e g(t)dt, if g(t) € Ly > 
” itt l 
where g(t) = e g(t)dt. If g(-t) € Ly 2 
= 00 , ’ 
1 itt« 
g(t) = rife @(t)dt . Now let us put 
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ultx, t) 


u 


1 itt 2.0 
IR jee v(x, T)g(t)dt 


tt 


u_(x, t) = 5% \. ey (x, 1778 (r)dt 


T 

Using these notation we can state 

Theorem 3. Suppose (C). If g(t) € Ly. Ke? (respectively 
g(-t) € Ly yg) for certain Y > 0, then u,(x, t) belongs to 


¥,k ), (k= 0, 1, 2, ...). 
2 


In case of k2 2, u(x, t) , (resp. u_(x, t)) isa C€ solution of (P). 


By, , (resp. a {x, t) =u (x, -t}) € B 
A = s 


u(x, t} satisfies following estimates if right hand sides are bounded. 


(E) sup Wu.(x, .) tf = < C,(%, kK) tg dl 
: xe(0,0) * Bak} Ly ke? 
* 
(E) sup Beth Ge iB 22s RY ky We ee? 
2 xe(0,m) * yes, 2 
where K = 0, 1, 2, ... and Ci, k) are constants. a (x, t}) = u_(x, -t) 


satisfies the same inequalities replaced g(t) by Z(t) = g(-t}. 


Remark 2. The analyticity of v(x, 1”) says that u(x, t) in (2) 
is invariant even if we change T in a bounded domain which excludes re 
and iR - {0} . Incidentally we give another remark. Let J be smooth closed 
curve such that JT is the boundary of a bounded domain ® . Then u(x, t) of 


(2) is in general non trivial solution of (P) with g2Z0, if R(t) 


1/2 


is a given analytic function, In fact, since T= + € is a simple 


pole of v(x, t’), u(x, t) is described by residue calculus. This solution 


1/2 


mes ue ay s(X) and does not belong to function spaces 


is of type Ze 
j 


L in Theorem 3, 


sk 


As for equations of mixed type we know the Tricomi equation, for which were 


investigated usually local singular boundary value problemssuch as Tricomi 
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problem and Frankl problem. Intensive references are found in [1], [2], and 
(3]. Global treatments as our problem (P) could not be found by the author. 
The method in this paper is continued from [4] and [5]. 


§ 2. Plan of proofs. 


From the condition (C) there exists a positive number Xo such that 


(2, 1) q(x) > My > 0 in (XQ, 0) and jq(x)|l < M for all x € (0,0). 


If the solution v(x,a) of (P) satisfies v(x,a) #0, then putting 


(2, 2) w(x,4) = vi(x,a@) / v(x, a) 
we see that w(x,@) is a solution of 
wt = q(xja - w? in (0,0), 
®), { 
~ 
Re j w(s,a )ds = -@, 
0 


Conversely if w(x,a@) is a solution of (P) then 


1 
x 
(2, 3) v(x, &) = exp ( w(s, «)ds 
0 
is a solution of (P) for any fixed “ . Thus we consider (P), from 


topological viewpoints as will be shown in lemmas in next section. 


2.1, Here we expain our steps in the proofs of Theorem 1. 
(1) Replacing (0,0) by (X> oo), we show that there exists unique 
solution w(x, a) of (P), for all a € C - (-», OQ}. 


Put v(x,«) = exp fj" w(s, «)ds, then V(x, 0 } is unique solution of 


Xo 


v(x, e) = q(xja V(x, %) in (x,,00) satisfying V(x 


0? 
a € C - (- 0, O]. 
(11) For any x € (x. *) 


w(x, &) is analytic in C - (-o, 0], 


thus so is V(x, «). 


: 7 2 
(III) Then we extend w(x, 4) to [0,0) satisfying w' = q(x)a-w 


for any « € C - (-m,0), and define v(x, a) = exp w(s, a)ds. 
0 
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For & € (0,0), we extend V(x,«) satisfying V" = q(x)a Vv 
in (0,%). In this case we prove, v(0, oy) = 0, 100, q.) # 0, 


(GS hy 25 Sy wee G lim v(0,a ) > 0 and lim V(x, da) <0 
avO avd 


(VI) Put v(x,@) - VOue) for o«€8(q). Then v(x,a) 
V(0,a@) 


satisfies the desired conditions. 


2.2. In order to obtain the estimate in Theorem 2, we use the identity 
(2, 4) w(x, a) v(x, a]? ~w(xp, a IV, AT? 
= (Fiona) “ay af anivona) (*dy, 04x, <x, 
‘i y 
which follows from Jvity, a vO, 4 dy = a faty) Ivy, « )\"ay, and 


(2, 2). Now we introduce following coordinates depending on & 


(2, 5) Ww>Wwatwe, w, = Im 4) w, = mad 
a Im(a 4) Im(ga) 
2 


where g Satisfies g” = «@ and argg = Jarga, being O<largd| <7 

2 
We is said simply to be fp - component of w. Denote s(x,a) = “(WO Ad) 
Take g - component of both sides of (2, 4), then it follows 


2,6) slxy,@ VO, a)? = sOx,a) LOK aN? + Ig (* Iv'G, eI ey, 
x 


where l, Es Im & = ime >0. Therefore 
Im(g a) ja\Im g 
s(0, ) ( _s(0,a) ,*/? 
(2, 7) [vie S See wy * v(0,@) = |e s(x, a} I 
Hence it suffices to estimate s(0,a) and 1/s(s,a) . For this purpose 


we can use the equation 


s'(x, &) = Im(w'a)/Im(ag) = -Im(w%2) /Im(«s) . 


The details will be shown in next section. 
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Los Here we prove Theorem 3 in view of Theorem 1 and 2. The estimate 


(E) follows directly from the estimate (E). lim u(x, t) = 0 
X-¥ 


follows from Lebesque theorem. To obtain (E}, we use the following 


localization of u(x, t) : u(x, t) = = Uae t), where 
j=l 


etl itt ae 
u(x. t) = 35 Wee 1,Dv(x, Va) At 


Pe le ts it(t-s) 14 d 
TY ( i X; (v(x, T)dt)g(s)ds 


Here X, (0) are smooth functions defined on J as follows. 


X,(t) 2 0. 2%, (t) = 1 on T. supp X, C (-a, a): ta1 in 
jel 


a neighbourhood of origin. supp x, c {t ef, |Ret|>2a } 


supp 25 Cc {rer, ~3a < ReT < -5a - supp 4,c {teT, 5a < Re T < 3a f. 


The estimates for uy (x, t) and uy(x, t) follow from Plancherel's theorem. 


In fact we have {u,(x, t)f|,<¢ C Ig(t) 1,2 and 
1 2 L 


-¥t 


ee oe 
fe ujts, t) lg & det gt) i , for all x€ [0,0) 
L 4 L 


j=0 at 
Thus (E), holds for k=o and similarly for k 2 1. 


As for u(x, t) and ays, t) we use integration by parts in view of smoothness 


of v(x, 2”) on the support of A; (2). 


: 1 sa 
In fact for j = 3 and 4, uj (% t) = aI. K,(t, Ss) g(s)ds, where 
1 it(t-s),. 2 .,k 2 
(2, 8) K.(t, 5) ="; }-e (i =a) (4. (t) v(x, T))dt , 
J ieseye ji at j 
(kK = 9, 1, 2; ) 


Here we put, for convenience, 


SES. te S00 7 i; t <0 
(2, 9) e(t, ¥) -{ e(t, ¥) -{ 
l, t. > 0%. e 
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2 k a) 
Then we have fed 2 = 3 ] e(.,¥) —~g |] » etc, and 
Lyk 4 dey. 5 


(1) €(t,¥) $1 S$ e(t,¥) , S(t, ¥) eee e(t,¥) 
(2,10) 4(2) e(t,¥) 7) = &-t, ¥) 
(3) jel™* o(t,y)| < 1 for TET. 


Denote K(t s) = e(t,¥) K(t, s) e(s, par Then we have from 


(2, 8) and (2, 10) 


(2, 11) 1K.(t, ss ol < ee 
J jt-s}° + 1 
From (2, 11) we have IK.(t, .; x) |, £ CM and UK.(., 8s; 9 | < Ca 
J Li J L 


for any fixed t, s and x. Since 


~ Ow 
(2, 12) (t,¥) u(x, t) = [Kilt ss x) {els,¥) a(s)} ds 


73 


we have | e(., ¥) u(x, “ 2 


Liv 


(1 Ac eerie 3) et CAR Ct, sr x) [ e(sy ¥ Je(s)l 7ds)dt 
j i j 


Therefore 1 8(., 7) u(x, I 4 ¢ con? fe(..¥) gC.) |,» which means 
i ? 


(£5) for k = 0. In the same way we have (E), for k 2 1. (q.e.d.) 


83. Detailed proofs and viewpoints. 


At first we prove 
Lemma 1. Let Q(x) be complex valued piecewise continuous function 
satisfying Re q(x) > 0 for all x € [0,e). Then there exists a Solution 


w(x) of w! = G(x) - w% satisfying Re w(x) <0 for all x € [0,0). 


Corollary. Suppose the same conditions as in Lemma 1. Then 
u" = q(x)u has a solution u(x) satisfying u(x) ( > Ju(x))4 if O< x <x 
Proof of Lemma 1. From w' = q(x) - we follws 


(3.1) Wes 1 - (xa 


i 
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if we put w= 1/w in the case where w #0. Thus we regard w'= q(x) - w? 
as a differential equation on Riemann sphere with two local coordinates 

C= {w:iw ec } U { Ww:Wetl/w €C }. 
Put Q = {w : Rew < 0} U {w : Rew < 0} , then © is compact. 


Remark that the vector q(x) - we faces the exterior on 3f2 , i.e. 


Re (q(x) - Ww’) > 0 and Re (1 - @ixie) >0O for all wea and x € [0,0). 


Now assume that for every Wo € § the solution w(t) of w! = Q(x) - a 


with w(0) = Wo goes out of Se . Namely there exists a positive number XQ 


uniquely such that w(x)e€ $2 in (0, x w(xp)€ 962 and w(x) € CR in 


0) 2 
(xq. 90). Denote by $f the mapping from Q to 92 : Wy > w(Xp) - Then f is 
continuous and flo is identity mapping. This contradicts to well-known 


property of the continuous function on the contractible domain. (q.e.d.) 


Identifying C and R’, we can regard w! = Q(x) - - and 
wl= 1-9 (x 0° as a system of differential equations with values on a real 
compact two dimensional manifold. The above proof gives directly following 
ststements 

Lemma A. Let M be a real manifold of n-dimensions. U' = Q(x, U) is 
a differential equation with values on M, where Q(x, U) is piecewise 
continuous on x and smooth on U. Let Sd be an open contractible set in 
M such that §{ is compact and 9382 is a piecewise smooth hypersurface 
i.e. a union of a finite number of parts of hypersurfaces. Assume that on 
Q{x, U) faces the exterior strictly i.e. ¥.Q(x, U) > 0 for all x € [0, 00) 
and U€ 382 , where v stands for unit outer normals of 382. Then there exists 
at least one solution U(x) of U' = Q(x, U) such that U(x) € ce) 
for ail x € [0,¢). 

Evidently we have 

Lemma B. Suppose same conditions as in Lemma A, replacing 


v.Q(x, U) > 0 by wv.Q(x, U) < 0. Then from U(0)€ SQ follows 
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U(xJEe MR for all x € (0,@). 


As for Lemma A we can find general statements in n dimensional space 
of T. Wazewski [6] by virtue of retract method, (cf. for example [7]). 
Here we state another direct extension, which is useful in our reasoning. 
Lemma Aye Suppose the same conditions on M, U! = Q(x, UU) and 
replacing p.Q(x, U) > O by v.Q(x, U) 20 Then there exists at least 
one solution U(x) of U' = Q{x, U) such that U(x) € RQ for all 
x € [0,0). At that time we have the alternative as follows 
U(x) stays in 92 for all x € [0,0) or U(x) belongs to 3§2 for all 


x € [x,, 0) for some xX, > 0. 


Proof of Lemma A. Take a smooth vector field Q, WU) satisfying 
vQ,(U) > 0 on ase. Let U, (x) be a solution of U' = Q(x, U) + €Q, (U) 


such that U, (x) € 8 for all x € (0,0). Since 4 is compact U, (0) 


0 


J 
has a limit U, as a suitabe sequence . tends to zero. The solution U(x) 


of U' = Q(x, U) with U(0) = Uy satisfies U(x) € £2 for x e€ [0, 0) 
since U(x} = lim U, (x). 
In the same way we have the above alternative. 

Remark In our problems the latter case of the above alternative does 


not occur. 


Now we make Lemma 1 more precise. 


Lemma 2. Let G(x) satisfy O< m < Re G(x) and |q(x)I < M. 
Then there exists a solution w(x) of w' = q(x) - - satisfying 
1/2 2 


Re w < -m and iwl < (amy V/ for all x € [0,). 


This solution w(x) is unique one satisfying Re w(x) < 0 for x € [0,0). 


Proof. Let €& be an open bounded set in {we C : Rew <0 } 


surrounded by the following S)> S, and S, : Ss) ={w : Re w= wt? }e 


2 
t(-e) + (1 - tig, O«t $1} and 


u 


8, = {W=l/wo: W 


S 


3 {W=l/wo: WwW 


t(-«) - (1 - nig » Os ts 1} » where & 


= (2M)~ 


1/2 
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Now we identify Riemann sphere and real compact manifold of two dimension. 
Then §2 and wt = q(x) - ‘at satisfy all the conditions in Lemma A, Since we 


can show Re (q(x) - Wj > 0 on Ss) and 


. 2 
1 2 Me, 
(3.2) |tan arg (1 - q(x)w°) |< ————= 11 on S, 1) S, 
1-Mé @ 
1 
The uniqueness follows if we apply Limma B to w' = q(x) - Ww? 


replacing (2 by -§2, and take account of the linear property of solutions of 
vil = q(x)v given by (2.3). (q.e.d.) 
Now we proceed t¢ sur case where q(x) = q(x)& , q(x) being a real valued 
function. Then we have more precise results. 
Lemma 3. Suppose that a real valued function q(x) satisfies 


0< m < q(x) < My and that o is a number satisfying Re® >0O and 


Im& » 0. Then there exists a solution w(x) of w' = q(x) - w 
satisfying Rew < ~(myRe «1? >» |wie¢ (2m, 1411/7 » Imw<¢O and 
(3.3) (mre )!/?(Reg)y*< s(x) = me 0a) 
Im (« g) 
1/2 : 1 
for all x € [0,o), where B= « » arg@ being —yarge. 


At first we must give an explanation of s(x,%). Remark that any complex 
number w is deScribed uniquely 
(3.4) w=rX-sA, 


where r and s are real numbers. We have 


(3.4)' or = TMWA) ang g = Imlwa) 


Im (eg) Im(ap) 
In order to show w({x,a%) # 0, we will verify s(x,@%) > © in our 
arguments 
Proof of Lemma 3. Let §2 be an open bounded domain in {w :Rewcd 0} 
surrounded by Sy): S5, S3 = {w : Im w = 0} and 


1/2 1 Im(w 0) 


S, = {w : (mpRe « ) (Ref) = , where S and S, are the same 


Im(a g) a 
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ones as in the proof of Lemma 2 with m = myRe & and M = My l<| . Then we can 


apply Lemma A as in the case of Lemma 2. Thus we have Lemma 3. (q.e.d.) 
Now return to our assumption (2.1) and apply Lemma 2 and Lemm 3 replaced 
(0,2) by (Xq 9) then w! = q(x)a - Pe has a solution Satisfying, for 


x € [Xq, ©) and Rex > 0, 


i) Re w < -(mgRe ae iwc cam ject 1/2 
(3.5) 
ii) (myRea)’/?(Re gy < s(x,a) < (amiaiy!/? Im* ie Imad 0. 
Im(« A) 
In fact (3.5) ii) follows from (3.4)' and -1 =—™B& y_ —ima@ 
Im(« 6) Im(a @) 


Here we consider the caSe where Rea $0 and Im« #0. At first 


we state 
Lemma 4. Let q(x) be a bounded piecewise continuous function satisfying 
Im q(x) < - & <0, (respectively Im q(x) > 6 >0) forall x € [0,00), 
Then there exists a solution w(x) of wt = q(x) - w satisfying 
Im w(x) > 5 >O , (resp. Im w(x) < -8, <0 } and jw|<M_ for some constants 
8) and M. The solution is unique one satisfying Im w(x) >0 , 


(resp. Im w(x) <0) forall x € [0,). 


Proof. Let §2 be an open bounded domain in { wi: Imw > 0} 
surrounded by S)> S5> S, and Sq: where & >0O, (i = 1, 2, 3) and 

s,- {w= w=v(ts €), &) , ofteit 

Sy = wei W=(s,-q), s- & cote | 

Sz = {w= w= (r, - &) 3 E> cove sr } 

S,= {w w= (t, €&) , bya 6 Std 


Here 6, th t, and v(t; E> Ey) satisfy the followings: 
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(i) tan 2@ = -sup(Im G(x))/sup q(x) | 

(ii) v(t; fi > E5) =t E,(-cot @ - i) + (1-t) E, (cot 6 - i) 
20 j Accedh 4 

(iii) Im(t, + i €,) = -E) . ty <0 

: pe eT 

(iv) Im(t, + i€,) = ~é, 3 ty > 0. 


~ 


First we see that S, A238 and $,.928 satisfy the condition in Lemma A. 
Take €, sufficiently small and put €, = 2€ , so that S$)” 32 satisfies 


the condition. Finally we can choose positive constant é, such that 


q(x) - ‘i faces the exterior on 352 for all x € [0,@). The uniqueness holds 


from the linear property of solutions of v' = q(x) v as follows. The 

integration by parts of (v" - q(x)v)v yields 

(3.6) w(X5) Iv (x5) 17 

: 2) Iv (xy 
x x 
2 2 2 ~ 2 
= wx) | v(x) ic + jv'(s) | “ds + { qa(s)lv(s) 1 “ds. 

Sy “1 


Take the imaginary part of (3.6) with v(x) = exp i w(s)ds_ and 
n) 


vy 09 = exp ° w, (s)ds, where wi OX) is a solution Staying in -Q. 
0) 


Then we see 


~ 
(3.7) lim jv(x)[ = 0. and ( Iv(s) |? ds < @ 
X00 X 
1 
and lim |{v,(x)| =o . If there exists another solution w,(x) of 
xoe) 1 2 


wt = q(x) - we such that Im Ws > 0 for x € [0,0), then from (3.6) 


v4 09 = exp o w,(s)ds must satisfy o Iv(s) | 7ds <0 , which is a 
0 


| 
contradiction since the solution space is two dimensional. (q.e.d.) 
é : t 2 
Therefore we have unique solution w(x,a) of w' = q(x)a- w 


in (Xg, 9) for all x € C - (-#, 0] satisfying 
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(3.8) lim V(x, «) = 0, where V(x, «) = exp Ww w(s,a)ds, x >X%q- 
X 300 x 


0 
Here we have 
Proposition 1. Suppose (2.1) Then above w(x,a) is analytic in 
C - (-%, 0] for any fixed x € {xp}. 
Proof. At first let us see that W(X, a) is continuous. 


In fact it suffices to apply Heine-Borel theorem on a compact set 


{w : Rew < o}udw : We l/w, Rew 0} - dw : Iw(Xp, &) -wi<e} ; 

in case where ReX >0. If ReX <0 and Ima #0 we define the above 
compact set similarly using Imw instead of Rew. We use only the 
uniqueness of w(x,%) and the continuity of solutions for data and parameter 


©. To prove analyticity we put 


ws &) = (Ox, e+ A) = wx, ))/A, 


: es d 
which satisfies Te Mp) = q(x) - {ws “a +h) - w(x, ) } WO 0) 


Thus it follows 


oe ~ 
(3-9) wylra) = {Fly ae MAE PT | Hs, we nVs, Ka (sds. 
x 


Therefore we can prove from (3.6) and (3.7) 


60 ~ 
(3.10) 2 w(x, «) = -V(x, eer ( Taye -q(s)ds. (q.e.d.) 
x 


Evidently V(x, 0) is analytic in & for all x € [xp, 09). 
Now we extend w(x,«) to x € (0,@) as a solution of w! = q(x)@ - we : 


In order to show this possibility we state 


Lemma 5S, Suppose (C)}. Then for all XE {a: Ina # 0 4 


w' = q(x)a - ae has unique bounded solution w(x,&) satisfying 
(3.11) Im w(x, ¢ x z0 for all x € (0,00) if Ima 20 . 


Proof, It suffices to prove in the case Ima > 0, since 


w' = q(x)e - follows from w! = q(x) - i Let $2 be 
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{w : Im wa > o} u{w = l/w; Imwe < OP Then we can apply Lemma Kas 


before. The uniqueness follows from Lemmas 4, and Lemma B. (q.e.d.) 


Taking account of Lemma 3. and the uniqueness in Lemma 2 and _ Lemma 4 
we See that w(x,#) in Lemma 5S is the desired extension. ‘Thus 


V(x, «) = exp ( w(s,a% )ds is bounded, non zero and analytic in a for 


Xo 


x €[0,0) if Ima #0. For real positive « we extend V¥(x,a@) directly 


as a Solution of ¥V" = q(x)av¥ with V(x9, “) = 1 and V" (Xp «) = W(X, a). 


Then V(x, 0) is analytic in « € C - (-», 0] for any fixed x € [0, 0). 


Since v(x,«) = ¥(x,«)/¥(0,q)  , we need a lemma concerning zeros of V(0,«). 
Lemma 6. Suppose that q(x) satisfies (C) and q(x) <0 

for certain x, € (0, Xy)+ Then {a :O0<a , V(0,“«)=0} 

equals {~¢ = 4, 5 0<d  <¢d,<edgc ees, lim d; = os}, where 

d. ,(j = 1, 2, ...) is determined by q(x). V(0,«) has a simple zero 


at each & = as and satisfies 


(3.12) 0 < Lim v(0,q)< Timv(O,a)<o. 


ay0 “10 
ow x < r 
Proof. Put v(x, a4) = V(% se a“) Then v_ satisfies 
d?m 


(3.13) T(x, 0) = q(x, H)V(Ox, a), 


ae 


V(0, «) = 1 and lim v(x,a@) = 0 for any & > 0, where q(x, &) = a(Xq + x) 
X?o 


(3.13)! Mg < q{x, «)< M for x € [0,0) andall x >0. 


Applying Lemma A to we 


(ie. or wie = ee 


we have a solution w(x, «) staying inQ2 for x € [0,o0). Then we have 


~ x : . 
v(x, «) = exp ( w(s,&)ds from the uniqueness in Lemma 2. 
0 


1/2 
Remark that for all « > 0 (ae V0, «) = WC, a) E cut? mo) )is 
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Since |q(x,a@)|<M for x [-axp, 0] , V(0,«) = V(-«x,,«%) satisfies 


0’ 
(3.12). If o becomes larger the solution T(x, a) oscillates in the 
interval where q(x,«) is negative valued. From this fact we can see later 


that {x > O0<¢a , V(0,a) = 0 } is an infinite set. Now suppose 


v(0, d) = 0. Then ¥'(0, d) = =e ¥(0, d\ # 0. Similarly to (3.6) we have for 


KEC - (-», 0] 


-t{0,«) Fe) = (it (3. «| 2as 4 a" a(s1%s, a“) 1 ds 
0 0 


- oe 
Therefore (° a(s)@(s,4) ds = -d i ( vi(s, d)7ds * 0. On the other hand, 
0 0 


(3.10) and w(0,0) = V'(0, «)/V¥(0,a) yield 


° ~ 2 ~ 29 
Jo a(91¥(s, €)7as = -F(0, «)? 2 wee, 0) 


T'(0, «) ay (oa) - i ¥(0,0 7 (0, ) 


for « € C - (-%,0). Making « tend to d we have 


< ie “he 0 
qi to, a) = -#(0, ay! a”? j t'(s,d)7ds # 0. 
0 
Thus we have Lemma 6. (q.e.d.) 


From Lemma 6 v(x, «) has simple poles at = d; for 
x& ae = {x >: x >0, V(x, a) = 0} , which constitutes of j-1 points. 


Combining these arguements we have Theorem 1. 


Proof of Theorem 2. We show the following two estimates. 
(3.14) inf s(x,«) 2 (— Reel ne zs. 
x€[ 0,00) (my [Re ef) [1m | 
we 
(3.15) sup s(x,a) € pared 2 eee s =i s 


x € [0,00) [Im «| [Imp 
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for « € {a€C: OK<jargai< Ry. From (3.14), (3.15) and (2.7), 


we obtain the estimate (E) in Theorem 2, if we use [a] = |o - i? P = 0( in *), 
Re & = OC jel) , jIma] = O(lOl) , [Re Bl = (ier) 
and \In p | = 0(1) for fixed ¥ . In order to prove (3.14) we consider 


ae s(x, a). From (2.8) and wos (ra - sa)? ; follows 


d -1.2 
ay 8 == {(Imec) (Img) “ro + 21) rs 


€ tel (Img) (Im ers 


Thus from (l/s)' > - joc} (Imp) (Ima)! we have 


1 Z 1 i {a} Img (x 


$ - x) , O 
s(x) 8 (x5) Im « 


In 
x 
A 
x 


0 


-1/2 


From (3.5), 1/s(x) € (m, Re «) (Re 8 ) » for x€é [xp, 00). 


Thus we have (3.14) . To show (3.15) we prove that w(x,a) stays in the 
following (2 for all x € [0,0). Here @ (= 2.) is an open bounded domain 


surrounded by S, = {w 352 - Im(wa) /Im(gct) = sit and 


S,= {We l/w 5 w= @,(-ia) + re 5 réeR} ; where we take £ 


sufficiently small so that following two conditions are fulfilled: 


(1) The vector field 1 - a(x)ai? faces the exterior on Sn 2&2 


~ 


(11) $2 involved the domain defined by (3.5) i). 


The conditions jarg (1- q(x}eh) | < targa} and [Wi < (2M yey 714? 


for all W€ S$, 236% are sufficient. By elemental calculus we can take 


2 
oa [Ime ImSl . — then we have w(x, ¢) € © for all x € [0,0), 
0 3 m 
2M ie 
and sy = sup a iOeed 5 ( 1x1 Img)! Im(eg (iw 1a) ee) 
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2M 1a}? s . This completes the proof of 


$ i el 
=f) jal imal? = : 
{(Im &) (Im g) "| 


Theorem 2, 
Final comments. It is interesting that unstable solutions of 
v" = q(x) v are useful to construct the solution of (P). As for Theorem 3, 


the uniqueness of (P) should be discussed more precisely. The formula (2) 
is useful to see the singularities of solutions of (P). The argument in this 


paper will be valid for another type of problems, for example, 


(P) with q(x) satisfying Tim q(x) < 0 and (P) replaced a 
X37 % ax 
by A in Rr". They will be discussed elsewhere. 
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Introduction 


In formulating the elastic plastic problem it is usually assumed that each 
element of the material is either in the elastte state or in the plastie state 
and that these states continue for a while after they have been chosen. 

The transition from the elastic state to the plastic state is called the ytelding. 
The reverse change is a case of the unloading. Therefore the material under- 
goes the elastic and plastic deformations repeating yielding and unloading 
alternately. Mathematically, this is nothing but to assume the existence of 
the classical solution, which is proved only for some special cases. 

For the semidiscrete system, that is, for the case that only the spatial 


region is discrete,it is possible to show the existence of the classical solution. 


In this paper we discuss the way to get this solution. This kind of systems 
is essential for deriving the approximate methods in engineering. Espectally, 
the explicit integration schemes start from this system. Also, if we want the 


solution of the fully continuous problem, it is only necessary to pass to the 
limit with respect to the spatial approximation. 

The key to prove the existence of the classical solution is to guess the be- 
haviour of the solution after the time at which the state of the element may 


change. Assume that there are N elements which may yield or unload at time t= 
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fo: The number of the combinations of the possible states after to is 2N, 
Hence if there exists a unique classical solution, then only one in a possibili- 
ties must take place, and what we want to show is that this is actually realized. 
We will show that the next state of each element is uniquely determined by using 
the data of the solution before t and the given data at to which is independent 
of the solution. 

The mechanism of this determination in dynamic problem is different from that 
in the quasi-static problem. In the former the existence of the inertia term is 
the key ( see [1] for the details ). In the latter, a certain potential 
relating to each order of derivatives of the solution plays the essential role. 

In this paper we discuss the yuasi-static case. We will explain our basic idea 
taking a finite element approximation of a 2-dimensional problem as an example. 


The result of the present paper is announced in [2] with a brief proof. 


Les Semidiscrete finite element approximation 


Let & be a region in x= (XK) 5X5) plane which is composed of the finite number 
of triangles. Each triangle is called a finite element or simply an element. 
Let 19) be the usual piecewise linear finite element basis. We seek the 
function uy ( i=1,2 ) of the form 


u(t) = J) uP(t) o (x). 
a peP i Pp 


Here P denotes the set of all the vertexes of the triangles of 2 excepting PA on 


which the boundary values of u, are given. We assume that, for the sake of 
simplicity, Py includes at least two adjecient vertexes and u,=0 on rr 
{ul (t) } are determined by the following system of equations. 
5 G : = (b P 
(1-1), : COy55 O50 = yO) pe P, 
. . » Be = k. 
(1-1), g= De, a= 0 if f(o-a) < G, or f(o-a) = O and df o < 0, 


x, 
(- D')E, a = (0 - a) oie if f(09-a) = oO and af°o > 0, 


low 
i 


(1.1). 
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2 ‘ ; 
where ( , ) denotes the L’({) inner product of functions. We use this notation 
for both the single and the vector functions. The above system is derived from 


the Prandtl-Reuss flow rule and the Ziegler's hardening assumption. 


NOTATIONS : 
PORE RS O45 Ong yy ds M85 Op 9) 
Gm ERE) ASB ig a Bah yy? 
@ = a(t x) = (Oi 1, Gop» Ao) 
ih Aas Os MO ea Ne i a yy 
f= f(o-a), f(t) = ty, + 5) Sa aay 2 th 
n 3; positive function ( assumed to be constant ) 


D ; elastic stress~strain matrix 
x x 
D'= Ddfaf D/( n + Of DAE ) df* : transposed af 
of = ( d£/36,,, 3£/35555 3£/30,, )(o~ a) 
uy du/dx,, a = du/dt, by = b, (t,x) 3; given function 


6 : given positive constant. 


Now, since u, is piecewise linear with respect to x,€ is constant on each 
i 


element. Hence oO and © which are determined by (1.1), or (1-1), are also 
constant on each element. We assume that b are continuous and piecewise ana - 
lytic with respect to t. Under these assumptions we seek a continuous (u,0,Q) 


satisfying the equations (1.1) in I = [0, T] and the initial condition (u,0,a)=0. 


2. Determination of the first derivative 


We say that an element is elastic ( resp. plastic ) if (1.1), ( resp. (1.1) ,) 


is satisfied on this element. Let E be the set of all elements of 2. Since 
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we started from the zero initial condition, all elements of E are elastic until 


some elements satisfy f(9) =o at, for example, t = to: It is clear that our 


problem has a unique piecewise analytic solution (u,o,0) in [0, to): Let Ey be 


the set of all elements which satisfy f(o)=O0 at t=t E- E, is clearly still 


0° 0 
elastic after to» since the solution must be continuous. Hence the next 


problem is whether the elements of Ey yield at t=t, or still remain elastic. 


0 


x. 
The key is to guess the sign of df o at t=t,+0, since if this is positive 


0 


{ resp. negative } then the stress point o moves to the outside ( resp. inside ) 


S x, x, 
of the yteld surface £(0) = o. We note that the signs of df oO and Of De for t> 
to are same, since 
* * x 3 ‘ i) 
df 6 = OE De ( = of De (1- fd £ )) aif elastic (if plastic). 
n+ of D of 


Hence we shall consider the following system which must be satisfied by the first 


derivatives of the solution ( if it exists ). 


. at 
(2.1), : (Of; 5.4) = (by (tgtO), o,) peP 
° ° 
(2.1), o = De for E~ Ey 
* 
o° = De® inD ={u°; 9£ (t5)DE” <0} 
(2.1), | for E - Eo 
* 
o° = (D-D! )e° in D, = { u® ; 3¢ (t,)DE° 20} 
where 
e° = €(u’) ul = JY uP? @ (¢ is1,2) 
i i p 
peP 
ton? 
D D (ty). 
Theorem 2.1. Problem (2.1) has a unique solution (u°, O°). This u° 


minimizes the functional 


(2.2) F,(u°) = -(0°,e°) - ( b(t,#0), ud, 
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under the subsidiary conditions (2.1), and (2.1) .. 
Proof. (4) Let ( , ) be the i) inner product of (vector) functions 


(ec E ) and define 


1 » 
FE = = (0°, €°), - ( b(tgH0), u),. 
Fe is a C,- class function of u° and so is FL = 5 F© too. This is clear for 
ecE- Eq: Let e be an element of Eo: Then in D_ we have 
. are de ° du 
ee Oe; Be het). See 
duP? uP? duP? 
i 1 i 
and similarly in DL 
ore ra) 7 oO 
= (CD ~ vye°, “Sy - (eto, 2X ) 
aul?” dub? & jus? © 
L 


These derivatives coincide on the plane between D_ and Dd, since 


gfe D 
OL Dofof eo = 


Die a 
n + of DOF 


on this hyperplane. This proves the Cy continuity of F°, 
(ii) D - D' is positive definite. This is easily proved by the facts that 


* * * 
n is positive constant and c4< of Ddf < c, , (DOfdf De,e)< OF DOF (DeE,eE), where 


2 
cy and Cc, are positive constants. Therefore F, (u®) is bounded below by the 
Korn's inequality ( we do not need this inequality as far as we treat the semi- 
discrete system ). Hence F, (u°) has a minimum point which is also a stationary 
point. However, if u° is a stationary point of Fie then at this point o° = 
5°(u") determined by (2.1), or (2.1), must satisfy the stationary condition which 
is equivalent to (2.1) ,. Hence the problem (2.1) has a solution which mini- 
mizes Fy: 

(iii) To prove the uniqueness of the solution it suffices to show the unique- 


ness of the stationary point of F(u°). For each element e € Eo we consider 


the hyperplane in u°_ space : 
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i eats 3£ (tyt0)De° = Ok 


e 
Let {R,} be the partition of the u°- space by these planes. In each R, the o°- 
6° relation is definite for all elements of E. Also, in Ry F, (u°) is a posi- 


tive definite quadratic form of u° and the stationary point is at most one. 
Now assume that there are two stationary points ue R, and “une R, (AX® HU). 


Consider the line 


es a ere e t €[0,1]. 


This line goes through at least two regions of {R,} when t moves from 0 to l. 
Then the function 


1 1 


g(t) = F,Cu Ear eow d)) 


is smooth, and a non- degenerate quadratic on t in each region. Therefore 
if at is a stationary point, that is, if F(a’) is the minimum, then g(t) must 
be strictly increasing in (0, 1], which contradicts that a is another stationary 


point. This completes the proof. 


We want to show that the solution (u°,0°) of the problem (2.1) is the first 


derivative at t=tyt0 of the solution of (1.1) provided (1.1) has a solution. 


* ‘ 
By Theorem 2.1 we can determine the sign of df (tg)De for the element of Eq: 
We denote by E° and EP rhe set of all elements of Ey for which this sign is 


negative and nonnegative, respectively, and solve the following initial value 


problem set up at cet). 


(2.3), } C O52 4 = Cys 4) peP 
é=bdé, G@=0 for E-EP 
23). { 7 
b= (D-p')é, &= (- a) ote fees 


where e€= €(i), D' = D'(t), £ = f(o-a) and (u,0,0) (to) = (4,040) (t,-0) . 
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Theorem 2.2. The initial value problem (2.3) has a unique analytic 


solution (u,o,a) in a certain neighborhood of toe and (4,6) (to#0)=(ur, 0°), 


Proof. Differentiate the both sides of (2.3), with respect to t and 
denote the resulting equation by CE Nee By (2.3) we denote the system 
Gay and (2.3), . Substituting the 6-€ relation of (2.3), into Ceca 


and solving the resulting equation with respect to u, we have u as an analytic 


function of o, a and t in a certain neighborhood of t Therefore (2.3), can 


Oo 


be regarded as a system of ordinary differential equations of the form 


d jo 

at la = X(0,0,t) 
where X is an analytic vector function. This system has a unique analytic 
solution under the given initial condition. Hence the problem for (2.3) has a 
unique analytic solution (u,0,0) in a certain neighborhood of ty Furthermore, 
the solution (u°, 0°) of the problem (2.1) satisfies (2.3) at tptd. Here 


(2.3) ()) is the system composed of (aay? and the 6-€ relation of (2.3)). 


Since (2.3%? has a unique solution on (4,0) (tp+0), we have the theorem. 


* . 
Let E, be the set of all the elements of EP for which df (t,)De(t +0)=0 


1 
holds for the solution of (2.3). If E, is empty, then the next state is 
completely determined for all the elements. Because, the elements of E-Ey are 
still elastic after ty and for those of E* holds 
t,t 6 
R, 
£7(0) - £7(o(tg)) = 2 | 0" £(0)8£"6 ds < 0 (80) 
“0 
for small 6 and for those of EP we have 
a 5 = of pé (1 - 6) > 0 and £ 3 
l(o-a)° = £ (YoaayP® § - 6) and f(0o - a) =o 
for a while after to» where 0<0<1. In other words, the G-€ relation of the 


elements of E© and EP are already chosen correctly and we could determine which 


elements yielded at t We here emphasize that this determination is depend- 


0° 
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ent only on the data at t=ty- O and the given function b. 

If, however, Ey is not empty we have to guess the sign of d/dt (36° )atte= 
t)to. In this case the following theorem is important. Replace some 
elements of EF from EP to E© and solve the initial value problem (2.3) for this 
new EP, Let the new system be denoted by {2.3}. Then {2.3} has a unique 


solution (u,0,%) under the same initial condition at tats and moreover we have 


Theorem 2.3. For every element of E, the value (4,0,0) (tp+0) is determined 


independently of the choice of the next G-€ relation of E: 


Proof. Samely as before let (2,3) 4) be the system which is composed of 
ai” and the G-€ relation of {2.3}. Since the solution (u°,o°) of (2.1) 
F fo) 0 0 (1) 
satisfies D (tye =0 for the elements of E> (u°,o) is a solution of [2.3} at 


t= toto. But the solution of [2.3}) is unique with respect to (u,6 )(tyt0). 


Therefore (u,o ) (t +0) = ( u°?,o°) and follows the theorem since a(t +0)=0 for E): 


Thanks to this theorem it is assured that the elements of E-E, behave so as 
to satisfy the subsidiary condition of (1.1) for any choice of the next state of 
1‘ In other words, the next state of the element of E-E) is already deter- 


mined. Hence we can exclude them from our consideration. 


3. Determination of the higher derivatives 
ke 
The next state of the element of EL is determined by the sign of d/dt (df o ) 
ko 
at t=t,t0. It is easy to see that this sign and that of d/dt(9f De) is same 


at t to for the elements of E.: Hence we consider the following problem which 


must be satisfied by the second derivatives of the solution, 


2 
S 2 Ce 
(3.1), } Cag tng Co a. Be 


o = De for the elastic element of E - Ey 


GD, 


= _-n oO. _dyntys = 
o ={(D-D!' Je pret ye}, +0 for the plastic element of E Ey 


and for the 


° 


0 
(3-1), { 
° 


0 


° 
where € , u 
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element of Ey 


= De? in D 


{u°; af" (ty)De° +r 


oO 


{(D - D')e 


Lipyeé i Oo, 9¢* Me 
- are) dete +0 in DL {u'; of (ty)De +r 


nae df and D' are defined as before, and 


= pikes pains 
= raced Wel a? 


Note that (u,5,4) (ty+0) is the derivative of the solution of (2.3). 


Theorem 3.1. 


Problem (3.1) has a unique solution (u°, 0°). 


1 


1 
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< a} 
2 o}, 
This u° 


minimizes the following functional F,(u") under the subsidiary conditions (3-1), 


and (3.1) .. 

(3.2) 

where Ay = 
— = 

Here e€° 


* 


(3.3) 


Proof. 


be the e - part of F 


clear. 


However, at 


(3.4) 


fe} 1 Oo 0 1 = ae ° 
Fo(u) = 7] ,€°) ~ Ajot ) ~ Cz b(tp+0), wd, 
dt 


40 and 


fap'/at é} 
to 


° 
O ( resp. € ) 


ey in DL 
= for the element of EB: 
€ in D 


° * ° 
™, {u-; of (t)DE aes 0}. 


(i) 


F,(u°) is a continuous function. 


as before ( e €E ). For e € E-E, 


2 


* * ’ 
EE oe nee axl 9f")pé ) = 0. 


* 
n+ of Dof 


for the elastic (resp. plastic ) element of E-E 


1 


is an arbitrary fixed vector included in the hyperplane of u°- space 


To prove this let Fe 


its continuity is 


For e cE) the discontinuity of F° might appear across the plane Tee 
tetyt 0 it holds that on 7, 
d,.-* 
* —(df )D 
pe? + ip'yé = D Ofof D 6° + Dof dt é 
dt * * 
n+ of DOf n+ o£ D Of 
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Hence o° is continuous with respect to u° and the first term of F© is continuous. 
; e o_o ° 
The jump at TT, of the second term of F- is 1/2( hos EZave der But if €, and 


Ee belong to uP then D’( eS ~e°) = 0 at t=t.+0 by (3.4). Therefore, since 


0 


D' is symmetric, we have at t=t +0 


Ore 


Crys &e 


il 


e°), = Cgf@NE , ef - €%) 


~(D' e°, ee- ca = -( e°, D'¢ ee eves = 0. 


This implies the continuity of the second term of F© and hence of F° itself. 


(4i) F,(u°) is a C)- class function. To prove this we check the three cases. 
First let e be an elastic element of E-E,. Then F® is smooth, since 
e 1 fe) fo) ae fe) 
FU = 76 De“, € e= ¢ —~y b(t yt0), u der 
dt 
Secondary let e be the plastic element of E-E,. Then 
e 1 ° fo) af d . fo) a ° 
ta ————— — U — —_—_ 
F Fe ae ee {[-( Jek(ty+0), Ee"), @2 b(tyt0), ur’). 
Therefore 
e 
oF fo) fe) 
de d : de 
— = (( D~D') €°, =) — { S0p')é} (40), 
ae «( ) spre a ae COE a 
4 i i 
2 ° 
d du 
~- (7; b(t,+0), ) 
(3.5) dt2 0 4yPr? “e 
fe) Z re) 
3 
= (0°, 9 ) - (4 vcegto, 28), 
uP? dt duP? 
i i 
Since o° is continuous, this equality implies the smoothness of F. Finally 
let e be an element of E- Then the following is clear in D_. 
are fe) 2 fe) 
——— = (0°, — ) - (4 nce, 2X »,. 
aus”? duPro © dt au e 
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On the other hand, the relation (3.5) is valid in D,. Hence the Cc) continuity 


of F,(u°) is proved. 
(iii) F,(u°) is a positive definite quadratic form which is bounded below. 


Hence the minimizing point u° of F. exists and (u°,0°), where o° is determined by 


2 
the unique o°-€° relation, is the solution of (3.1). These are proved by just 


the same way as in Theorem 2.1. This completes the proof of the theorem. 


The solution ( u, o°) of the problem (3.1) is the second derivatives of the 


true solution. Strictly speaking, this is in the sense of the following 
theorem. Devide Ey = EY + EF, where 

po = { 6 ek 3 af (Do ery <0} 

1 a 0 1 

EP = { e cE » SE (ED eo #-¥ >0 } 

1 1°? 0 17 . 
and solve (2.3) replacing EP by the new EP = EP_ ED. Let (u,0,Q) be its solu- 
tion. By Theorem 2.3, (u, 6,6) (t y+0) is same to that of the solution of the 
problem (2.3) with oZd EP, 

Theorem 3.2. Let (u°, 6°) be the solution of (3.1). Then hold 
(4) (u®, 6°) = (HU, ) (tyt0), 
(ii) Let E, be the set of elements of EF such that 
3 df (t,)D eo + r, = 0 

(3.6) ty) € r= 0. 


Then, for every element, (u, 6,0) (t +0) is determined independently of the choice 


of the next 6G-€ relation of Eo: 


Proof. By i a and Ce ae we denote the equations obtained by differ 
enciating twice the both sides of (2.3), and once the 6-€ relation of (2.3), with 
respect to time t, respectively, where EP is replaced by the new EP, By 


(2.3) we denote the system of these equations. Then (u, 0) (t +0) and (u°,0°) 


satisfy (2.3), where [ ) has the same meaning as before. Also the solution 
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of [2.3) 2? is unique at tyt0. Hence (i) holds. The proof of (ii) is 
exactly the same to that of Theorem 2.3. Note that for the element of E, the 
equality 


1 20 d nw = 
{ pier + ae yé he soo 8 
° oO 
holds for the solution (u', 0 ) of (3.1) 


If, furthermore, E, is not empty, we repeat this discussion until Ex becomes 


empty for a certain K < ™, It might happen that there are some elements for 


which the equality 


k 
d ke 
{ —- ( of 3)} = 9 
+0 

ack Yo 
holds for all k. But this means that the stress point moves along the yield 
surface for a while after ty: f(o) = 6. Hence we assign the plastic 6-é 
relation to these elements. For the completeness we descrive below the 


procedure to determine the derivatives of the solution at t +0 when E, ¢ k> 2) is 
not empty. 

Assume that the derivatives of order k are already determined independently 
of the choice of the 6-¢ relation of E,: 


k-1 


d * 
E, = { e €E ;{ ——(af Dé) } =0} 
k k-1 ar® 1 tyt0 
Let us define ( formally ) 
k k 
d ‘ ds 
r = {—~(p'€) - D' —-¢} ; 
yh at* at* toto 
k k 
25 * F 
r= (Lar"pé) - 2¢"p Sth, yo: 
dt dt 0 
Let (u°, 0°) be the solution of the following problem set up at t=t,+0. 


0 
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a qktl 
- Oo ee eee 
(3.7), DCO Danger bya G2) pe P, 
J dt 
oO fa) 
o° = De for the elastic element of E - E, 
(3.7) 
b oO o 
o = (D-D')e~ - Med for the plastic element of E - E. 
and for the element of E. 
k 
o° = De® inD ={ u° ; 3¢£ (eg)de” ee <0} 
= k 
(3.7), 
Oo] fc) _ Oo , a-* fo) 
i NO TE A, inD, = {uw 3 3£ (t4)De hee 0 } 
Theorem 3.3. The problem (3.7) has a unique solution (u°,o° ). This 
u° minimizes the following functional Fa under the subsidiary conditions 
(3.7), and (3.7). 
kt+1 
o, _ 1 o .o, 1 = d ° 
re ale a Gl a i 
where 
0 (resp. e°) for the elastic (resp. plastic) elements of E ~ E. 
67 ey in D_ 
for the element of E, 
6° in D 
eae 


and ey is an arbitrary vector in u°. space included in the hyperplane 


fo) * ° 2s 
TH {fu 3; Of (tg)De ae 0}. 


* 
© + gP in such a way that dof De? + T, is negative for EF and 


Classify E, = E. k 


non-negative for EP 


EP by the new EP = EP - ge, 


at t=t)+0, and solve (2.3) of the preceding stage replacing 
Let (u,0,a) be the solution. Then (u°,o°) is 


the derivative of order k+l of (u,d) at t ytd. The derivative of order k+l of 


(u,o,a@) is determined independently of the choice of the next O-€ relation of 


Pat 


Summarizing the above results we have 
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Theorem 3.4. The 6 - € relation of each element of E is determined 
uniquely after ty and the problem (1.1) has a unique analytic solution in a 


certain time interval [tystgté) (6>0). 


So far we have discussed only the initial yielding. However, the above 
procedure and the results are valid almost word for word to the subsequent yield- 
ings and also to the case that the unloading may occur. Since the boundedness 


of the solution is assured by the energy inequality we can continuate the solu- 


tion over the given time interval I. In fact we have 

Theorem 3.5. Let (u,o,@) be the solution of (1.1) in a time interval 
I'cl. Then there is a constant C which is independent of I' such that 
(3.8) lal}, [léll. |lél}, flall < 

Proof. In I' we have 


Therefore hold 


(3.9) ((D - D')é,é) ¢ |Cb,u)] < |[bIl- 


lull <  [[bll-{lell . 


The first three inequalities of (3.8) thus follows from the positivity of the 
matrix D - D’. To prove the last inequality of (3.8), use the following 


relation which holds for any t in I' at which the derivatives exists. 


. 


é€-D 6 gets. 
n 
where f(a)df(o) = So. 


Remark. Since we assumed that the function b is piecewise analytic, the 
number of the changes of the state will be finite in any finite time interval. 


If this is the case, the continuation of the solution is obvious. However, 
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this is not yet proved. Hence we have to consider the case that such points 
accumulate to a certain to < T. In any case, however, the value of (u,0,a) 


at t = ty-0 becomes definite by the uniform boundedness of the solution, and 


our procedure to continuate the solution is completely valid to such t, too. It 


0 


is clear that there is no bound beyond which this continuation is impossible. 
The conclusion is 


Theorem 3.6. There is a unique absolutely continuous function (u,€,0,0) 


which satisfies (1.1) except at most countable t € I. 


Proof. The existence of the solution is already proved. Also, the 
above discussion shows the uniqueness too. However we shall prove the 
uniqueness by another method. Let K=K, be defined by 


K = {t ; absolutely continuous on teI and f(t-a) < G }. 


If (u,€,0,a) satisfies (1.1), then o € K and the followings hold. 


Cis .) = (b,, ) e P, 
) ( ij p> ( 1 oy P 
J 
| (€ - Cd, tT - o)dt < 0 for all TE K, 
£ 
a = ns te - cd ) a.e, I (cep? ), 
Assume that (u,€,9,4), satisfies (1.1) too. Since 0 € K can be written as 


o =a+ 0G where £(8) < 1, we have 


[ - 65, a+0,-a, - oar go 
I 
[Ge - Coy, 4, +0-a- d,)dt ¢ 0. 


Define (U,E,2,A) = (u,€,0,a) - (u,€,0,a),. Adding these inequalities, we have 
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0 > | (i= ch, Al= D)de 


zi 


| (SA, A)dt + | (ck, X)de, 
I I 


from which the uniqueness follows. 


Now as is already seen in the existence proof of the solution, the excep- 


tional t is always an end of a time interval of positive length. But the 
number of such time intervals of length 2 1/n (n 2 1) is finite. Hence the 
countability of the exceptional t follows. This completes the proof. 
Remark. In this paper we considered only the kinematic hardening 
problem. The tsotropie hardening can also be treated in the same way [3]. 
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Figure 1 below is taken from a visualization of an experiment of Gollub and 
McCarriar {1] in which they follow the time development of a convecting 
horizontal layer of fluid of depth h through the use of laser Doppler 
techniques. The dots are points where, at a depth of h/4 from the top of the 
layer, the velocity component parallel to the larger side of the box is zero and 
mark the boundaries of the convective rolls. The experiment is conducted in a 
range of Rayleigh number where nonlinear stability theory guarantees that in a 


horizontal layer of infinite extent, straight parallel rolls both exist and are 


stable. 


y (cm) 


Figure 1: Doppler Map Of The Velocity Field For 
A Stable Convective Flow 256 Hrs. After 
Rayleigh Number Was Increased To 2.05 Rc. 
(Horizontal Diffusion Time, 40 Hrs.) 


However, the existence of orientational degeneracy and a band of stable roll 
wavenumbers together with the fact that the rolls align themselves perpendicular 
to all lateral boundaries makes these solutions unattainable. The patterns that 
are seen are much more complicated not only containing curved rolls but also 
exhibiting many dislocations. Furthermore, it is not clear whether and, if so, 
under what circumstances the pattern achieves a time independent equilibrium. 
Indeed, in some cases, Gollub and McCarriar have seen patterns which are slowly 


time dependent over many horizontal diffusion times. The failure to reach a 
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steady state was also noted earlier by Ahlers and Walden [2] who observed that 
the effective thermal conductivity of a layer of convecting fluid helium 
remained noisy for all Rayleigh numbers above Rc for sufficiently large aspect 
ratios. 

Our goal in this paper is to develop a theory to describe these patterns, 
We start with the observation that almost everywhere in the convection field a 
local wavevector is defined and varies slowly over the box, At the boundaries, 
the wavevector is tangent. Therefore we expect that there exists locally 
periodic solutions defined by f£(0; A, R) when f is 20 -periodic in 0 and 

vO = K(X, Y, T) (1) 

(Vv = (3/dax, a/ay)) is a slowly varying function of X, Y, T, the horizontal 
position coordinates and time. Indeed we know from the work of Busse [3] that 
such solutions as functions of 0 exist and, as we describe later, have certain 
stability properties. In other words, while the field variable f varies over 
distances of the order of the roll size, the parameters A (amplitude) 
and k (wavevector), which together with a knowledge of f as function of 
© describe the pattern, vary over distances of the size of the box. The inverse 
aspect ratio 6%, the ratio of the roll wavelength d (= h) to the linear 
dimension L of the box, is the only small parameter which enters the theory. 
The Rayleigh number R can be an order one amount above its critical value 


R the value at which the purely conductive state becomes unstable, although 


Cc? 
it must be less than the Rayleigh number at which the straight parallel roll 
solution becomes unstable. The ideas we are about to describe are closely 
related to those of Whitham [4] who in the late sixties developed a theory to 
describe fully nonlinear, almost periodic wavetrains. 

As a first attempt we shall use model equations, the use of which 
facilitates the analysis by making calculations explicit but which capture what 
we believe are some of the essential features of the Overbeck—Boussinesq 


equations. We derive equations for the slow variables k, Awhich (i) show 


that all the stability criteria derived by Busse and his colleagues [3] for 
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straight parallel rolls hold locally and (ii) reduce in the limit of small 
R-Rc to the Newell-Whitehead-Segel {5] equations. In addition we show that the 
effect of curvature is to drive the roll patterns toward a state in which the 
local wavenumber assumes a constant value almost everywhere, a result consistent 
with a recent result of Pomeau and Manneville [6] for axially symmetric rolls. 
This is done by (i) proving that under certain natural boundary conditions, the 
macroscopic equations for the phase, valid for times up to the horizontal 
diffusion time, are deriveable from a Lyapunov functional even though the full 
microscopic equations for the model need not be and (ii) examining the nature 
of the stationary states which would be reached on this time. 

But this is not the whole story as such patterns in and of themselves 
cannot satisfy all the boundary conditions. In between the patterns, 
dislocations are formed and solutions describing these structures are given. In 
looking at these solutions, it is clear that the time scale which the total 
system would need to relax to equilibrium is not simply the horizontal diffusion 
time w/v but is this time scale multiplied by the aspect ratio L/d. Finally, 
we include in the model a term which takes account of the “mean drift" which 
occurs in systems of low to moderate Prandtl number. The presence of this 
effect was first pointed out by Siggia and Zippeleus [7], and can cause marked 
change in the behavior of the system. 

I should point out that the ideas we discuss here can be extended to 
include situations where the basic flow f is multiperiodic. In that case f 
is considered to be a 2m periodic function in each of n 
phases 9, where vO, = K and which also depends on n amplitudes Ay and a 
parameter (or set of parameters) R. 

A more comprehensive paper is being written jointly with my colleague Mike 
Cross who started me thinking about these problems again during a most pleasant 
leave spent at the Institute of Theoretical Physics at the University of 
California in Santa Barbara. I am most grateful fo their hospitality and to the 


energetic leadership of Pierre Hohenberg who was a constant stimulus. 
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2. The predictions of present theories: 
Consider w(X, Y, T) given by 


a 2 
wey 


+ 1) 20 ~ Rw t+ aa = 0 (2) 

on -- < X, Y < ™, The principal reason for choosing this model is that it 
possesses a simple fully nonlinear periodic solution 

ot Q= 4 . X, x = (X, Y). The “conduction” solution w= 0 is unstable to 
modes of the form 


w(X, Y, T) = a ‘ X (3) 


whenever R > yin(k™1)? = 0, which value is realized when || =k-=tI1. The 

neutral stability curve in the (R, k) plane is given by R = (k2-1) 2, We 

observe the system is degenerate in the sense that any mode of the form (3) 

with lic| = l will grow at the same rate when R > 0. The nonlinear saturation 

of the linearly unstable modes is described by the Stuart-Watson [8] equation 
Wp = RW - WW (4) 

which in this case is an exact solution for (2) but which generally is only true 

for values of R near its critical value R, = 0 and for amplitudes W 


proportional to Y/R -R Because of the orientational degeneracy, it is indeed 


Cc? 


natural to look for solutions of the form 


+ + 
ik.+ X 
w(X, ¥, T) = J Wj (De J 
> 
k,{ = 1 
Ta 
and, in the small R_ limit, we can show 
dW 
j ay * 
= RW, - W a2 WW W . 5 
ae ae - 


It is an easy matter to see that the only stable solution of this set is the 


single roll solution re 
—- ik, 
W =/YR e he a OL ens (6) 
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So, just as in the case of the Rayleigh-Benard problem under a vertically 
symmetric, applied temperature field with moderate Prandtl 
number v/K > 0(1), single, parallel rolls are preferred. But, as we have 
pointed out, no direction is chosen a priori. Therefore when R is suddenly 
raised from subcritical to supercritical values, the system acts as a noise 
amplifier. At any particular location in a large horizontal layer, it will 
choose among the wavelengths of the noise for one close to ko =] but it will 
not make any choice among directions. Therefore unless the experiment is 
carefully controlled (as in the case of the Busse-Whitehead [{9] and Whitehead- 
Chen [10] experiments), rolls of approximately the critical wavelength but of 
different directions will spring up in different places. This directional 
diversity is even more accentuated due to the influence of a closed boundary. 
At each boundary loction, k * ms = 0 (n is the unit normal to the boundary) and 
therefore if s is continuous, rolls of all directions k are excited. Now, once 
the roll direction is chosen at a particular location, it becomes more stable 
against linear disturbances of rolls of other directions the more it grows 
towards its saturation amplitude. So, for early times, one finds a fluid layer 
resembling a sea of quasi stable patches and somehow the fluid has to find a way 
to resolve the incompatibilities between them. 

There is also a bandwidth degeneracy. It is evident that for R > 0, a 


finite bandwidth of wavenumbers k can be excited. Indeed for lic| #1, 


> ery ee ee * 
Wy = (R (k 1)“°)w wow 


2 
and W + /R - (ko - 1)? asymptotically in time. We may test the (linear) 


stability of these solutions by setting 
as elkX ( 


iLX + iMY + ei LX = ant) 


Wt b,e by 


whereupon we find after some calculation that this solution is unstable if 


2a7(a7)'(124m2)4207( a7)" '( 20712) 44e72(a2)'2 > 0 (5) 
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' 
whe re AM eRe (x? - 1)? and (a) = da 2/ ak? . The first class of 


instabilities occurs for 
2 2,' 
L= 0, M#0 and B= (A )(A) >O. (6) 
These correspond to the zig-zag instabilities discovered by Busse and arise when 
' 
a wavevector with wavenumber k < 1 (in which case (A?) > 0) interacts with and 
gives its energy to either one of two modes (k, tyl - x?) lying on the unit 


circle. The second class of instabilities occur for M=0O0 and 


a?(a2y' + 202(a2)' "ne? + &2(a2) 2 > 0, 
or equivalently when 
d 
aK kB > 0 (7) 


where B = a? da?/dk? = -2(k? ~ 1)(R - (k? - 1) - This is the Eckhaus 


instability and occurs when a roll has too small a wavelength. It is useful to 


summarize these results by way of figure 2. 


AB, A 


AB 


BUSSE 
BALLOON 


Figure 2: Graphs of A, kB and R vs. k. and the 
Busse Balloon 
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Solutions can exist for ke Ck< ke but are stable only when ko ck< ke . The 
shaded area is known as the Busse balloon. When derived in the context of the 
full Overbeck-Boussinesq equations it is somewhat more complicated. The right 
hand curve which is the boundary with the Eckhaus instability is replaced for 
large Prandtl number by a boundary to an instability to rolls in the 
perpendicular direction. On the other hand, for smaller Prandtl numbers, the 
Eckhaus stability boundary becomes linked with the skew-varicose instability 
which is a variant of the former when mean drift effects are included. We will 
show how to include these in the model. We also remark that the left hand 
boundary need not remain at k = kg = 1 but can bend leftward depending on 
Prandtl number. The Busse balloon (or Busse windsock), the region of stable 
parallel rolls in the R, p = v/K, k plane is given in reference [3]. 

Since for R > Ra there is an order YR - Ro band of allowable wavenumbers 
in a direction parallel to k and an order 4vR - Ro band in the perpendicular 
direction, it is natural to include a richer class of solutions which have an 
almost parallel roll structure by letting 


w(X, ¥, T) = wie, y, Det* (8) 


~ 


where x = ux, y = nY, t = uit with ny =R-~ Ro << 1, This gives the Newell- 


Whitehead~Segel equation [5] which for the model (2) is 


2 
Be (2+ yrw = ww, (9) 
at ax ay 


This equation is canonical for describing situations in which the rolls are 


almost parallel and R is close to its critical value. 


3. A new approach: 
We will now give a description that allows the local wavevector k to 
undergo order one changes continuously but slowly over the box. Let 


pt O(X, Y, T) 


w(X, Y, T) = W (10) 


where W and k = VO are functions of the slow variables 
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x = e°x, y= e*Y, t= eT 


and 1/e? is the aspect ratio. It is useful to write @ = + Q(x, y, t) whence 


E 
v9 = vi8 = k = (m, n) = (k cos y, k sin y) 
as ee a) 
O,=e @ =e 6 
Ir t 
We will also find it useful to introduce new coordinates 
8 = a(x, y), B = B(x, y) (12) 
defined by 
ax = k Cos Bx = ~& Sin pp 
(13) 
ay = k Sin yp By = & Cos p 


The Jacobian of the transformation from (a, 8) to (x, y) is k& and 


a 3 r) a 3 3 
Rigg Soe Way * Sid Vay 5 & xx * Sin vat Cos va. (14) 


The curves a(x, y) = constant are, of course, the loci of constant phase 6 while 
the 8B coordinates are the orthogonal trajectories and measure distance along the 
rolls. The curvature x of the a(x, y) = constant curves is given 

3 a 
by & x . The curvature of the constant curves 8 is K = -k =e . 


In these coordinates, the compatibility conditions (11) give us that 


eyels go Rot wa cy eee, BOR 
RK. 7 6 Coa? ho oe on (15a) 
and 
9, 20 _ ak 2, 984 
Kye’ 3" he’ 4 xR * Fe Rone “8 Giop? 
Note that 
® pel = ol (ie2s + 04 aa , (16) 
v7 set® «18-42 4 te2r, + e4DQJA , (17) 


1 2 
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whe re 
ta r) 3 dm on 
DAT Maat NgAt (ta), (18a) 
— 42 OA ak ay 
Ak" ee + Ak ae + AKL ae, (18b) 
2 9A ak 2,, 92 
= A" So + Ak Zo - AR /2 =, (18¢) 
kt 2 ka? 
-sSnt (184) 
A a 
and 
DJA = a ae 
7 aay ay 2 
ax ay 
7 2 a y2 3 a 
{(k y=) + (Ly ) + Kok wo + Ky & pela. (19) 


We now proceed to determine the equations satisfied by the slow variables 
Kk and A, the latter being the leading approximation to W which, without 


loss of generality, can be taken to be real. Let 


WeAtEW Hoe, (20) 

a= O% + ern +e este (21) 
2 

R-A =R) +R, + wale (22) 


We choose the sequences {o}; {R } in a manner so as to eliminate secular terms 
appearing in the expansion for W. In this case, secular means that no solution 


exists to the algebraic equations for Wo, Wy etc. If we had left in 


the © variable and expanded w = aet® + ew (0) + ..., then, unless the secular 


terms were removed, no 20 periodic solution for wo would exist. Substituting 


(20), (21), (22), (16), (17) into (2) gives 


{1e%o a ee 


se - te7(D,(k°=1)++(k7-1)0, +) 
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4 21). Dt 2) 4 3-6/n , : 8, 2 
— €'(Da(k%1)¢ + (k°-1)D,* + D,*) + ie°(D,-D, + D,*D,) + © D, 


(23) 


2 


4 2 
aes BARA - ER yee vet2e AW, + €'(2AW, + W, dee fA + cu, + vee) BO, 


2 


What does this equation tell us? At 0(1) 
Qian e ( 24) 
and so, to leading order, the amplitude A is determined from the "eikonal" 
equation 
ar eR - K%1)?, (25) 
At order Pg we have that 


(-R, + (k7-1) Jw, + 2H, = RAS. 


2 
Note the following interesting feature. For R~ Rc = 0(1), a2 is finite and 
therefore, even though Rg = («2 - 1)2, the only terms on the RHS which 

give rise to secular behavior are those which are purely imaginary. On the 
other hand, if A2 were small, we would have to remove all the terms on the 
RHS. In other words, the null space of the linearized equation is cut in half 
when A = 0(1). What this means is that instead of having two equations, one 
for the amplitude A and the other for the phase of the convective pattern, we 
simply have a single equation for the phase. The amplitude is determined 
algebraically from (25). This also means, of course, that the limit to the case 
of small R - Re and small amplitude A is fairly subtle. {For workers in 
nonlinear wave theory, there is a direct analogue between this limit process and 
the limit process one encounters when one attempts to obtain the nonlinear 
Schrodinger equation from Whitham'’s theory.] We will carry out the perturbation 
analysis in such a way so as to facilitate this limit process. What we do is to 
use the expansion (22) which is also an amplitude expansion to reexpand A if 
necessary so that we can simply set Wo. = 0, j 2 1. We find directly from (23) 


J 


the following equations, 
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Dianne, a0 lice : bs 
oA ~ Di(k NA - (k°-1L)DA +e (D, D, +3, DA 0, (26) 
er neneae (A_ = (k7=1)D,A - Di (k= 1)A 
KM goes 
~DiA + e“D2A) ; (27) 


Because of the simplicity of this model, these equations are exact. We will 
first examine these equations with a veiw to making contact with known results 


and then we will discuss some new consequences. 


4. Connections with previous theories, 
For values of R of order unity, we can neglect the RHS of equation (27) 
and then A is given as function of k by (25). Equation (26) tells us about 


the phase o = 0, and ignoring the oce*) terms can be written as 


2 36 3 f) e 
A 3 + ra B + iy n B Oo, (28) 
or 
2 38 dB 376 2m dB 976 n GB 976 
Mae OT aa te a aay Bt ao (29) 
where 
Blk) = A2(k) da7/ak? (30) 


I want to remark at this point that the fact that the spatial terms have 
conservation form is not a consequence of this particular model nor the fact 
that it can be derived from a Lyapunov functional, 

(a) The Busse Balloon holds locally. 

Equation (29) is elliptic stable or unstable (in time) or hyperbolic unstable 
depending on which one of the following four cases obtains: 

1) B <0, a(kB) < 0; Elliptic stable 

2) B>O, aetkB) > 0; Elliptic unstable 

3) B> 0, aetkB) < 0; Hyperbolic unstable 


4) B<0, atk) > 0} Hyperbolic unstable. (31) 
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These results are simply the same results which are displayed in Figure 2, 
except now all the variables are functions of x, y and t. Therefore we can 
say that all the stability features we had found when looking at the stability 
of straight parallel rolls continue to hold locally. Case (1) above is the 
Busse balloon; case (2) involves instabilities which have wavenumber dependence 
in both the along and perpendicular to the roll directions; case (3) is the zig- 
zag instability and case (4) is the Eckhaus intability. This can be easily seen 


by taking the local roll wavevector to be (k, 0) in which case (29) becomes 


2 2 
36 d a6 a8 _ 
Ax + aaa: +B —* Oo . (32) 
d x ay 


Hence for B > 0, ag kB)? 0, the instability has a wavevector perpendicular to 
(k, 0); for B< 0, a kB > 0 the unstable modes are parallel to (k, 0). 

The addition of the es term in (26) which involves higher derivatives only 
serves to control the growth of the instabilities after they begin. It does not 
inhibit them altogether nor does it of itself trigger any new instability. 

The reader might like to compare this result with what happens in nonlinear 
wavetrains. There, the analogue of equation (26) is a second order system in 
x and t and so it is the ellipticity or hyperbolicity of the second order 
operator which determines instability or (neutral) stability of the wavetrain. 
For example, for a train of gravity waves on the sea surface, the hyperbolic 
nature of (26) changes to elliptic when the ratio of depth to wavelength is less 
than 1,36. 

(b) The Newell-Whitehead-Segel limit. 

To this point, we have taken variations in the directives parallel to and 
perpendicular to the local roll to be of the same order of magnitude. It is 
clear that if for some reason the local wavenumber is forced to stay 
approximately constant, the variations in wavenumber of order y parallel 


to k are accompanied by variations of order 7p in the perpendicular direction 
(e.g. (k. + uy” + (vp M)?= kK) » Near k = 1, we find that variations 


perpendicular to the roll are of an order of magnitude greater than those 


parallel to the roll and this leads to a balance between the term iy kB and 
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some of the eo terms in the phase equation (26). 
This situation certainly obtains when R is sufficiently small, for then 

(see Figure 2) the bandwidth of wavenumbers parallel to the roll is o(vR) and 
the bandwidth perpendicular to the roll is o(“vr). As we have mentioned, in this 
limit the amplitude no longer follows the phase gradient as in (25) but the 
terms on the RHS of the amplitude equation (27) became equally important to 
these on the L.H.S. This balance is achieved when R = ey, For rolls which are 
almost parallel 

w(K, Y, T) = Ale, J eet + O04 ¥, €)) (33) 
and 

o=O0=x+ e-o(x, y) (34) 
where x = e°x as before and y = y/e = eY, the new scaling in the perpendicular 


direction. It is now easy to show from (11) that 


2 1 2 
ke lte'(6, +5 4.), 0 = cb, 
y y 


= = ia = = 2 
kay = a, + *e , £98 = l/e - ,O =a = EH, 


2 
D, = 200. + & 3) + br, D,=1 ac~ , 
(2, %F > yy 2 fe y 


KP Wg tgy and Ke ky. = a Mam (35) 


where we have used subscripts in order to denote partial derivatives. 


Substitution of (35) into (26) and dividing by e? gives (we drop the tilde on 


y) 


ie 1 2 
Ag. - ¢ +5 9, )( 23, + 268, + by yJA - 2(2a + 263, + by), +5 JA 
(36) 
2 
JA + ay (2a, + 298, + yy JA =O . 


+ + 2 + 
(28, + 2a, + ¢ 


yy CYY. 


It is readily shown that, if W = Aet? in (9), equation (36) is precisely the 


imaginary part of equation (9). Carrying out the same calculation on (27) 


Two Dimensional Convection Patterns 219 


(recall A + e“a) gives the real part of equation (9). 
Therefore the equations (26), (27) contain all that was previously known 


about roll solutions. They also contain some new information. 


5. New results; some answers, more questions. 

In what follows we shall take R_ to be of order one and therefore (27) can 
be replaced by (25) almost everywhere. The exceptions are those regions 
where V = 0(e~2) but these points are isolated. We will concentrate on the 
phase equation (26), 


At +57 (KB) + e“(p,D + Dy*D)A=O , (37) 


2 


which may be rewritten in a variety of ways. In particular we may write 


+ a 
V(kB) = k 52 kB + KBE = (38) 


or in a more revealing way as 


> a kB 
V(kB) = kg op (39) 
applying k = i ok = z to (37) gives us two equations for k and y, 
ak 3/1 a kB 4, 31 _ 
get k al, kay rere Bp) + elk ge xP, Dy + Dj *D)JA = 0 (40) 


and 


wee + tpl 7 bye +S pe ge) + ete oe o(Dy ‘Do + DoD JA= 0. (41) 


For the first com let us assume that all derivatives are of order one and 
consequently ignore the = terms. We will assume that everywhere k belongs to 
the Busse balloon 1 = ko Ck kp (R) and prove that in a region R with certain 
conditions on the boundary 3R, the system relaxes to a stationary state with 
wavenumber k taking on the value which makes B= 0. This result does not 
depend critically on the fact that the present model is deriveable from a 
Lyapunov function; indeed it is also valid for systems which do not have this 
property. The reader might like to verify that the model 

(= - (v2-1))(921)2w + (R- ww - ww v)v =O, (42) 


which does not derive from Lyapunov functional, gives the phase equation 


(x? + 1)?a%0 &7(1 - vk*) + vee + o(e*) = 0 (43) 
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2 2 3 
where B = i? wa ty and AS e®R- feo + DT . It is crucial, however, 
ake” Eo 


that the order one spatial derivative terms in the phase equation have 
conservation form and although I have not yet categorized the class, this 
happens for a large class of problems. We now prove our result. For positive 


Jr, let 


vo, + (kB) = 0 (44) 
and consider 

F = ff G(k) dxdy (45) 

R 
whe re 
re Qe fe 

G = -1/2f" B(k“)dk~ > 0 (46) 
is positive as we insist k belongs to the Busse balloon in which B < 0. 
Then, 

dF 2, 2 

= ~f 8, kBen ds - ff 3°0,° axdy, (47) 

aR R 
n the outward unit normal to the boundary 9R, where we have used the fact 
that VG = -KB. Therefore, if on 9R either (1) ken = 0 (the roll axes are 
k 
perpendicular to the fixed boundary) or (ii) B = 0 (a portion of oR may be a 
fluid boundary where B= 0), 
dF 
a 
and G decreases. But G is minimum only when B =O or k=kc_ the value 
of k for which dA2/dk2 = 0, For model (2) this is the point k = 1; for 
model (42), kp lies to the left of k= 1 by an amount depending on v . 
The fact that k > ko on a free boundary on portions of 3R is consistent 

with the analysis of the stationary equation, 

Pcs a 0 . (48) 
This means that the quantity 

kB/2 = -n°(g) (49) 
is constant along the orthogonal trajectories of the constant phase contours. 


Recall in the interval 1 <k < kes kB < 0, This in tum means that if 


the 8 contours converge, which they will do in patches where the curvature of 
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the phase contours increases torwards a center, 2 increases. It also means that 
the flux of KB between two 8 contours ts independent of a. It may be useful for 
the reader to keep in mind the axially symmetric case 
where a = fk(r)dr, r the radial coordinate, 8 =~ = 6, the azimuthal 
coordinate, whence & = i, Now in order for the solution to remain stable we 
must have that 
l<k<¢ ke 
which implies that 
O < [kB < |kBl, 
where [kB |, is the absolute value of kg B(kg). Therefore we must have that 
o< aH" (B) < |kBl, (50) 
and therefore as 2 + » along a 8 contour, H7(B) Must tend to zero. Since it 
is constant along constant 8 contours, it must become as small as it can 


before the Re terms in (37) enter the picture, which they will do when 


= = 0 Gerry and 2 oe 2). Thus, in order that the inequality (50) holds, 


H2(8) = © 2K(8) and hence kB = 0(e*) everywhere that 2 = 0(1). But, since 


kB is small only near k, = 1, we mst have k=] + te"), Near the sink, we 


can find solutions of (37) iteratively in the form 


22 2 
ke1+Fti+e., 9 -Dtl (51) 
rtep Ay 


where 2 = x K°(8) , which indicates that as r + = k goes from ke = 1 toa 


value somewhere between kc = 1 and kg. 

Thus our first prediction is that on the time scale - » the horizontal 
diffusion time, patches form which satisfy the boundary conditions ken=0 
along portions of the box boundary, and in which k + k, almost everywhere. 
Examine the numerical experiments of Greenside, Coughran and Schryer [11] 


(figure 3) carried out on equation (2) for real p and the real experiments of 


Berge [12] (figure 4). 
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Fig. 3: Numerical Integration of (2), wp Real 
For Time ~ Horizontal Diffusion Time 


Fig. 4: From an experiment of P. Berge . Contours of 
Constant Downward Velocity. Aspect Ratio of 16. 
R~ Re. 
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Note in the rectangular geometry of figure 3, that patches with circular 
symmetry form about the corners A and C. In the circular geometry of 
Berge ‘sreal experiment, one again sees circular patches forming about sinks 
which are attached to the boundary. Moreover, it is abundantly clear from these 
figures that the box cannot be tiled with these patches. Certain areas, for 
example the corner B and D in figure 3, are quite incompatible. In order to 
compensate for these mismatches, the e4 terms of the phase equation (37) must 
be incorporated in the analysis. 

One way is to take 3/da, 3/38 to be o¢e 7) but this simply brings us back 
to the microscopic theory. Another way, which retains the fundamental idea that 
the convection field can be described by a slowly varying wavevector k, is to 


recognize that the terms 
41 yf) and e4(D.+D, + DD.) A (52) 
A 1 2 2 1 


can balance when the 8 derivatives are ote7!) and k=1+ o(e 2) . This 
reduces both terms in (53) to 0(e 2) and since we saw that the main effect of 
the dynamics on the horizontal diffusion time scale is to drive k towards 


k this approximation is not at all unreasonable. A little algebra shows that 


c? 
if R=0(1), k= 1+ 0(e%), then A is YR to within 0(e4) and the 


6 


stationary patterns which one might expect to reach on the e ° time scale (which 


is the horizontal diffusion time scale multiplied by the aspect ratio e 7) are 


given by 
Lom hie eh $3) ¥ = 0 (53) 


and the compatibility conditions (11) are 


(ys ae (54) 
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28 .,-1 ay 
atk) = gt. (55) 


Equations (54), (55) show us that # is at most order one and therefore yp 
itself is of order e«. For these solutions, then, the rolls are locally almost 
straight. Since we are now working in distances of order € (as measured in box 
units; 1/e in roll wavelength units) we can make the following local 
approximations, which are very similar to those made when we were deriving the 
Newell-Whitehead~Segel equations (36). Let (E,n) be locally the ‘across and 


along’ roll cordinates and 
a= f+ e79(E,c), C= n/e. (56) 


Using (56) together with (12), (13) and (14) we find 


3 13 
oe eae To 
2 
KR =e 2 dd 
‘a 3B ar 
(57) 
Koel tee +g (sp) My 


and equation (53) is (using subscripts for partial derivatives) 
2 
-4 - 8 - 4 - 6 + = 0 
a3 Fee %e9cr % eee Se ece #38) 
which is precisely the Newell-Whitehead-Segel equation (36) and (9) with 
amplitude A held constant. We are now going to discuss solutions of this 
equation which lend some insight into Figure 5 which is the a sequel to Figure 


3 
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Figure 5: Numerical Integration of (2), yp real 
For Time >> Horizontal Diffusion Time. 


Notice that in order to compensate for the incompatibilities in the corner B of 
Figure 3, the circular rolls emanating from AD have undergone a change and have 
introduced dislocations along the wall AB. Roll number 7, counting from A along 
AD, doubles in width as it approaches the side AB and undergoes a dislocation. 
Roll number 9 detaches from AB altogether and forms a series of dislocations 
along AB (which we call a grain boundary) and then attaches itself to the upper 
wall BC. Rolls 10 through 25 take on an S_ shape in which the approximate 
distance over which significant changes occur is the square root of the box 


dimension, or the ‘along the roll' scaling in equation (58). 
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Figure 6: Dislocation 


We first note that a property of this equation is that if 
o(—,0) solves (58), so does -$(-E,z). (59) 
Also observe that 9 = a is given by 
0 =F + (Et), & = 78. (60) 


The shapes of the phase contours near dislocations suggest that we search for 


self similar solutions of the form 


(E,t) = F(z), 2 = “/¥%e, E> 0. (61) 


Notice that in cell units 2 = o/ rE = Cy oF where = eC, & = HE and 
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o =F + r/Ve) . (62) 
' _ dF 
F(z) satisfies the equation, F ==, 
Dens 2 2 
Ftt' ' = 4z°F'' + J2zF' - LazF'F''! — SF!" + 6F'F'! (63) 


which is really an equation for G=F'. It has the symmetry property that if 
(F(z), G(z)) solves (63), so does 
(F(z), G(z)) = (F(-z), -G(-z)). (64) 


Equation (63) has a one parameter family of solutions F(C;z) with derivatives 
G(C,z) which decay as eee as z+-~% , This can be seen by linearizing (63) 

which then has error function solutions. For C very small, these solutions 

behave very much like the error function solutions; they are symmetric about 

z= 0 and lead to a jump in F of AF = F(») - F(-~) = YW. However (63) is 

nonlinear and the bigger C gets the closer F approaches its pole solutions 
(actually G has the pole; F has a logarithmic singularity) 


F(z) ~ &n 


2-24 (65) 
representing a balance between F'''' and or'2r''. Thus there is a critical 
value C, of C, which from numerical calculations is approximately .564, 
above which the solutions do not exist over the line -~»<¢z<¢™, As C 
approaches C, from below, AF is very sensitive to changes in C, going froma 


value of 3.14 (~ tm) at C = .54 to 7.93 at C = .565. In figure 7, we graph 


F(z), F(z) for C = 1 and in Figure 8, we draw the contour of constant phase 0 


o= b+ F (V2) . (66) 
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Figure 7: Graphs of F(7,z), F(1,z). 
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Figure 8: Constant Phase Contours 
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For values of © slightly greater than 7, the contours are defined for all G. For 
values less than 1, the phase contours intersect the € = 0 axis at the origin. 
For — < 0, we use the symmetry property (60) to infer that the phase contours in 
this region are simply a reflection of those for — > O4in the — = 0 axis. These 
solutions seem to give a fairly accurate picture of the real dislocations seen 
in experiments. 

Finally, we indicate how to include mean drift terms in the model. 


Consider 


ce (aly eS ee We 4a Tew (67) 


where u = Vx tz (z is the unit vector perpendicular to X,Y) and 
* 
vr = 1/2p (Ww . W920) + (#)} (68) 
Following the previous analysis, we find that the slow equation for the phase is 


kB oT 4 
rt Ak& aE + Oe’) = 0 (69) 


where 
ag (= ae (70) 


In (68), the parameter 1/p mimics the effect of low Prandtl] number situations 
where mean drift is caused by the nonlinear advection terms in the momentum 


equations. In (70), VY refers to the slow derivatives with respect to 


(x,y) = e*(x,¥). 


6. SUMMARY. 


In this paper we have presented a mathematical framework for describing 
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convection patterns which includes all previous theories and from it we have 


made several predictions about the manner in which the patterns evolve. In 


particular, we suggest that on the horizontal diffusion time scale Ty, the 


convection field develops patches, often of a circular nature surrounding a 


sink, in which the wavenumber is constant. The incompatibility of these patches 


is ironed out over the longer time scale of the aspect ratio times Ty and the 


process involves a gliding motion (compare Figures 3 and 5) in which roll 


dislocations move in a direction perpendicular to the roll axis. The climb 


motion, where the dislocations move along the roll axis, occur on the scale 


Ty 


2 


as their role is to adjust wavelength, although small adjustments of order 
will be made on the ae scale. 


While we believe we have made a start, many questions still remain open. 


Some of these are. 


1. 


For what class of models is the flow on the horizontal diffusion time scale 
a gradient one; equivalently, for which models does (44) obtain? 

What is the effect of the mean drift term? What parallel conclusions can we 
draw? 

Do the patterns ever settle down or do they always remain noisy? If the 
former is the case, is it a consequence of geometry where the dislocations 
get stuck in corners? In a circular geometry, one might argue that the 
glide motion never stops. If the latter is the case, does the resulting 
chaotic motion lie on a low dimensional strange attractor, one which, for 
example, mimics the very gentle heaving of the glide motion as it rotates 


around the box? 


1k, 


12. 
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Stationary free boundary problems for circular flows 


with or without surface tension 


Hisashi OKAMOTO * 


Department of Mathematics 
Faculty of Science 
University of Tokyo 
Hongo Bunkyo-ku Tokyo 
113 Japan 


Free boundary problems for flows circulating around a circle 
or sphere are considered. It is revealed that the surface 
tension plays a crucial role concerning perturbations and 
bifurcations of a trivial flow. Main tools are implicit func- 
tion theorems ( classical or generalized ) and bifurcation 
theory due to Sattinger or Golubitsky & Schaeffer. Therefore 
all the classical solution near the trivial one are dealt with. 


§1. Physical meaning. 


Consider a fluid around a planet. We keep a figure like the Jupiter in 
mind. We consider a plane perpendicular to the axis of rotation and we regard 
the flow as a two dimensional one. We assume that the flow is encircled with two 
closed Jordan curves [ and y. The inner curve [ represents the surface of 
the planet,whence [ is a given curve. For simplicity we assume that [ is the 
unit circle in R es The outer curve y represents a free boundary to be sought. 
The outside of y is assumed to be a vacuum or to be filled with a perfect fluid 
whose pressure is given. Hence we treat a one phase problem. The flow region is 
denoted by a »i.e., we denote by ie the doubly connected domain between [ 
and y. Finally we assume that the fluid is incompressible,inviscid and irrota- 


tional. Then the problem is formulated by the stream function V_ as follows. 


PROBLEM A. Find a closed Jordan eurve y outside [ and a function V in a 


such that 
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AV = 0 in 2 


Y > 

V=0 on T[ , 

Vea on ¥Y , 

S{ |? + Qt ay = unknown constant on yy 
12 =i 


The quantities appearing above are defined below. 


a us 
ane) 


> prescribed positive constants, 


G6 ; the surface tension coefficient (>0 ) +++ given , 


Qs; a 


K 3 
y 


ae 


given function defined outside T , 


the curvature of y ,the sign of which is taken to be positive if y is 


convex, 


the area of {. 
Y 


REMARK 1.1. ‘The equation (1.4) is a consequence of Bernoulli's law and the 


Laplace equation arising in the theory of surface tension. In fact,Bernoulli's 


law asserts that 


(1.6) 


where 


On the 


(1.7) 


$|W |? + p+ ¥ = unknown constant on y 


p is the pressure of the fluid and ¥ is a potential of the volume force. 


other hand,the Laplace equation is expressed as 


Pp is the known pressure of the external atmosphere. Putting Q=p+ 


ext 


we obtain (1.4) from (1.6) and (1.7). In this regard, Q=0 or Q=-g/r 
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(23 a constant , r = (x? + yz) /? ) is an interesting case. 


Trivial solution. If Q is radially symmetric,then there exists the following 
trivial solution. Take a number ro > 1 such that 175 -7T= Wy + Then a circle 


Yo of radius To with the origin as its center is a solution for any 0 > 0. 


In fact the corresponding stream function V is represented as 


(1.8) V=V(r) = logr {l<r<r, ). 


0 


The unknown constant in (1.4) is Sla/rjlogr ig + (ry) + o/ry. 


0) 


Our aim is to study perturbations and bifurcations of this trivial solution. 
Our analysis is based on classical or generalized implicit function theorems and 
the bifurcation theory due to Sattinger [5] or Golubitsky and Schaeffer {2}. 

Now let us consider the case where the fluid is governed by the Navier- 


Stokes equation: 


PROBLEM B. Find a closed Jordan curve y and functions V = (vy »V ) , P such 


2 
that 

(1.9) ~vAV + (V«V)V = - VP + V(g/r) in a P 
(1.10 div V=0 in a, ‘ 
(1.11 V=b on T, 
(1.12 Ven=0 , tT(V)n = 0 on Y, 
(2.73 - nT(V)n = OK, on Y, 
(1.14) I, = Wy 


The quantities appearing above are defined below. 


v= (Vv ) 3; the velocity vector , P ; the pressure , 


as we 


2 
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v3; the kinematic viscosity , n 3 the outward normal vector on y¥ , 


t 3 a tangent vector on Y , 


T(V) 3; the stress tensor , the components of which are 


av, oe 
T(V)5, =v Beta (i,j =1,2), 


b 3 a prescribed R ?_valuea function on [ satisfying fp bendar = 0. 
A three dimensional analogue of PROBLEM B is also considered ( see §3 ). 
82, Mathematical Formulation and results for PROBLEM A. 


We prepare some symbols. 


2 
Q= (lay) Re sacx ty? cod, Stet (xy)e Ros lex ty}, 
omg) ; cma ct) (m= 0,1,2,*** ,0<a< 1) 3 the Holder spaces with usual 
norm || Mhotor,0 al lLta,s? : 
fe 
We fix a number a (0,1) and a function Q € ce ACta o)),. The typical case 
is Q = Qtr) = -g/r or Q% =0. 


+ 
When @ small u« one rst) is given , we denote by Ve a closed Jordan 


curve which is parametrized in the polar coordinates as (ry + ul) » 9) (068 
< 2m). Hereafter we identify a function on st with @ 21-periodic function on 
R. We denote a domain between JT and Ne by Qi The curvature of Nes is 
denoted by Ke It is represented as 


(ryt u)® + aur)? = (ry +u)u" 


2 23/2 


[(r,+u)~ + (ul) 


0 


( ' means the differentiation with respect to @ ). o/dv., means the differenti- 
ation along the outward normal vector on YO ve denotes the unique solution of 


the Dirichlet problem 
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(2.1) Av = 0 in Qs 
(2.2) Vile S200 og vale Sa 
u 
For ueé 3th sty Qe c**4(F) and & € R , we put 
1 2 
(2.3) F)(a,95u,6) = Siw, | + a | iM + OK, = 5 -é, 
where € = Lasr logr iF +Q(r_) + o/r 
Ore BP egeee NG o'*9 O° 
a 2 
(2.4) F,(a,Q3u,6) = ae (ro + u(@)) agB-ae Wy > 
(2.5) F(a,Q3u,€) = (F)(a,9;u,8),Fo(a,Q3u,€)). 


Using a canonical pull-back,we regard Fj (a,Q3u,€) as a function on gt, Then 
it is easy to see that F(a,Q,30,0) = (0,0) and that ty, ae is a solution 


for Q if and only if F(a,Q;u,€) = (0,0) for some €e« R. Note that 


F(a,*;*,°) is a continuous mapping from a neighborhood of (Q,30,0) in cami 693) 


o 3th st) 1+0/ 1 


xR into C S-)xR. 


Now perturbation of the trivial solution is possible in the following sense. 


THEOREM 1, Asswne that 0 >0. Define a by 


2 0 1/2 

ate o(n SLE. Ge (r9) an 

n ra + rn 0 8 0 
i,2_0 0 
r r n -n 
0 0 rT - ro 
2 2 98, 

for ne N={me W ; a(n ~1)/r5 + ar a) >0}. Then,for any a ¢ fa to ; 


there exists a positive constant § such that for any Qe #0 %) satisfying 
lI Q- % lbra.9 < 8 we have a solution {u.&} of the equation F(a,Q;u,&) = (0,0). 


the solution ts unique in some neighborhood of the origin. 


THEOREM 2. Asswne that o=0. Let Q « ct9t% (5) satisfy 
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8Qy 


(2.6) Pere < a /r3(1og r e 


Then there exists a positive constant ©€ such that for any Qe clo+(1/2) +a 


2) 
satisfying | Q= WW hoe(1/2)40 g <& we have a solution {u,&} of the equation 


F(a,Q;u,&) = (0,0). 


The next two theorems state uniqueness or nonuniqueness of the solution. 


We put G(a;u,€) = F(a,Q.3u,6). 
THEOREM 3. Fix a nutural nwnber n. Asswne that o > 0. Asswne also that 
(2.7) a, #8, for all m#n. 


Then there exists a branch of nontrivial solutions of Gla3;u,&) = (0,0) through 


(a,30,0). If n ts sufftetently large,then the bifurcation occurs subcritically. 


THEOREM 4. Assume that oOo =0 and (2.6). Then,in some co*4_neighborhood of 


Yo: there exists no solution other than Yo: 


We prove THEOREM 1 by means of a classical implicit function theorem. On 
the contrary we use a generalized implicit function theorem due to Zehnder [8] 
in order to preve THEOREM 2. THEOREM 3 is proved by a bifurcation theory due to 
{1,2,5]. THEOREM 4 is a consequence of the maximum principle. In $4 we will 


give outlines of the proofs. For the details,see Okamoto [3,4]. 
§3. Results for the Navier-Stokes problem. 


Using the notation in the preceding section,we formulate PROBLEM B as fol- 


te 
lows. Firstly,for a given ue. co Oe ye consider the solution of 


(3.1) - vAU + (U°V)U = - Va + Ve/r) in 2 


(3.2) div U 


u 
oa 
bs 
5 
te) 


(3.3) Usb on T 
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(3.4) Urn=0 , tT(U)n= 0 on Y. > 
f 
(3.5) | (q-g/r)dx = 0, 
Q 
u 
S 3F0, 42 Peer 
where be X={Bec> (T)° ; fp Bon al = 0 }. The boundary condition (3.4) 


constitutes a complementary condition in the sense of Agmon,Douglis and Nirenberg. 
+ 
Therefore,for sufficiently small u€ 3 Beaty and b « X,such a solution U ,q 


is determined uniquely and continuously from u. We denote it by We Pie Hence 


we can define a mapping H by the equalities below. 


(3.6) Hy (b3u,€) = at(Vy Joly +OK -—& -€ , 
Th ae 2 
(3.7) H(bsu, j= 24, (rptul8)) dd -1 - Wy > 
(3.8) H(bsu,€) = (H)(bsu,€).H(bsu,€)) , 
eee. Cee Mey 4 | ull soy <<1),&eR,bdexX (| dllsg <1), 


Ey = (o-@)/r- 


Obviously H(0;0,0) = (0,0). Furthermore ty eV Pi is a solution for 


be X if and only if H(b3u,6) = (0,0) for some —e« R. Similarly to THEOREM 


1 we obtain the following 


THEOREM 5. We can choose a positive constant n such that,for any b« X sat~ 


340, 1 


isfying || Dla <n,there exists a {u,E} « C7 (S-)xR which solves H(b3u,&) 


ct sty 


= (0,0). The solution ts unique in some neighborhood of (0,0) in 


In order to treat the three dimensional version of PROBLEM B,we employ 


polar coordinates r,8, determined by 


reos 8@cos®> , ler ,-7<6< “ 


™ 
HT] 


reosQ@sing , 0 


o < 20 


te 
" 
ls 


z= rsin®. 
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The problem to be considered is written as 


PROBLEM B'. Find a S*-1ike surface y and functions V = (VoVgsVg) oP such 
that 

3.9) ~ vAv + (V9V)V = - UP + Ve/r) in a, ; 

3.10) divV =0 in Q, ; 

3.11) V=b on r=l, 

3.12) Ven=0 , +t0(V)n =0 on Y, 

3.13) - nT(V)n = On, on Y , 

(3.14) 2. | = Wy > 

where a, is a domain between 3° and Y , Io, | is the volume of 1. i is 


the mean curvature of y. The second equation in (3.12) should be interpreted 


NOTATION. 
Ke fue 2,0 5 ue =o ule eo}, 
werk uae is oS aes yee) 
pe tue ery 55) s b(t )= we 5) = om(s 5 )=b" (42) =0 } 


If a small ue X is given,we denote by Y, 2 surface parametrized as 


x = (rytu(6) )eos 8 cos > ,y= (r, + u(8) )cos 6 sin > 5. = (r, + u(6))sin 6. 


Here rg > 1 is determined by “t,3 - = = WW» 


For sufficiently small b« Z and ue X we solve (3.9) through (3.12) 
for b= (0,0,b) (be Z). This is uniquely determined for small be Z and 


uc X. Then we put it vA $ Po Note that V and Py are independent of $. 


Free Boundary Problems for Circular Flows 241 


a 


Now we define a mapping H in a way similar to the case of H. 


(3.15 H(bsu,£) = (H, (b5u,E) Hy(b5u,6)) , 
(3.16 Hy (b5u, }= an(Vy Joly + OH - bo -é, 
A n/2 
(3.17 H(bsu, )= | (nou) ®eos” 8 {u'sin® + (r.+u)cos 6 }dé - bn - Ww. 
-7/2 : : e 


REMARK, The mean curvature Hy of va is represented as 


(3.18) oe ee [(r ¥a)? + ry2yale 
u (etary tal? + ryepve ) 
(rot u)o+ a(ut)? - (rotu dul 
F . 
[ryt a)? + (ur)? p/? 


an 


H is a continuous mapping from a neighborhood of (0;0,0) in ZxXxR into 


YxR. Then we have the following 


THEOREM 6. If be 2Z ts suffictently small,then there exists {u,t} « XxR 
such that H(b3;u,&) = (0,0). The solution ts unique in some neighborhood of the 


origin. 


§4. Outline of the proof. 


ie ie THEOREM 1 is proved if we have shown that the Fréchet derivative of F 

+ + 
with respect to {u,&} is an isomorphism from 3 Seely xR onto ct 8g) x R 
for a ¢ fat, . To show this we have to calculate the derivative of F explic- 
itiy: 
Clain. F isa ct_mapping and its derivative is given by 


D F.(a,Q;u,&) DF, (a,Q3u,&) 
D. ,-F(a,Q3u,e) = | %? gi ; 
Mae D Fo(a,asu,é) DF (a,Q5u,€) 
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ve 30 
(4.1) DF (2,0su,6)¥ = se E toy + ECV )w J+ ers a 
+ off.(ulw + f(ulw + fy(ulwh (we (54) 
6) 1 2 : 
(4.2) DpF, (a,Q5u,8)A =- i (Ae R), 
en 34a, 1 
(4.3) D Fi(a,Q;u,&)w = | (x. + u(6) )w(@)ae (wrt Or “CSi ye 
ure 0 0 
(4.4) DzF(a,Q5u,6)A =0 (Ae RR). 
Here we have put 
3X 3K aK 
te ae Mal a ae a 
( ' means the differentiation with respect to @ .) 
The function z(v) is defined by 
2 
OV ov 
is 2 e-iyor u a, lou 
(4.5) z(v) = ((rgtu) +(ut)o] \"52 - alse bet Yo" 


; P _ ou : 
The operator ov is defined by ow = Wyte the solution U of 


av 
Ul p a 6 ae Uly =- or v A 


The proof of (4.2,3,4) is straightforward. To show (4.1) it is sufficient to 


prove that 
(4.6) D Tlu)w 7 ow + Z(V )w 5 
where T(u) = OV ed ig . The formula above is proved in [3]. Here we only give 
u 
+ 
a formal calculation to derive (4.6). Firstly we extend Vv, toe c3 OM elass 
function on some neighborhood of a Secondly note that hel = wiv, 


since Vv, is a constant on Yas Then we have 


243 


Free Boundary Problems for Circular Flows 
P(utw) - Tu) = (W | wi 1s 
utw - u = - . 
UP Y Os rete utw 
+ [Ww | - Wl. dev 
oa eee wy, utw 
> > 
+ . -~ 
Wale ee vA! 
u 
= a +: qT, + T,. 
Putting U=v ~V_, we obtain AU =0 in Q NQ s U=0 on T ana 
utw u utw u 
a | = 
U =a-V BV. = ve] ae w. 
Yosw WYutw FYB Yaw E 
Hence 1, = $w modulo o( || wh): It is easy to see 
I, = (Ww -Ww |) = x(v_)w. 
ie Aen wy, 4% u 
Si v ¥ =t+o(|iwl,,.) with a tangent vector ¢ we obtai 
ince Vor Vi et to || w Las w a tangent vector on yY,, » we obtain 
1, = 0. From these considerations we find (4.6). 


Now we show that A(a) =D_ ,F(a,Q@.;0,0) is an 
ug 0) 


Claim. If aq fe} , then A(a) is injective. 


Proof. Assume that A(a)(w,A) = (0,0). We represent 
foe) foe) 
w= ) bv sinnd + } c cosné 
on n 
n=1 n=0 
Then we have b S(a.n) = ce S(a,n) =O (n2>1),A5 


where we have put 


n 
s(ajn) = Sun st Famiglia Oe Os Pn 
ea 2 r logr r on -n r or 
To ie) 0 Ory ~ To 0 


isomorphism for a ¢ fai 


w by the Fourier series: 


c,* {something} 


Since S(a,n) vanishes if and only if a= a » we see that A(a) 


if a¢ fa}. 


and 


Q.E.D. 


£9 


is injective 


0, 
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On the other hand,it holds that A(a) =" an isomorphism " + " a compact operator 


". Using the claim above and the Riesz~Schauder theory we can conclude that 


A(a) is an isomorphism for a ¢ fa}: 


4.2. Proof of THEOREM 2. When o = 0, Dd, eF(a4Q,30,0) is no longer an isomor- 


.3to 1 
)x 


+ 
phism from C ee “ 


(s*) xR onto 


340, 1 ot : . 
c? (S°)* R onto C (51) xR. From this fact one observes that we are in a 


8 R. However,it is an isomorphism from 
position to use a generalized implicit function theorem. Among others we use a 
one due to Zehnder [8]. In verifying several assumptions of the generalized im- 
plicit function theorem,we use a priori estimates of Schauder type which are bor- 
rowed from Schaeffer [7]. For the details,see Okamoto [3] in which the proof of 


THEOREM 4 is included. 


4.3. Proof of THEOREM 3. From now on we put G(a;u,&) = F(a,Q.3u,8). In the 

proof of THEOREM 1 we have shown that A(a) = Dy eF(859530,0) is an isomorphism 
> 

for a ¢ fate and that A(a.) has a null-space spanned by (cosn6,0) and 


(sinn@ ,0). ( Here we have used (2.7). ) In order to use a theory of bifurca- 


tion from simple eigenvalue we use tha following Banach space: 


eo fe cM 5") 5 ul0) = ul2n-6) (0<6< 2m) } 


: - FOL 
with the norm \| Iivaie Let G* denote the restriction of G on a xR 


+ 
Then it holds that the range of G*(a;*,*) is included in xt OR and the null- 
space of Dy eG#(a 3050) is spanned only by (cosn8,0). Consequently we can 

> 
apply THEOREM 1.7 of Crandall and Rabinowitz [1]. The details are in [4]. 

To see whether the bifurcation occurs supercritically or subcritically,we 
proceed as follows. ( The details are also in [4].) Let a two dimensional sub- 
dt, QL, ; : 
space of C (S") spanned by cosnO and sinn®8 be < cosnO, sinnO® >. We 


+ 
denote a canonical projection from 3 iat; onto < cosnO, sinn@ > by P. 


Then we define functions » and € by the equations below. 


(4.7) (I - P)G, (a;xcos nO + ysinnd + $(a;x,y) , E(ajsx.,y)) = 0 , 


Free Boundary Problems for Circular Flows 245 


(4.8) G,(a 3;xcosn6 + ysinn® + o(a;x,y) , E(azx.y)) = 0. 


The assumption (2.7) and the classical implicit function theorem ensures that 
and € are well-defined in some neighborhood of (23050) in R?, and that their 


ranges are in (1-P)c3*( st) > R ,respectively. Then the equation 
(4.9) Fla;x,y) = PG, (a 3 xcosn@ + ysinnd +$(a;x,y) , E(a;x,y)) = 0 
is a bifurcation equation. If we write 
F(a3x,y) = F, (a3x,y)cos nO + F(a3x,y)sin n8 ; 
then the solution set near (a 30,0) is in a one-to-one correspondence with 
{ (asxsy) 5 Fllasxoy) = Fy(asx,y) =O}. 
Since the original problem is 0(2)-covariant,we have 


PROPOSITION 4.1. The bifurcation function F tsa C mapping. There extsts a 


C -mapping F* defined in some netghborhood of (a 30) in R° such that 


(4.10) Fy (asx,y) = xF¥(a5x° + y),; 


(4.11) Fa (asxsy) = yPR(a 3x? + ey: 


By this proposition we observe that the solution set is composed of 


{x=y=0O} and f{ F¥(a; Pe + a) = 0}. Of course the former corresponds to 


the trivial solution. To deal with the nontrivial ones we expand F* as 


2 


F¥(a 3x aye) = A la-a,) + Be +y°) + higher order terms. 


By the result of Golubitsky and Schaeffer [2],it holds that F=0 is O(2)- 


equivalent to 


25} 


oO 


2 
x{a_(a-a,) + B(x +y 


yA (a-a_) + B(x® +y*)} 
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if AL #0 and Bo #0. Therefore the direction of the bifurcating branch is 


determined by the sign of AL and a. Since A and Bo are given by 


93 


2 
2, SOE ; -~ oF. 
A cos n€ = Fada 300) 7 6B cos nd = Pe , 


we have to compute the third order derivative of F , hence of G): To this end 


we prepare some symbols. 


+ 
NOTATION. For we c3 Ost) we denote by U(w) the solution of 


AU = 0 in il <r < ry > 
aw 
ul,=0 , Uj_. =- : 
rT r=r r log ry 
kta, 1 
For w,zecC (8S) the symbol Y(w,z) denotes the solution of 
AY = 0 in 1l<r< To? 
Y=0 on Ty, 
y| = - oU(w) bye ou(z) + ow 
r=r r or r-lo . 
oe 
? Sta 1. \ F 
For w,,W,,w,« C’ (S-) the symbol X(w_,w,,w,) denotes the solution of 
1 2 3 AN D3, 
AX = 0 ini<r< To: 
X=0 on T , 
2. 
- - ; OY (ws os 44) ; ; a Uw, ) 2s 
rer jel or ite a1 ore itl it2 
2aW, WoW 
3 x 
rploe Ty 
where we put wv, = W,. 


it+3 i 
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NOTATION’ . 


Now the third order derivative of G) 


3 ; 
(4.12) DG, (a30,0)(w, ow 


On the other hand,we have 


6B cos n@ = PD°G 
n u 


Therefore,in principle,we can compute 


4. ' ' 
Wii iW, 2 WwW. lW. + 
ioitl ite 2 i itl ite 2 i 


is given by 


(a, 30,0) (cos n@ ,cosn@ ,cosnd) . 


by the formula above. 


very difficult to decide its sign,since it is very complicated. 


yh 4 
BL ~~ - on Lux 


( 


noo), 


+O 
(we e (s+) ), 
2awz . aw'z' 
e109 r e168 r 
0 °F X59 q 89 
(w,Ze€ chtO (gl) ). 
O23 
ne, 
r) Y(w, ow +2) 
ar i+2 
! ' 
PR ALP ree 
=1 
3 
tot ! 
WiMie ite 


But we have 


247 


However ,it is 
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Hence Les is negative for a large n. On the other hand, A is negative for 


any n. In fact we have 


Thus we see that the bifurcation is subcritical for a large n. 


4.4. Proof of THEOREMS 5 and 6. It is not so hard to verify that H and H 
is a clapping. Hence the proof of THEOREM 5 or 6 are completed by checking 
that Dy -H(050,0) or D, gHt030,0) is an isomorphism,respectively. The deriv- 


atives are given below. 


@an ee oa " gw Sta, 21 
Ee eee pre (weer “(s’) ), 
0 6) 
DH (050,0)A =-h (Ae R), 
on 
DH, (0;0,0)w =r | w(8)d0 (cae ie (sty 4s 
ue 0 0 
DH,,(050,0)d =0 (Ace OR J. 
DH, (030,0)w = a -w' + w'tanO - 2w) + = (weX), 
er r 
0 0 
DpH, (030,0)A ey (AeR), 
* 2 m/2 3 2 1/2 2 
D_H,(0;0,0)w = 3nr | w(8)cos” 6 a0 + Tr | w'(8)cos° 6 sin@ a6 
u2 0 0 
-m/2 -/2 
(wexX), 
D,H(030,0)A = 0 (Ae RB). 


In a way similar to the proof of THEOREM 1 we can prove that DL cH(030,0) is 
i 


cable ae as H(030,0), 


an isomorphism from C xR onto C (st) x R. To treat D 


ug 


we first show that it is injective. 
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a 


if Dy a (0;0,0)(w,A) = (0,0) , then w and A satisfy 
2 ere 
(4.23) ~ w' + witan@ ~ av + “By -—A’=0, 
m/2 3 m/2 2 
(4.14) 3| w(8)cos” 9 d0 + | w'(6)cos” 8sin@d@ = 0. 
1/2 -7/2 


We change the variable from 6 to s =sin@. Then w(s) = w(8) satisfies 


a He or 
2 jou aw g =05 4 
(s prep + 2855 + 2( a ljw- = A =0 


a 


Expanding w by the series of the Legendre polynomials,we see that w must be 
a constant. Then (4.14) implies that w= 0. Consequently “(w,A) = (0,0). 


To show that Range D_ -H(0;0,0) = Yx R,we do as follows. Firstly we de- 


ug 


fine operators AL and Bi by the equalities below. 


D ~H(0;0,0) =A +B , 


uré booW 
A (wd) =(v,t0) , 
(4.15) v= = ( -w' + witan® + uw) -A= = Ywe-od, (we X), 
ery ery u 


(4.16) 


WN 
H 


a/2 m/2 
al w(6)cos 9 aé + re w'(8)cos” 6 sin 8 d0 
-17/2 0 -7/2 


( wu is a positive parameter ). Then a e L(XXR,YxR) is a compact opera- 
tor. By the Riesz-Schauder theory it is sufficient to show that af is an iso- 
morphism from XxJR onto YxKR for some wu. Therefore,for a given (v,Z) « 
YxR, we have to find a (w,A) c X*R satisfying (4.15) and (4.16). Observe 
that we have only to show the surjectivity of ty To show the surjectivity of 


Tl >» we employ the tollowing 


NOTATION. 


T T 
H=L'(-3, 53 cos0d@) , 
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ve{feHs; fteH } 


> 


t/2 w/2 


w'(8)v'(8)cos6d6 + v| w(o )v(6 )cos 6 dé 


a(w,v) = | 
~1/2 -1/2 


In virtue of the Lax-Milgram theorem there exists,for a given f « H , a unique 


woe VY such that 


alw.v) = (fv) (Sve Woe 


H 


This equality formally implies te =f. Then we show that we kX if fe Y. 
This is shown in an elementary way. Hence we omit the proof. By the procedure 


above we arrive at THEOREM 6. 
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FOCUSING SINGULARITY FOR THE NONLINEAR 
SCHROEDINGER EQUATION 


G. Papanicolaou, * 
Courant Institute, New York University 


D. McLaughlin, * 
University of Arizona 


M. Weinstein, * 
Stanford University 


We summarize recent results on the focusing Singularity 
of the nonlinear Schroedinger equation. 


In this note we shall give a brief account of some recent work 


that we carried out motivated by the observations and calculations 


of Zakharov and Synakh [1]. A detailed exposition is given in [2] 
and in [3]. In [4] the results of careful numerical computation are 
reported. 


The nonlinear Schroedinger equation 


ie N 


(1) 2id, + Ao + | ¢6=0, t>o, x ER 


$(0,x) 


I 
oO 

fon 
tad 


arises as a canonical problem in which focusing (the nonlinearity 
with the plus sign in (1)) competes with dispersion (the Laplacian 
in (1)). Among the many specific contexts where this occurs we men- 
tion nonlinear optics, where N= 2 and o = 1, plasma problems, 
N= 3, 021, water waves, etc. The case N=1, 06 =1 has been 
studied extensively and was first shown to be solvable by the 


inverse scattering method by Zakharov and Shabat [5]. 


In the analysis of (1) three cases with distinct behavior arise. 


The subcritical case 9 < 2/N where dispersion dominates and a 
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1 


global solution in C([0,%);H aR’) ) exists. Here Hi RN) denotes 


the usual Sobolev space of functions with square integrable deriva- 


tives. This result is proved in detail in [6]. In the critical 

2 : ate i 48 
case oO = and in the supercritical case o > Z it is known that 
solutions of (1) will blow up in a finite time, i.e. their Ht norm 


will become infinite [7]. 


Based on numerical evidence and some heuristic calculations, 
Zakharov and Synakh [1] conclude that in the case N=2, o=1 
{critical case) if an axially symmetric solution becomes singular at 


t = t* then near t* it has the form 
(2) lo(t,x)| % (rent) 7273p (|x| (e#-t) 7273) 


where R(r) is the "ground state" solution of 


2 
(3) aR +i Reger = 0, R>0O, r>dOQ, 
dr © 
R 
GB (0) = 0, Rl) = 0 


Careful numerical computations [4] indicate that indeed the blowup 


occurs with the power 2/3 as obtained by Zakharov and Synakh. 


Concerning the nature of the singularity in the supercritical 


case little seems to be known. 


We have looked in detail into the problem of understanding the 
form (2) of the blowing up solution in the critical case. For tech- 
nical reasons we have so far restricted attention to the case N=l1, 
o = 2. We have shown that in this case there is a function 2(t,x} 


in ui qr?) for “Eq <t<0, 0O < Eq sufficiently small, such that 


for each Ao ¥ 0 


h wiTAg (-t) 71/7 


0 
3 ; Se x 5 
(3) (t,x) Ee (—“a77) e + 2(t,x) 
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is a solution of (1) in “Ey < t <0 and 


(4) (-t)2/7 sup Jz(t,x)| +0 as t70. 
x 


In other words we have shown that singular solutions of the 
form (3) exist with z being a lower order correction in view of 
(4). We do not know why solutions of the form (3) arise as singular 
solutions for a broad class of initial data as has been observed 


numerically. 


The main tool in the analysis is the study of the linearized 


problem about R Schroedinger equation 


20 


(5) Dive * dwes we for Ww avg? Ss 


If w= ut+iv then we may rewrite (5) in system form 


=. ota 
(6) 2 = L Le= { 
Vv t Vv -L, 0 
L, = -A +1 - (20+1)R7° 
fy Se ces Re. Y 
f, ee 


On pairs of functions ta in H’XxH define the bilinear form 


(7) a( (9.8) = (ftp) + (ta) 


One verifies easily that this bilinear form is invariant for solu- 


Hl 1 


tions of (6). However, B is not an inner product in H xH be~ 


cause it is not positive definite owing to the nullspace that L 


has. 


One easily finds that the function 
=R+ xR’ 
a 04 — (7R' _ 70 af 2 
(8) me (phe p= Cg) + y= (phe 4 -( 0 ) 


satisfy 
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2 
(9) Ln, = Ln, = 0, L n3 = Ln, =o. 


Moreover these null vectors are associated with the classical sym- 


metries of our problem that take a solution $(t,.x) into 


2,2 

. ATH+E 

if e(x-et-x )+ t| 
076 (0? (t-t5) 1 A(x-Et-x9)) 0 2 


where (XE Xqr tq) are four parameters. 


One might expect that the bilinear form B restricted to func- 


. . 1 . 
tions in ut XH that are orthogonal to four function pairs Nye 


No Nae Ny (the biorthogonal basis for example) is positive. 


This is true in the subcritical case o < z (N=1 in the present 
discussion) and in fact B becomes then equivalent to the standard 


inner product in ut x qh 3 But this is not true in the critical 


case: 
In the critical case there is one more symmetry to the problem 
(N=1, o=2). 
i 
o(t,x) + A o(T,8)e 
t 


2 
a 
2 


{oe 


where at , ts [ras , 6 = Ax and a€=0 , i.e. a isa 
linear function. (Notice that this transformation leads to singular 


solutions with vt singularity; they have never been observed in 


numerical experiments.) Therefore, in addition to (8) we have 
Q 3 
(10) ne = ( 2 ) with L°n, = 0 
xR 


But, without having another classical symmetry, we also have 
(11) Ne = (°) | up = -x*°R, with L’n. = 0 


It can be shown that MyM, ++ Ne span now the (generalized) null- 


space of L and that B restricted to functions orthogonal to six 
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function pairs n ars is an inner product equivalent to 


1’° 
H’ xXH 

One now looks for solutions of the form (3) and one must show 
a z(t,x) with the correct properties exists. The power 2/7 
emerges as the only suitable candidate for this purpose and the 


structure of the nullspace discussed above is essential. 


*Supported by Air Force grant AFOSR-80-0228. 
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Soliton Equations as Dynamical Systems 


on Infinite Dimensional Grassmann Manifold 


Mikio Sato 
RIMS, Kyoto University, Kyoto 606 
Yasuko Sate 


Mathematics Department, Ryukyu University, Okinawa 903-01 


In the winter of 1980-81 it was found that the totality of solutions of the 
Kadomtsev - Petviashvili equation as well as of its multi-component generalization 
forms an infinite dimensional Grassmann manifold [1]. In this picture the time 
evolution of a solution is interpreted as the dynamical motion of a point on this 
manifold. A generic solution corresponds to a generic point whose orbit (in the 
infinitely many time variables) is dense in the manifold, whereas degenerate solu- 
tions corresponding to points bound on those closed submanifolds which are stable 
under the time evolution describe the solutions to various specialized equations 
such as KdV, Boussinesq, nonlinear Schrodinger, sine-Gordon, etc. 

We foresee that a similar structural theory should hold also for multi- 


dimensional ‘integrable’ systems. 


§1. The universal Grassmann manifold 
For a vector space V=V(N) (say, over €) of dimension N (=mtn) the 
Grassmann manifold GM(m,V) (=GM(m,n)) is by definition the parameter space for 


the totality of m-dimensional subspaces in V. We can write 
GM(m,Vv) = {m-frames in Vv} / GL(m) 


where an m-frame means an m-tuple of linearly independent vectors. GM(m,V) is a 


homogeneous space of the general linear group GL(V). 
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Further, itis viewed as an algebraic submanifold (of dimension mm) of the 


()-1 dimensional projective space BRAY) by letting an m-frame CEP od 


‘aed correspond to the exterior product gh) Ra sagarl eA™V (the canonical 


(i) 


gE 


projective embedding). Lf €& where e 


= Egitgt tend ion-1 or? SNe 


denote a basis of V, then & “A++*A& 


with ae & meals 5 O5k,<N, (which are 


i, j20, +++ m1" 


m-1 0.7 “m-1 


antisymmetric in suffixes) satisfy the Pluicker's relations: 


m 


i 
} te) ex ek 28 be eas 


i=0 0 m-2"i *O i-7°*n 


«> 
2° 


and vice versa; i.e. a point in the ambient Riv) lies in the embedded GM(m,V) 


if and only if its projective coordinates & 5 Os2,<N, satisfy the 


2g: ee Li-l 


Plicker's relations (i.e. are Plucker coordinates). 


mate? Cet Say 


diagram Y consisting of rows of length Ly mrl) sts 2 -1, Los respectively 


To each set of suffixes (Lgrrr sk <N, we aSsociate a Young 
(cf. H. Weyl, The Classical Groups, Princeton, 1939) and often identify them; 
e.g. Plucker coordinates are also written by? the diagrams Y being those contain- 
ed in the mxn_ rectangular diagram aun’ 

After Weyl's celebrated work Young diagrams (of vertical size ¢N) classify 
irreducible tensor representations of GL(V). Denoting by RS the contra-~ 
gredient of the irreducible representation space labeled by the ixj rectangular 
diagram Ais our GM(m,V) is the projective algebraic manifold corresponding 


co 


to the graded algebra @ R_.. (Here multiplication is unambiguously defined 


F mj 
j0 
because R_.. @R_.. containes R_.,. exactly once.) We can also write: 
mi m4 m,itj 
GM(m,V) = (GM(m,v) - {0}) / GL(1), 
where GM(m,V) = (Geen ley satisfy the Plticker's relations}C NV. 
mn 
Let mégm' and nsn'. Then: (i) if satisfies the Plucker's 


(Ey)y Chua! 


relations, so does its restriction to Y's within bo. (whence GM(m',n') > 


GM(m,n)). On the other hand, (ii) Evycn satisfies the Plucker's relations 
mn 
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' ' c 2 Ree = 
VYCH a does, £&) being defined by E) = Ey or 0 


according as YoA or not (whence GM(m,n) <> GM(m',n'). (i) and (ii) 


if and only if (E 


combined give the commutative diagram 


6M(m',n') ————> GM(m,n) (restriction) 
id id I 
GM(m',n') ——-—>_ GM (m,n) (embedding). 


Hence, defining the universal Grassmann manifold GM = (GM-{0}) / GL(1) and its 


dense submanifold omfi™ = (@gfi® - (03) ¢ GL) by 


awe = . oe t . 
GM {Ey y.a11 aiiapvade | Ey satisfy all the Plucker's relations}, 


~fin ~ 2 
GM = {Ey eGM | c= 0 for almost all Y} 


respectively, we have 


GM = { (Ey) 


Y:all diagrams | Gy yea * GM(m,n) for any m and n}, 


outin = J GM(m,n), and 
m,n 


ee surjective ce 
6M ——————_—> _ GM(m,n) 


dense | id I 


out mee > = h(m,n). 


To each € €GM(m,n) (resp. €GM) uniquely corresponds a diagram MOD. 
(resp. an unrestricted Y) in such a way that, for the Plucker coordinates of €, 


by #0 while fy? = 0 unless Y'DY3 and, denoting by cM’ (mn) those points 


to which the given Y corresponds, we have a cellular decomposition GM(m,n) = 


mn~|¥ | |Y| = size of Y= Rot rhs ~Zm(m-1) 


|| cu% mn), with GM’ (mn) ve 5 


YcaA 
‘mn 
(resp. GM = | Jou®). 
Y 


Consider the infinite dimensional vector space V (resp. Vv) consisting of 
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elements §& = Eyez with E,€ t, BY = 0 for v<«KO (resp. for v> 0). 


(Setting ee Ci woe one also writes € = sie, Ee (resp. € = 


y & e ).) Further, by introducing the dual (or contragredient) basis 
—00< Koo vv 


(ex) to (e) and the dual space V* = {—* = Jj Exek| EX eT} (resp. 
pope Zz wyEed ‘ m00< 1) <Ko0 vvi’v 
= {f= ) Exes |E* €f}) to V (resp. to V) so that their pairing is given 
MK \) C00 v 
by the effectively finite sum: <&*,f> = Yeats our vector space naturally acquires 
the weak topology (or rather, S. Lefschetz's linear topology, in which our space 
is locally linearly compact). (Any locally convex topology on a vector space 


induces via its dual a linear topology there, and its subsapce is closed by the 


latter if and only if it is so by the former.) 


Define subspaces ym of WV (resp. subspaces ym of WV), meZ, by vm 
; *(m), _ ° _ 
(resp. V'*) = (6), ez eV (resp. V) | Es = 0 for v<m}. Then we have 


GM(resp. om’ 1") 


il 


{clnsed subspaces V of V (resp. W) | The dimensions nf 


Ker and Coker of the natural map V > vv (resp. > 


Tahineee) are both finite and coincide. } 


{closed subspaces V of W_ (resp. Vv) | dim vow™ 


(resp. dim vnw™) = |v| for v« O}, 


where the closedness of V is a consequence of the other conditions and the 
qualifier is dispensable for VCW, while it is not for VCW. Also we have, for 


any diagram Y parametrized by Cos" 


cm’ = {vcw| dim vaw™? < k if and only if v > “ML yok (véeZ, keEN)}, 


understanding that X, =y for v< 0. 
fin 2 ‘ Z 
Between these extremes, GM and GM » come various intermediates. For 


example we define, for r=1,2,--> 


e4 


[¥ | 
= { (Evy €GM| v| Ey 7(J¥[/r)? are bounded as |Y] + & } 


and for Ot a<o, 


guar () 
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a 
oueeP = {(&)yeom | Tim = VTE] <a}, 
|¥ [<0 
so that we have 
eS oan (1) gyana (2) ay iy => ouexP (a) > oyoxP 6 > et it 


Then 


om2na(e) (resp. cm®xP (a) ) = {closed subspaces V of yana(r) (resp. of 


yexPla)) | The dimensions of Ker and Coker of the natural map V +> 


yana(r) ,(yana(r) (0) (resp. > yexP (a) 7 yexp(a) (0) are both finite and 


coincide. } 


where 


yanalr) (resp. yer); 7 (CE) ez |v STE are bounded and 


: Ey v/r)f tend to 0 as y+o (resp. Tate yl s a, Tia" v E_,. ke Dh 
yana(r)* (Hees. yexPlad*) . LEDs 1 egw? (sake: yexP(a)y3 
and 

cyana (x) ) (m) Gee: cyexP (a) (my _ 1G vere! yana) (nase yoxP (a), | 


= < . 
&,= 0 for v nm} 


§2. Time evolution on GM 


Denoting by A the shift operator: 


Ne Ee eps NE ey E YE yeuer? 


we define for € é€GM its evolution in time variables t = (t) ators) by €(t) 
t Att A see 
=e &. 
In the case of € «Git? , &(t) is again in afin for any te C, v=l,2,+°°. 


For general €€6GM, however, &€(t) should be understood as a generalized element 


whose components are formal power series in (tj stysee+) rather than complex 


; one has €(t)é€ ayane (e) 


numbers, (In the case of € Guana) if jt is 
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sufficiently small for v =r and are 0 for v>r. For € 6 GHE*P() one has 
€(t) «anew for tie { subject to the condition Tim’ / tii< oy 


In any case we have, for the Plucker coordinates & yit) of €(t), 


Eye) = Xy (3, JE 


36) and bgt) = by xy()s 


where $ denotes the empty Young diagram, Xy (t) denotes the character polynomial 


for the general linear group, and Xy 9.) denotes the differential operator 


: . 193 
obtained from Xy (t) by replacing t, by vat, . (After H. Weyl, Xy t) 
admits various expressions, one of which is 
Vv, vV 
Les 2 
vy Vo uF ty tae 
%gtd: = ) Ty (1 “2 i) a a ; 
V1 #2v9+* +=] ¥| 1°"2 
M2 
where a (1 2 “-+:) is the irreducible character of the symmetric permutation 


Y 
group of \¥| letters, labeled by the Young diagram Y and evaluated at the 
conjugacy class consisting of Vy cycles of size l, Vo cycles of size 2, etc.) 
We call E60) the 1 function of € (Notation: t(t; €&) or t(t)). The 


above formulae show that t(t) plays the role of generating function for Plutcker 


coordinates: 


Ey(t) = xy, t(es €), Ey = xXy(3,)t(ts €) | yo» 


t(t'+t; &€) = (t's E(t)) = LEy CE) xy Ce"), 
Y 


and that the Plucker's relations for (Ey (t))y assume the form of quadratic dif- 
ferential equations, or, what amounts to the same, the form of ‘bilinear’ equa- 
tions of R. Hirota. 


Summing up, we have 


Theorem 1. Although any f(t)e T[(t).t,,°°*]] admits the formal expansion of the 


(t), where the coefficients are uniquely given by cy = 


Xy (3, ECE) | two? it represents the t function of some €¢€GM if and only if its 


form: f(t) = beyxy 


coefficients cy satisfy the Plicker's relations. 
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Theorem 2. An f(t)eé C[[t,,to.°*]] is the T function of some €€ GM if and 
only if it satisfies the Hirota bilinear equations of the form 


m i Dd 
yx, ... (5-)x PA (~)t+T = 0. 
io Bor Maat eg aE a 


Moreover these exhaust all the Hirota equations to be satisfied by T. 


These quadratic differential equations are also equivalent to the quadratic 


difference equations. Namely, 


213 


1 
zea) 


Theorem 3. (Addition formulae) For any aé€€ we set [a] = (a,50 
»N~1 and define 


so that tt[a] = (t +a, t,+sa°,--+). Let a € € for i= 0,-+- 


1 


c (t) = Ata oo. Gg MT(tH[a, Jerr et[a ]), OS £.< N 
Xo Sei fone ? Xo 4 Ka s 
with A(a a2" 12g) = I (a.7a.). Then oy ae (t) satisfy the Plicker's 
ae mi>j20 * o°°**m-1 


relations for GM(m,V(N)). This property again characterizes the function tT. 


E.g. we have 


(A) Oy) (ag-a,) T (tt [oo] +[a, Jt(t+(a]+[a5]) 


= (a,c) (ag~c, )T(t+[og] +[e9])T(t+[o.,]+[o,]) 


+ (a.,-O9) (a-a, (t+ [a] +[a )t(t+[a, ]+[o )=0. 


3) 2 


Denote by Ey the linear operator on W_ sending e to e. and all the 


other eo» K #u, to O (i.e. Eee = Bey? and by iy the vector field 


Mv 


‘ A = 2 
on GM induced by Eo (i.e, (1+eL, ECE ) FC(1+eE,) € ) mod € for any 
function F on GM). Since any F(€) is a function of the Pliicker coordinates 


g 


's of &, L is also characterized by: L & x 
z Ww Wg eect Osten: Mee 


a) assuming v+m and utm 2 0. (This poses no restriction on the 
m-1 


diagram Y labelled by (2% 


gi htm: + 


+k ) since (0,1, +++, kL, &o+k, +++ 528 +k) 


0? “m1 m-1 


also labels the same Y for any ke.) 


For the shift operator A we have: AD = ) EY, van? 2 eZ. Further, define 
vez? 
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the operator K s.t. AK~KA = 1 by KE ey = YE 18) to have £(KA)A” = 


k 
for any polynomial f(v) of v, and in particular, cr asta = 


} £Q)E 
v 


Vv 
) (OE en 
Vv 


Vvyvtn 


For n#0, the infinitesimal operator 1+cf(KA)A", mod ee induces the well- 


defined infinitesimal transformation on GM, and one can write 


k 
arcu yFce ) = FCteky a") E) mod ee 


with yp? = yO) , while for n=O we introduce another vector field M 
n . k° “vtn,v 
defined by MEY = &) and set: ve y) ¢ (CL ym) + sto C yL sam Fe have an well- 
v<0 20 
defined vector field on GM. (Indeed, Oe =f DE, where £,.(¥) = 
2.7m : 
(CP yee ye. aa particular yO = 0.) M commutes L and yk? 
C k k 0 uv v) 
O<i<m 
and Tea satisfy the commutation relation 
k k 
Dee ps ey eee nn at ee Se ae 
) U jz0 Qt+k+1 


Theorem 4. t(t3@), as the function of t and &¢GM, satisfies, and is charac- 
terized up to an arbitrary constant factor by, the following holonomic system of 


linear differential equations: 


COE eg re By . Cat Say euty)t a a ts a 
y) By 0, cy - nt )t = 0 for n=1,2,--- 
n ot iz Lu 


Indeed, the first equations (which are of the second order) restrict the 
solution to a linear form hey (Ey of the Plucker coordinates by while the 
remaining (first order) Bae fix the coefficients cy (t) to C#yXy (t). 

Here we see that the holonomic system of these linear equations on {t} x GM 
produces no linear equation but the system of non-linear (quadratic or Hirota) 
equations of Theorem 2, upon elimination of the variables &eGM (i.e. upon taking 
the direct image by the projection {t}~x GM + {t}), in a sharp contrast to the 


finite dimensional case [2]. 
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Also remarkable is the close resemblance between this nolonomic system and 
the system characterizing theta functions [3]. (Theorem 3 also suggests analogy 


between t and 6.) 


The holonomic system generated by these equations in Theorem 4 contains 


also the equations of the form: aor = 0, ké€IN, ve Z, where he is a 
differential operator in t of the form: sau = a y 
Voor tt Mee Vgte MF v 
; oe ; 
Boom ES + terms of lower degree, with s = 5 —, 0, or ley according 
071 k-1 v 
(0) (0) 
> = < = = 7 
as v>0O, =0, or <0. CT 0 0, T i s ) 


§3. Soliton equations and their solutions 
Consider the totality Ce of the microdifferential operators inthe formal 


category P= J) a(x) (2), where the coefficients a, (x) are taken from 
=O \) Koo x 
a given differential ring Q (i.e. an associative algebra endowed with the 


d 
dx 


derivation :R>+RQ). Te a, (x) = 0 for v>m we write peé Together 


(m) 
R° 
F j are d vv : ice 68 

with P its adjoint P* = ie) a, (x) is again in ER » and for P,Q &€ Ex 

their product PQ € Er is well-defined by employing the Leibniz rule (£)%a(x) 
= ) Ma oy hy for véZ. Setting a_, (x) = Res P dx, we have Res Pdx 
k20 

-Res P*dx. Thus ER constitutes a (non-commutative) ring including De = 


{differential oprators} as a subring. We have: P = P, + P_ with P, 2 


dyv a d vv qa(-1) 
Pee a(x) red) ep , P= ee GS cER 
*s (-1) 
Ce =D p a Er ; 


In the following we choose (RQ = €[[x]], the ring of formal power series in x, 


, yielding the decomposition 


and simply write one oS ge ethtiactyswaae- OOP canes Os. mien ON OE a 
is canonically isomorphic to the quotient module of & by its maximal left ideal 


Ex as left E modules, by letting €& = ) —& e €V correspond to the residue 
6 d \-v-1 eee d , 
class of YEG mod Ex as the action of P(x, =) €&on & be defined 
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by & P(K,A)E. Hereafter we identify them: W = ¢ /€x. Further we write W = 
Ve by identifying 16sec 8 WV with Y-)"e__es € V*, so that we have: <E' E> 
aa <E,E'>, <&",PE> = <P*E' E>, 


We also set 


ene = (ayo Go” [36 >0O s.t. a(x) are holomorphic in |x| < 6, 


vy a, (x) /vi + 0 and Vir a__ (x) are bounded as v + ™, 


both uniformly in |x| < 6}, 


d vv . 
={ } a (x)(—)° | Ake s.t. a (x) are polynomials of x of 
E Se see v dx v 


degree $ k}, 
and get: yore = er a an aS 


‘ _ (Gy7¥, 6 (0) ‘ : : : _ 
Consider the operator W = bt ore cER which is monic (i.e. oy 1) 
so that oe is again an operator of the same kind which we shall write wt = 
d,\-v . ; . 
) Ge sw with Ww = 1. Let W denote the totality of such monic operators 


W e Ee with @ = ((x)) (= the field of formal Laurent series in x, which 


is the field of quotients of C[{[x]]), satisfying the additional condition that 


. -ln (0) : m n 
x 
there exists m,neW s.t. x Ww and W x both € Cetix)] (i.e. x wy, and x we 
€U([x]] for v=l,2,...). Set v? = 8 Te CV; ve is also characterized by 
v<0 
the property that its Plucker coordinates by = 1 or O according as Y= or 


-1 . ~- 
not. For W el” we set y(W) = (W Sur, where n is so chosen that W ca € 


a This definition of y(W) does not depend on the choice of such n. 


o- ye) 


(This is because xV' = V 


Theorem 5. For W€W’, y(W)€GM and this map is bijective, namely 


yi 9% om. 


In this correspondence, the inverse images of out in and gy2na()) 


wi and wre) | respectively, where FY aha awn ena) and 


are given by 


fi . -1 
We Woke = wey | Ammen, s.t. WE)" and (2) € Bec): 
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t Met hPte es -1 
€ as in §2, and let W= W(t) = Y (€ (t)) 


Theorem 6. Let &(t) =e 
€W be the corresponding microdifferential operator. Then the evolution of 


w(t) in t is given by 


ow 


sig re yates nat 
[Ww] 3e_ = BW We) , with BY (WC) w Ye 


(BL is a differential operator of the n-th order.) 


Theorem 5 tells that conversely any solution of [W] is given in the above form 


in a unique way. More explicitly we have 


-3 ; a. )t 
ve Py (- 9) T(t 56) a2 Pi(8,) Tes) 
vO T(t 3) ee es CY 9) : 
ue xttL to xtt) 
where P,, represents the character polynomial X y for Y= A v 
> 
Re: or _ Glave, _ 
Put L = Wa . Then Ls= } ug) with uz, u,=0;5 and u,, are 


v20 


differential polynomials of w NESW fs and the above system of evolution equa- 


1° 


tions for W immediately implies that for L as follows: 
: n 
fh] 3c. Bah - LB,» with B, = (Lh), 


which is also equivalent to the following system: 


3B oB 
Lo ee Se a eile a 


which constitutes the integrability condition for 


<a 
(vy) ge = By. 
n 
: bo : in 8 _ T(t3€') 
(Incidentally, the explicit solution for is given by p= T(tsb) . 


ti” titx 
where &' is any element of GM containing N& (as subspaces in Y).) 
[L] (or [B]) gives infinite number of non-linear equations for Uys Ugzrttts 
known as the equations of Kadomtsev - Petviashvili hierarchy (e.g. 3u + 


2,toty 


Explicit forms of the equations are easier to obtain for VooVastt* than for 
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u,,°** where v's are defined as coefficients of See Letv ut +v tens 
3 n dx 2 3 


ive is a differential polynomial of u fife and conversely uw is that of 


VoottrsVise-8. -) = “Uy > V3 = “Ug, etc. and uy = “Vos uy = “V5> etc.) Namely 
we have 
' a = > 
W') pO Wy eva for ae 2, 
and its integrability condition 
= = > 
[v] Pf ask + See a 0, for m,n2 1, 
with 
fv) =v y+ $ Ve ysVingat 
n,m m+n Pr ass i+j i'+j 
iti'=m,j+j'=n 
: Y 
bom Vege eVen enters 
3 i ri! i's, j' ynaiiti 1+) 1 +) 
iti' +i"=m, paiagten 
as the equivalents of [] and [L], respectively. 
) 

i i ici i = -3 2 

Again, v_ is explicitly given by v= > (ps ,logt ) » for n22. 
1 ur ci +x 


so far, accounts are given for the l-component case. To generalize it to 


the r-component case we shall modify the notations as follows. For Vé Z and 


the , 
ae ee F ; P i xr 
O<i<r’ basis element e .€V is rewritten as és ) and operators A and 
rv+1 Vv P 
E i . as A and E.., respectively, so that we now have 
rvei,rvt+i ii’ P ys 


VE£ 
gers aM E ei) = 6 eS? 


v “+L? ii’ Vv ij 


For &€ GM we define its te Pan n the new set of time variables t = 


1 fi) by E(t) = % é. 


v OSi<r,v=1,2, 


Let the Young diagram Y be labelled by (Borrr rsh ), and for each i=0,+-+, 


mr-1 
r~-l, suppose that there are m of & 's s.t. & = i (mod r), whom we rewrite 


v 
as a rei) . Set m: =m ,-m to have Ym! = 0, and call XY; the 


v=0,-++,m,-1 
G) 


Young diagram labelled by 0 ha “,). Then we see that the single diagram 
L 


Y and the composite object (Yo sity ), ar Sees om _)? correspond to each other 
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in 1 to 1 manner. Accordingly, we rewrite as ¢ ; 
By by SOxg am) arte OY ) 


' 
rl rel 


with the possible change of sign caused by rearrangement of the suffixes R, ‘ 


If m' =O for i0,--+,r-1l, it is simply written as +& 4 
: Mgt AGY oes 


All the results for the l-component case are, mutatis mutandis, generalized 


to the r-component case. For example, 


(0) (r-1) 

T(tsE) = E (t) = } Et Xy (toe ex (t ) 

rere s6 Y a a ay 
O,ee+, rol 
with 1) = Ce ao ), and, as for W = y tece), 
BW ods, kG catet, BE dynal 
on BYW- WE, GD" with BY Ww EG ys 
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i: and L” Approximation of Vector Fields in the Plane 


Gilbert Strang 


Massachusetts Institute of Technology 


ABSTRACT 


We study four problems, two in i and two in tC 
whose analogues in in are the familiar minimum 
principles which lead to the Laplace equation. One 
possibility is to be given the boundary value t=g¢ 
and to minimize Iovll, or ||vyl|.s the gradient at a 
point (x,y) in Q is measured by [vy |? = ¥ + v. 

In the other problems we are given a vector field 

vi: @ > R®°, and minimize either Iowev!l, or '||Pw-vil.. 
In each case we use the duality theory of convex 
analysis to give equivalent statements of the problem, 
often with an interpretation in mechanics and often 


partly solved. Nevertheless some questions still 


remain open. 
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Approximation in the ie norm leads to linear equations 
(which are forbidden at this conference). In iP, 1< p<, 
the equations become nonlinear but much of the analysis 


continues to apply. In 12 


and L, however, the situation 
is entirely different: it is not the differential equation 
but the underlying variational principle that leads to an 
existence theory, and suggests how to construct the optimal 
solution. 

This note studies four typical problems for scalar 
valued functions on a simply connected domain QC Ro with 
sufficiently smooth boundary [. Each of the problems has 
a dual--a maximization instead of a minimization--and in the 
applications the dual is of equal importance. Where one 
variational statement is the "static’ formulation of a 
problem in mechanics, with stresses as the unknown, the 
other is the "kinematic" form in terms of velocities. We 
will study several combinations of boundary conditions and 
inhomogeneous terms, but not every possible combination, 
because already we ask the reader's consent about one more 
thing. In addition to the dual of each problem, there is 
another pair of optimizations (equivalent to the given one) 
created by a special situation in R*, that the general 
solution of divao=0 is t= (¥ya-¥y) for some 4. 
Therefore it will happen that each of our problems has four 
equivalent forms, and that one of them is simpler to solve 
than the others. (For the others we may learn only the value 
of the maximum or minimum, by duality, without finding the 
function which achieves that value.) Some questions will 


remain unsolved even with four alternatives. 
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The problems arise in the study of plasticity and optimal 
plastic design, and elsewhere; we will give references rather 
than a complete description of these applications. And we do 
the same for the proofs of duality; in our problems they come 
directly from the techniques of Ekeland-Temam {1}, who applied 
the Moreau-Rockafellar theory to a sequence of important 
examples in partial differential equations. Our chief purpose 
is to contribute some additional examples, and they have 
developed from our joint work with Robert Kohn and Roger Temam. 
We mention that optimal design leads to more complicated 
variational problems ([2-3] is part of a large literature), 
and also that perfect plasticity in R3 has required a new 
space of vector-valued displacements and a corresponding 
analysis [4-5]. The problems in this note are easier, but 
they have natural interest and it may be useful to organize 
them more systematically. 

At the end we discuss some applications in optimal design 


and the nonconvex problems to which they lead. 


1. The minimum of ||vy'l, with Dirichlet data 


It is this form which can be solved directly, but we 
begin with the four equivalent problems: 

1A. MIN Ilol|, subject to divo=0 and on=f on TF 

1B. MAX i uf subject to [f|vu] =1 

1c. MIN |[v#||_ subject to NY =e on T 


1D. MAX J gt-n subject to div t=0, fir =l. 
r 


Gilbert STRANG 


The conversion between 1A and 1C is by o = (Yyerty)s a 


rotation through 1/2 of Vt. It follows that 
f = o-n = V¥-t = dt/ds, the tangential derivative of J. 
Therefore Y = g = if ds up toa constant on YF; it is 
assumed that Jt ds = 0 on the closed curve I. 

Similarly 1B and 1D are connected by 7 = (uys-Uy)s and 
integration by parts on T. 1B is dual to 1A, and 1D to 1c. 

The solution of 1C comes from an extension lemma proved 
independently by McShane and Kirszbraun for Lipschitz 
functions on a metric space. Their construction applies 
equally to Hélder continuous functions, and was followed by 
deeper results of Whitney and Calderon. In our case the 
metric is the shortest distance within Q; it is Euclidean 
distance, if Q is convex. Then the quantity |lvvl|_ to be 
minimized is the Lipschitz constant for . The lemma extends 
g on YF to t on Q with no increase in the Lipschitz 
constant, by the simple construction 


#(P) = max (g(Q)-a(P,Q)]. 
Qe 


Therefore the minimum in 1C is immediate: it equals the 
Lipschitz constant for g, and Problem 1 is solved. 

This provides a natural analogue for continuous flows of 
the max flow-min cut theorem of Ford and Fulkerson. Instead 
of a finite network with capacity constraints on the edges, 
the flow through 9 is described by a vector field © and 
its capacity by |o| <1. The possibilities of varying 
capacity |o| < c(x,y) and nonzero sources div o =F within 
Q are included in [6]. Iri created a similar theory with a 


neat application to traffic in Tokyo [7]. 
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We give a brief but very informal derivation of the 
optimality conditions that connect 1A to 1B, with u(xsy) as 
Lagrange multiplier for the constraint div o = 0. The saddle- 
point (Lagrangian) form is 


min max{ {lo!| + SSu div o] = max min{ Noll. - ffo-vu + juf]. 
O-n=f u u ef 


The final minimum over o is -~ if If ivul > 1, and otherwise 


it is fur as in 1B. The optimality conditions are 


oll = [fo-ou, fyivul = 1, 


which gives an interesting form for u. [It is the character- 
istic function, or more exactly a multiple 1/|P-Q| of the 
characteristic function, of the set bounded by the line 

between P and @ on [I --where these are the points (not 
necessarily unique) at which g attains its Lipschitz constant. 
Thus Yu = 0 except across this line; on the line, Yu is a 
singular measure of mass one and oso is the normal vector of 


magnitude ol. 


Example 1: g = sin ® on the circle 9 of radius r < 1/2. 

The Lipschitz constant is l/r, between the points P = (0,r) 

and Q = (0,-r). An optimal u is zero in the semicircle 

x > O and 1/2r in the complement x < 0. An optimal 4 

{not the same as McShane's extension) is = y/r, with 

a = fare) = {1/r,0), and o is normal to the diameter PQ. 
A less trivial example, with more uniqueness, would start 


with an elliptical Q. 
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2. The minimum of voll, with Dirichlet data 


Again we give the four equivalent extremal principles: 


2a. MIN [{|o| subject to diva =0 and on=f 
qo 


t 
=) 


2B. MAX f uf subject to |lvuj|, = 
if 


2c. MIN {f|v¥| subject to § =g on T 
2D. MAX Jet-n subject to div T= 0 and ate =. 
The connections among 2A-2D are the same as for 1A-1D. 

In this case it is again 2C (the least gradient problem 
[8]) that can be solved most directly, using the coarea formula 
for a function (x,y) of bounded variation: 


ao 
[Sivulaxay = [ ly, lat, 
eo 


where Y, is the level set where ¥ = t and ly,! is its 
length. More precisely, since % could be constant over a 

set of positive area, we construct E, = ((xsy) € Q: W(x,y) > t} 
and then Ye = oE,NT. This coarea formula and its generaliza- 
tions are a valuable tool in geometric measure theory [9-10]; 
for a smooth function 4%, or a piecewise linear function, the 
proof is straightforward. 

To minimize |[vwll, is to minimize for each t the length 
of Yee subject to the requirement that Yt connects the 
boundary points at which g = t. (Again a more precise form 
may be required; the set Ey must contain the set on which 
@ >t. We note that for w of bounded variation, with trace 
g in Li(r), the function ly,| is defined for almost all 
t and is integrable.) 
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Example 2. g = cos 26 on the unit circle Q. The ie norm 
of t is smallest for the harmonic function J = r* cos 286, 
zero only on the four rays to 8 =+ w/4, asl 3r/4. But the ie 
norm is minimized by a function % which vanishes over the 
whole inscribed square of side /2 with these rays as 
diagonals. Between the square and the circle, the level lines 
# = constant are straight, to minimize |y,|. To the right 
of the square, for example, J = ax?-1: constant on vertical 
lines x = constant, and agreeing at the boundary r=1 with 
Z = cos 26 = 2 cos“ 0-1. 

In the duality with 2B, the optimality condition imitates 


1B above to give 
Sflol = ffo-v, Ivull = 1. 


Therefore Yu is a unit vector in the direction of 6 where 
a #0, and elsewhere |Vu| < 1. In our example we had 

4 = 2x°-1 and « = (0,-4x) in the section x > 1/2 of the 
circle. Therefore Yu = (0,1) and u*=-y. Similarly 

u= +x or +y in the four quarters of the circle--but not 


uniquely so in the inscribed square where %§ =O and o = 0. 


3. The i approximation of a vector field by a gradient 


The given vector field is v = (v,(xsy)sVo(xsy)), and it 
is itself a gradient if F = ov, /oy - dv,,/3x = 0. Otherwise 
the maxima and minima will exceed zero in our four equivalent 
problems: 


3A. MAX -{[v-co subject to div a= 0, o-n=0 on TI, 
Qa 
jo) <1 in Q 
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3B. MIN jf |¥wev] 
a 
3c. MAX '[F¥ subject to t=0 on IT, [VH{ <1 in 


3D. MIN jf|t| subject to div t = -F. 

In 3D, Tt is the rotation of VYw-v through 7/2; the 
divergence of Uw = (-wyW,) is automatically zero, so that 
div tT = ~-div v = -F. Again we use a property special to R*, 

In this case it is 3C which can be solved at sight, 
provided we assume F > 0. To make [JF as large as possible 
is to maximize § among functions vanishing on TI with 
|vy| < 1. The extremal function is ¥ = distance to IT, and 
this choice gives the optimal values in 3A-3D. 

For F of varying sign the problem is much more difficult 
and interesting; we believe it to be unsolved. On an interval 
in Rt the optimal 4 has #' = +1, and the “breakpoints” 
can be determined. 

A construction of the optimal w (assuming F 2 0) was 
given by Mosolov {11]. The computation is more delicate than 


that of %, and is guided by the optimality condition 


eo Vw-v 
TVw-v 


at every point where Yw #4 v. 

Example 3. v = {ys-x) and F = 2 on the unit circle. On 
this domain ¥ = l-r, the distance to the boundary. Therefore 
a = re, is the unit vector field tangent to the con- 
centric circles r = constant. It happens that in this 
instance w#] 0. The optimality condition displayed above 

is satisfied by o = -v/|v|, and therefore v = (y,-x) 

"cannot be approximated by a gradient." The closest approxi- 


mation is null. 
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This choice of v arises naturally in the torsion of a 
cylindrical rod. The vector 9a gives the shearing stress and 
«[fv-o is the associated moment resisting an external force 
that twists the bar. The maximum in 3A, subject to the limita- 
tion |c| <1 for a plastic material, is the limit moment of a 
bar with cross-section . This is the largest torque the bar 
can resist; the angle of twist approaches infinity and the bar 
becomes fully plastic (j{a/ = 1 throughout 4). 

The dual variable w(x,y) measures the "warping" of each 
cross-section out of its original plane--and for the circular 
bar of Example 3 each cross=section remains plane and w = 0. 

The minimization 3D has a further mechanical interpreta- 
tion. It again refers to a bar with cross-section , but now 
subject to the axial force F(x,y). This body force is 
resisted by shear stresses 7 = ge vats and div Tt = -F 
expresses equilibrium. Then SSte is proportional to the 
minimum weight of a bar which can withstand the load F. It 
is a specialization of the Michell-Prager theory of optimal 


design to the case of pure shear [12]. 


4, The L” approximation of a vector field by a gradient 


For given v, with F = -div v* and 7 = (vw-v)* as 
before, the equivalent problems are 
4a. MaX -[fo-v subject to div s=0, o-n=0 on T, lloll, =1 
4B. MIN ||vw-vi|l_ 
4c. MAX [FY subject to #=0 on TF, |lvvi], = 1 
4D. MIN |[ti|, subject to div Tt = -F. 
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Our method is to apply the coarea formula to 4C. We want to 
show that the optimal t is a multiple of the characteristic 
function C of some subset E©< 1. The coarea formula can be 


written as 
vel, = J ecg ily dt, 


where C, is the characteristic function of E, = {v >t). 


It is not difficult [6] to show that also 

JJre = (ffre,) at. 

Q =O 
Suppose M is the maximum in 4C, and suppose that 

JdFC < (M-€)!l9c!], 

2 
for every characteristic function C. ‘Then choosing C = Cy 
for the optimal (or more precisely C = Cuz fora 
maximizing sequence of functions v,) we would contradict the 
previous equations by integrating over t. Therefore the 
maximum (or supremum) is attained in 4C by a normalized 
characteristic function t = c/||vell, . 


In other words, Problem 4C is equivalent to the simpler 


problem 
[fjre| 


om E (area of &) 
- HVCha ees perimeter of POE +E Le 


Whenever F is constant, we have an isoperimetric problem: 
maximize area/perimeter within 9. For F>O it is a 
weighted isoperimetric problem. And for F of varying sign, 
it is a generalized isoperimetric problem which is new to us. 
We have not mentioned the boundary condition f = 0, which 


seems to be violated if oc NF 40. Nevertheless the analysis 
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can be justified; it is the condition = 0 which must be 
relaxed [13], and the correct form of 4c is 
MAX J/F¥ subject to Sflowt + fo tel = 2. 
Q Q r 

Similarly Problem 2C can be relaxed by the boundary integral 
J}a-gl. The effect in Problem 4c is that the length of oc nT 
is included in the perimeter of C, and we reach the isoperi- 
metric problem described above. 

We show by example that the optimal wt can be computed 
(at least for F =1 and for simple domains). Since 4 is 
piecewise constant, changing only at the boundary of the optimal 
set C in the isoperimetric problem, « = (Wyart,) is a 
singular measure supported on 0oC --a "line of A&-functions." 
The optimality condition connecting it to 7T gives only 


moderate information: 
I7| = Ilr], on oC (and 7 4 a). 


We have no method for computing T in QQ. 


Example 4: v= (y,-x) and F = 2 onthe unit circle Q. 
This is the oldest of all isoperimetric problems, and the 
subset which maximizes area/perimeter is C =. The vector 
field +t is radial, witn div tT = -2, and again the nearest 


gradient to v is YWw=o0. 


Example 5: v = (y,-x) and F = 2 on the unit square , 
with vertices at (+ 1/2,+ 1/2). The optimal subset C is 
neither the whole square nor the inscribed circle. Instead 
it is a compromise [6,14] whose boundary coincides with [| 


except for quarter circles of radius (2 + Ji)7t in the four 
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corners of the square. (They are tangent to the square, so 0aC 
is smooth.) We have so far been unsuccessful in determining 
a corresponding vector field 7 with div 7 = (2 + J) Wri. 

It exists, by duality theory, and we have offered a modest 
prize (10,000 Yen at the U.S.-Japan Seminar) for its discovery. 
It would be interesting to compare these os and L- 

optimizations with the corresponding discrete problems in gi 
and 0” There the optimality conditions are classical, and 

the best approximations must approach our solutions (including 
the characteristic functions) in an irregular but consistent 

way. The rate of convergence, and the pattern of error in the 
discrete problems, should be visible from numerical experiments-- 
since this is a class of discrete problems in which the con- 


tinuous limit can be solved. 


We hesitate to propose a more complete list of dual varia- 
tional problems of the same type. Harmonic functions will 
appear for optimization in i, and the special property of two 
dimensions (which produced all the second pairs of equivalent 
problems) introduces the conjugate harmonic. Within the list 
above there are combinations of conditions that earlier entered 


only separately, for example the combination 
MAX [[F¥ subject to # =g on TF and |vyll, = 1. 


This corresponds to applying both shear and torsion to a 
cylindrical rod, and it is solved (if the constraints are 
compatible and F > 0) by the maximal function 
¥(P) = min [g(Q) + d(P,Q)}. 

A related problem mixes L? and c and has become a 


fundamental example in the theory of variational inequalities: 
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min [[ dlvw|® - oF subject to ¥=0 on T, Wvi, <1. 


The dual minimizes a combined norm 
fs 1 2 1 
Hwwevll) oo = ff min (=| Wwev| > |Ywev] - 5) axay. 


This seems appropriate also for "robust statistics," in which 
the least squares model (Gauss-Markov linear regression) is 
natural--except that it assigns too much weight to observations 
that lie far outside the normal range. These outliers are less 
significant in ee and a mixed norm is more realistic. 

Finally we mention optimal design, which is subject to all 
these constraints and one more: it begins as a nonconvex 
problem, to minimize the support of 9. A typical case, for 
longitudinal shear in a plastic cylinder, is 

tr ff 1 subject to div o = 0, an =f, jjoll, 
(940) 


The integrand Jumps from O to 1 at o = 0, and from 1 


ee 


to » at |o{ =1 (since |o{ > 1 is inadmissible). The 


i 


equivalent "relaxed problem” replaces this integrand by the 
largest convex function which does not exceed it: it equals 


lol for Jo] <1 and » for |o{ > 1. In this new problem 
MIN JJ|o] subject to divo =0, sn=f, loll, <1 


there exists an optimal solution (which is a weak limit of 
the highly oscillatory minimizing sequences in the original 
problem). The solution can actually be computed by modifying 
the construction in 2C to account for the new constraint 

Jol = {V¥| < 1. It gives the admissible structure of minimum 
weight. 


There is also a more delicate class of nonconvex problems, 
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whose relaxed form fails to be convex: instead it is polyconvex. 
In a forthcoming paper with Kohn we study elastic design subject 
to two loads, leading to the new minimum principle 


INF ff t]o|°+|r]° subject to diva=divt =0, 
(jo|+}7]40} 


on=f, T-n=@. 
In this case o6,t represents a 2 by 2 matrix; with n 
loads it would be 2 by n. Only the case of a single load 
leads to an equivalent convex problem; for n= 2 _ the 
relaxed integrand is polyconvex-~a convex function of 4,7, 
and their determinant D = 9°.1t. ‘The underlying theory was 
developed abstractly by Morrey [15], and more recently by 
Ball [16] and Dacorogna {17]. Perhaps our example is the 
first involving all three arguments in which this polyconvexi- 


fication has been found. 
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Deformation formulas and their applications to 


spectral and evolutional inverse problems* 


Takashi SUZUKI 


Department of Mathematics 
Faculty of Science 


University of Tokyo 


We describe our recent results on spectral and evolutional 
inverse problems. Our main interest lies in the uniqueness 


of the problems and 24 theorems will be stated. 


§1. Summary. 


In this article, two topics are taken up: inverse problems for evolution e- 
quations and inverse problems for spectral theories. These two are associated 
with each other, and our methodology of the study is the same. That is, the de- 
formation formulas, which are simple and are easily proven. 

Our first topic, the inverse theory for evolution equations, studies the fol-~ 
lowing problem: By observing within a ceatain area the values of the solution of 
an evolution equation, can we determine the coefficients or the initial value of 
the equation ? Many authors have been interested in such a problem, and some of 
their works are referred to in Suzuki (29,30,31]. We here refer to Lavrentiev [13 
514], Nakagiri [25] and Kohn-Vogelius [42], and also Kitamura~Nakagiri [12], Seia- 
man [28], Pierce [27], Suzuki-Murayama [41] and Murayama [23]. Actually, the lat- 
ters are related to the problems which we study here. In this article, we consid- 
er parabolic equations on compact intervals and on circles, and give conditions 
for the equations to be determined through various observations. Details will be 
described in §§ 2 and 3. 

Our second topic, the inverse spectral theory, determines a differential op- 


erator by its spectrum. This kind of problem has been investigated for Sturm- 
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Liouville's operator by V. Ambarzumian, G. Borg, N. Levinson, I.M. Gel'fand, B.M. 
Levitan, M.G. Gasymov, V.A. Marchenko, B.Y. Levin, H. Hochstadt and B. Lieberman 
({2], [2], [27], [5], [18], [20], [16], [10], [11]), and for Hill's equation by G. 
Borg, H. Hochstadt, P.D. Lax, W. Goldberg, H. Flashka, B.A. Dubrovin, V.A. Mateev, 
S.P. Novikov, H.P. Mckean, P. van Morebeke, E. Trubowitz and others ([2], [9], [1 
55 [6,7], [4], [3], [el], [22]). Im 884 and 5 of the present article, we re- 
examine these studies from the viewpoint of our deformation formulas, and come up 
with some new results, among which are involved crucial improvements on their the- 
orems. 

Throughout the present article, the "deformation formulas” play an important 
role. The first and the second ones will be stated in §§ 2 and 3, respectively. 
These connect eigenfunctions of two separate differential operators by integral 
transformations, of which kernels satisfy certain hyperbolic equations. We are 
inspired by. the Gel'fand-Levitan theory [5] in deriving these formulas. By using 
these deformation formulas, the answers to our inverse problems are sometimes ar- 
rived at a certain non-linear equation, which we call the "G - equation”. A typ- 
ical example of this can be seen in Theorem 2 of §2. 

This article is made up of five sections. As mentioned above, we show in 82 
some theorems on inverse problems for parabolic equations which are proven by the 
first deformation formula. Theorems on similar problems whose proofs are based 
on the second deformation formula will be stated in 83. §§ 4 and 5 are devoted 
to the study of inverse spectral problems for Sturm-Liouville's operator and for 
Hill's equation, respectively. 

In this article, proofs of theorems are not explicitly stated, except for a 


few allusions to them. See the papers referred to there, for the proofs. 


§2. Inverse problems for evolution equations (I). 


2 
For pec" [0,1], heR, HeR and aeL (0,1), Let (E 


) be the parabolic equa- 
p,h,H.a 


tion 
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(2.1) <2 + (p(x) ~ 2)u = 0 (O<t<o, O<x<1l), 
with the boundary condition 


du - du = 
(2.2) eo ee ee (O<t<e) , 


and with the initial condition 
(2.3) yy = a(x) (O<x<1)., 


As is well-known, if the initial value a and the coefficients (p,h,H) are given, 


there exists a unique solution usu(t,x) of (z, h.H a In particular, the values 
° ° ° 


of the solution on the boundaries €=0,1 are determined. Hence we obtain the map- 


ping 
1 1 
FU = Fr ot (p,h,H,a) |> {<u(t,0), u(t,1)> | T)stst,}, 
1-2 
i < < < 
for some T)»T, in Ost, Ts oO, 
Let (p,hyH,a)eCtl0,1]*RxRxL°(0,1) be given with the solution u=u(t,x) of (E, 
° 
n,H,a)” and consider the set 
1 ee =1 23 
M =P (F (p,n,H,a)). 
p,h,H,a TT, T,.T, 


It denotes the totality of equations (B, jad p? whose solutions v=v(t,x) have the 
° ° > 


same boundary values as those of u: 


ue = {(a,5 0 4b )€C- [0,1] xRxRxL°(0,2) | the solution v=v(t,x) 
p,h,H,a 
of the equation (E5755) satisfies 
(2.4) v(t,&) = u(t,é) (T,<t<T3 €=0,1)}. 


Since u and v are analytic in te(0,~), (2.4) is equivalent to 
(2.4") v(t,€) = u(t,é) (O<t<&; &=0,1), 


1 aot oe 
so that Me ow satien is independent of q or T,. 
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It is obvious that (psy Haem, hola holds. In the case of 
al 


(2.5) HG 


= {(p,h,H,a)}, 


on the other hand, these values {u(t,&) | T,StsT,5 €=0,1} determine the equation 


(B h.H a’ However, (2.5) does not always hold. For instance u=0 follows from 


a20 for any (p,h,H), hence 


1 


pee: = 


{(q,3.5,0) | qec*[0,1}, 3eR, JER} 


for each (p,h,H). We wish to give a condition on (p,h,H,a) for (2.5) to hold. To 


this end we introduce the following 


2 
Notation. The realization in fates of the differential operator p(x)—e2 


with the boundary condition (2.2) is denoted by . ho 
> > 


eigenfunctions of Ay hn H are denoted by fr, | n=0,1,2,***} and foC+5a.) | n=0,1,2,° 
> > 


The eigenvalues and the 


++}, respectively, the latter being normalized by (0,4 )=l. 0 


Furthermore, noting that each A, is simple (oReh ahgs sete), we give 


Definition. For each aeL°(0,1), we call 


Need ok | (a56( +50) ,2 =o } 


0,1) 


the "degenerate number" of a with respect to A, h.H? Where (avy )12( denotes 
s: > 


0,1) 


the i ann product. 


Then we have 


Theorem 1 (Murayama [23], Suzuki [32]). (2.5) holds if and only if N=0, 


+ i0 


where N is the degenerate number of a with respect to Be nH 
> ? 


This theorem is shown by the following assertion: The set Or (1,4) | n=0, 


1D eee i ; . 
25 } characterizes the operator ee 


| n=0,1,2,°¢°} corresponds one to one to the spectral function of a nH? and 
> > 


Murayama [23] found that Oho» o(1,A,) 
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showed the assertion by the Gel'fand-Levitan theory {5}. Suzuki [32] proved the 
assertion directly by the following first deformation formula: Let b=o(x,d)eC*fo, 
1] be the solution of 


2 


(2.6) (Sa + p(x) = 6 (Oxxs), (0,4) = 1, O"(0,2) = 


for each AER. (This notation is compatible to that of o(+,A,).) Set D={(x,y) | o< 


y<x<l}. Then, 


Lemma 1. For each p,aec{o,1] and h,jeR, there exists a unique K=K(x,y)ec”( 


D) such that 


(2.7.1) De ply)K = a(x)K (on D) 
1 x 
(2.7.2) K(x,x) = (j-h) + Sf (q(s)-p(s) ds (O<x<1) 
0 
(2.7.3) K (x50) = hK(x,0) (O<x<1). O 
Lemma 2 (first deformation formula, Suzuki [32]). For K in Lemma 1, 
x 
(2.8) PCx,A) = (xd) + f K(x.y)O(y,A ay (0<x<1) 
0 
satisfies 
2 
(2.9) (-S, + a(x))P = AW (Osx<2),  -W(O,A) = 1, wt(O,A) = 


for each AER. [] 


The point is that K is indepenent of A. On account of it, conditions on fr» o(1, 
1? | n=0,1,2,¢**} can be concentrated into those on K through (2.8). [32] proved 

the assertion mentioned above by the study of these conditions on K, together with 
(2.7). On the other hand, the proofs of Lemmas 1 and 2 are elementary. In fact, 

Lemma 1 is obtained by the method of Picard [26] (that is, “iteration"”), while 


Lemma 2 follows immediately from the integration by parts. See [32]. 


Furthermore by this method, [32] gave the following characterization of Me 
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H.a by the "G - equation", in case of 1SN<*, Namely, assume N<™ and 
3 


(2.10) (4,0(*sA 29 9) =O (Ashen) 
Q > 


<n. <n <'e*<n_< initi . 
for O<n, <n, mys. By definition we have (a,o( 2A), 


N). Putting 


0,1)*° for nény (1st 


n n 0 


we consider the following non-linear N-simultaneous ordinary differential equa- 


tion (G - equation) 


a? a 
(2.11) oe [(2s(Ge) + p)I - Ale, 


and set 
2 NW iss 
G= { Gec({0,1] +R) | G satisfies (2.11)}, 


dase N 
where »* and I denotes the inner product and the unit matrix in R , respectively. 


We set, furthermore, 


fat 


au. ‘aia {(q,§,J)eC7 [0,1 ]xRXR | there exists beL“(0,1) such that 
al 
(q,3,d,b) & Mo ngHaae 
Then, 
Theorem 2 (Suzuki [32]). Under these assumptions, for each (a,J JEM, ho 
od > 3 
2 : 1 : ; il : : ; 
4 beL (0,1) with (a5 ,SDIEM a is unique. ae eee is homeomorphic to G: 
we 3 (a,j,J) + GeG 
p,h,il,a es 
through the relations 
(2.12) qa2pt atig.o), jah + (G-0)(0), J=H- (Ge6)(1). DO 
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In particular, wa has 2N - degrees of freedom. G ~- equation (2.11) is ob- 


p,h,H,a 


tained by eliminating (q,j,J) in the relations (2.7) and in some equalities on K 


derived from (q,4,0)eM2 


re Nastya See [32], for the relation between b and G, and 


for applications of Theorem 2. 


Now it is natural that we nextly consider the mapping 


ees D : 
Ese ie peat (p,h,H,a) |> {<u(t,0), u(t x5) > | T)<tsT,} 
1? 270 
for Xo€(051), u=u(t,x) being the solution of (E,, h.H a Similar M can be consid- 
ered: 
1 Sr aa -1,,1 
=k. ( (p,h,H,a)) 
PrhsH,a,x, Pio T 5X TT ysXy Bollsts 
= {(q,j,05b ect [0,1 ]xRxRxL (0,1) | the solution v=v(t,x) 
of the equation (E, 5,d,b) satisfies 
(2.13) v(t,&) = ult,€) (T) sts; E=0,x5)}. 
Ve coincides with we in case x.=l. However, we unfortunately have 
p,h,H,a,x, p,h,H,a 0 
Theorem 3 (Suzuki [36]). In case of xoFl, we always have 
1 
(2.14) M {(p,h,H,a)}. 0 


psh,H,a,x, F 


Namely, non-uniqueness holds even if N=0, unless Xr. 


In view of this, we nextly consider the mapping 


2 2 
Poe Pa og ox? (pyhoH,a) |> {<u(t,0), ult,x)), u(t.xg)> | TstsT,} 
L220 
and obtain the following theorem, where 
2 2 -1, 2 
=F (p,h,H,a)) 
p»h,H,a,x, Ty oT >X T) To 2% 


= {(asjodb ec! [0,1 ]xRxRxL-(0,1) | the solution v=v(t,x) 


of the equation (E p) satisfies 


IedoJ, 


(2.15) v(t,0) = u(t,o), v(t x9) = ul(t,x,), v, (tox) = u(t x4) 


fo) 
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(T)<tsT,)): 


Theorem 4 (Suzuki [33,36]). Let N be the degenerate number of a with respect 


to SiH Then, 

(i) In the case of x)=1, 

(2.16) Me = {(p,h,H,a)} 
DP h,H,a,x, 3 2 i 


holds if and only if N=0. 


(ii) In the case of dx <1, (2.16) holds whenever N<, 


0 


(iii) In the case of XH (2.16) holds if and only if N<l. 


(iv) In the case of O<x a. we always have Me 


i 
ve pshsHa,x Fit Pot sta). Oo 


Thus, the position Xy plays an important role as well as the number N. Theorems 
3 and 4 are also proved by first deformation formula. Since the equation (2.7.1) 
is of hyperbolic type, having the properties of the domain of dependence and so 
on, the point x°5 comes to be important in Theorem 4. 


Before concluding this section, we briefly mention the connection between (i) 


of Theorem 4 and Theorem 1. In this case (xQ= ), (2.15) is equivalent to (2.4) 


with J=H unless a#0, so that Me is nothing but wt restricted to J= 
PhsH,a,xX, p,h,H,a 
1 2 
H. By Theorem 2, Miia has 2N - degrees of freedom, hence those of Mp sh Has, 
will be 2N-1 in case x.=l. In particular, 1 - degree of freedom remains even if 


0 
N=1, which explains why (i) of Theorem 4 holds. 


§3. Inverse problems for evolution equations (II). 


Let us now consider the mapping 


3 3 


i er (Poh sHya) |> Coult,x9), uy(tsa9)> | Tststy}. 


e) 


with similar M: 
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3 


0 ToT 52% 


= {(a54 50 9b )€C7 [0,1 XRxRXL=(0,1) | the solution v=v(t,x) 


3 
p,h,H,a,x 


-1 


=F (F (p,h,H,a)) 


3 
Ty »T59X 


of the equation (E z b) satisfies 
> 


Gods 


(3.1) v(t,x_) = u(t,x,), v, (65% 


5 Je gf toXy) (T,<t<T_) } 


0 1==—2°°° 


In view of Theorem 4, we see that 


) 


2 
(3-2) p»h,H,a,x 


= {(p,h,H,a)} 
0 


holds only if xq and N<l. In fact, if o<x a uniqueness (q,3,7,b)=(p,h,H,@) 


2 


doesn't hold even if we assume v(t,0)=u(t,0) (T 


0 


StsT,) besides (3.1), by (iv) of 


1: 2 


Theorem 4. Similarly, if 5<x,<1, uniqueness doesn't hold even if we assume v(t,1) 


) besides (3.1). Therefore, (3.2) implies x hence also im- 


: =i 
=u(t,1) (T,st<t 072? 


2 
plies N<1l by (iii) of Theorem 4. 


Fortunately we have 
Theorem 5 (Suauki [34,37]). If x =% and N=O, (3.2) holds. O 


For the case x3 and N=1, which is delicate, see [37]. Furthermore, we have 


Theorem 6: ([34,37]). Let xo#e and assume %x)<1 without loss of generality. 


Then (3.1) implies 
(3.3) a(x) = p(x) (x 


whenever N<o, [J 


Theorem 7 ([34,37]). Under the same situation Kx)<1; 
(3.4) Me 0 {(ap5yc 4b ect [0,1 ]*RxRXL“(0,1) | a(x)=p(x) (A<x<x,)} 
p»h,H,a,X, Gadors > 0,1) | q(x)=p(x AEXEXy 


= {(p,h,H,a)} 


if and only if N<1. QO 
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Similar theorems also hold for the case of O<x In view of Theorems 6 and 7, 
we call (xo) the "domain of uniqueness" in the case of 3<x9<l, which comes to 
be (0,x,) in the case of 0<x)<: 

These theorems cannot be proved by first deformation formula. In fact, in 
Lemma 2 $=$(*,) is requested to satisfy the boundary conditions $(0,A)=1 and $'( 
0,A)=h, which are independent of A. Without observing boundary values u(t,0) or 


u(t,1), we cannot apply this formula, Another deformation formula is needed: 


Set D={(x.y) | 1-x<y<x, dcx}. 


Lemma 3. For each pec'{o,1] and gec"[,11, there exists a unique K=K(x,y)e 


c°(D,) such that 
(3.5.1) Sia i ply)K = q(x)K (on D,) 
dig 1 
(3.552) K(x,x) = gy cate levle) as (S<xsb) 
2 1 
(3.5.3) K(x,1-x) = 0 (Sexs1). 0 
Lemma 4 (second deformation formule, Suzuki (34}). If $=$(x)ec*[0,1} satis- 
fies 
a2 
(3.6) (-s2 + plx))o = Ad (O<x<1) 


for AeR, then vev(x)ec[$,1] defined by 


xX 
(3.7) Vix) = 6x0) +f KCxylolyay —— (Zexe) 
: 1-x 
satisfies 
2 
(3.8) (Sos alx)v= ab Rexst), 9G) = 0G), WG) = 0G). 0 


The point is that no boundary condition on ¢ is assumed in (3.6) and that instead 
(3.8) holds only on [$51] in spite of (3.6) on [0,1]. To get a similar relation 
to (3.8) on [0,3], another K has to be constructed on Dos where D,={(x,y) | x<y<l- 


X, O<x<sh. 
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In virtue of second deformation formula, we can also study inverse problems 
for evolution equations on circles. Henceforth st denotes the compact interval 


[0,1] with end points identified. For pect (st) (i.e., pect (R), p(xtL)=p(x)) and 


2 ° ; : 
aeL (st), we consider the following parabolic equation (3 ‘a on gt. 


> 


(3.9.1) aa + (p(x) - x ju = 0 (O0<t<e, xa) 
(3.9.2) Yes0 = a(x) (xest), 


= 
Notation. aS denotes the realization in Lr (a! 


) of the differential operator 
Ss 

p(x)—s>2- The eigenvalues of are denoted by Or. | n=0,1,2,°¢*} (seed Sie sat 

o) and the multiplicitiy of rn is denoted by a(n). Note that a(n)=1 or 2. {9 


{ 1s2<a(n) } denotes the eigenfunctions of A corresponding to An and being nor- 


malized by Ho gl l2cghy=2- q 
Inverse problems for (E Pe are more difficult than those of ee aH a)? partly 


because of the existence of double eigenvalues of ae In order to overcome this 
difficulty, we consider several solutions of (E a) according to the idea of Naka- 
° 


giri [24]. We thus extend the notion of the "degenerate number" as 


Definition. Put o=max a(n) (=1 or 2). For the set of initial values {a! } 1 


<j<a}, let us consider the matrix 


7 3 
Ay eas Ong)n?(st) rejea, istcaln) 


for each n=0,1,2,***. Then we call 
N= #{ A_ | rank A_ < a(n)} 
n n 
the "degenerate number" of {a? | 1<jso} with respect to a. ‘a 


Let uv=u!(t,x) be the solution of (Ee mE (1<j<a). For simplicity, we henceforth 
‘ SS! 
j $s 
assume N=0, where N is the degenerate number of {q? | 1sj<o} with respect to As 
7 Ss 5 ap 
Let vev) (t,x) be another solution of (Ey pd) for some gect (st) and Det*(s ). 
% 


Then, 
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Theorem 8 (Suzuki [35,37]). Let x est and x,£8" satisfy the central symme- 


1 
try, say x,=5 and X= (20). Then the equalities 
J wid J aiid J 
(3.10) v (t,x, ) =u (t,x,), vi (tox, ) = ul (t,x), Vv (t,x,) u (t,x) 
(T)<tsT,; 1gjsa) 
imply 
(3.11) (q,b9) = (p,a") (isjsa). 0 


Theorem 9 ([35,37]). Suppose that x es? ana xe" don't satisfy the central 


1 
symmetry, and let ates” and Xp '€8" be the symmetric points of x and Xj» respec- 


F ade Joe ee ake, onl 
tively, say x, =5» a sts x, '=1(=9) and Ky FXo"5" Let A, At, B and B' be the ares 


_— aarind Lie an.) . - s s : 
XXoo X "X's XX, | and Xy'X) > respectively as in Fig. 1. Then (3.10) implies 


af oF 
= a 
: a 
Fig. 1 : 1 
*2 2 A 
BI x 
pare! 
(3.12) a(x) = p(x) (xeAuA'). O 


Theorem 10 ([35,37]}. Under the same circumstances as those of Theorem 9, 
the equalities (3.10) combined with either q(x)=p(x) (xeB) or q(x)=p(x) (xeB') im- 


ply (3.11). QO 


In virtue of Theorems 8-10, we can call AvA' the domain of uniqueness for this 


problem. Finally we have 


Theorem 11 ([35,37]). In case of p(xtg)=p(x) and a( x+5)=a(x) (xeR), the e- 


qualities 


)=wlt,x,)  (T ste?,s 2<Jsa) 


(3.13) w(t,x,) = meals wi (t,x Fe 


imply (3.11), where x,€8". a 
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: : 1, : 
In this case, one point x, 6 is enough for the uniqueness. 


§4,. Inverse spectral problems for Sturm-Liouville's operators. 


In this section, we consider the so-called inverse Sturm-Liouville problem. 


The first deformation formula will give crucial answers to them. Recall that for 


1y denotes the realization in L°(0,1) of the differ- 


peC [0,1], heR and HeR, A 


p,h,H 
eiteshh Abeeatge ook pO) wie Lhe Noun Wane bien. Coes BE ion. 2a 
ax ax |x=0 ‘dx )x=l °° 
= eee moc} <] cove i A 
Let fr, | n=0,1,2,°¢¢} (-0 Ay Ay 30) be OCA, nH? the eigenvalues of Ay nH 


Firstly, 


Theorem 12 (Suzuki [36]). Suppose q(x)=p(x) (o<x), j=h and 


(4.2) © OCA 4 5) (n#n, ) 


A 
aodod 


for gectfo,2], jeR, JeR ana n,eN={0,1,2,77*}. Then 
(4.2) A =A 
follows. 0 


Theorem 12 is an improvement of Hochstadt-Lieberman [11]. Actually they derived 


(4.2), assuming J=H and A €0(A ; 5) (n=0,1,2,°¢*), besides q(x)=p(x) (osx) and 
> 


God 
j=h. It is important that the converse of Theorem 12 holds: 


Theorem 13 ({36]). 


(1) For each Ae sn? n eR and Xp in O<x Ss there exist q#p, j and J such 
that q(x)=p(x) (O<x<xy), j=h and (4.1). 

(ii) For each on and ny on eN with ny FNy > there exist a#p, j and J such that 
a(x)=p(x) (05x) j=h and 

(4.3) A € OAL ya) (nn, n,). D 


Nextly, let us consider another Sturm-Liouville operator A y With o(A 
o,h,H poh, 

afyer > * ; : < s fo) 
ye) 1ANT for H*#H, along with a and its eigenvalues aa) 


oh,H O° 
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Theorem 14 (Suzuki [36]). 


(4) Suppose 


(4.4) dh € O(A ), A* € af 


n Q,j.d°* on A tae (n=0,1,2,¢¢9) 


for gec’[0,1], jeR, JeR and J*eR. Then, 


(4.5) (q,j,5,J*) = (p,h,H,H*) 

follows. 

(ii) Suppose 

(4.6) rn € OA, aa? (n#n,), ax € A, 5 ,a#) (neN) 


and either J=H or J#=H* for gec*(0,11, JeR, JeR, J*eR and nen. Then (4.5) fol- 


lows. Q 


(ii) of Theorem 14 is an improvement of Borg [2], Levinson [17] and Hochstadt 


{10}. In fact, they derived (4.5) assuming j=h, J=H, J*=H*¥ and 


(4.6") h = La (n=1,2,°°"), ae € o(A 


) (n=0,1,2,°¢%*), 
n 


asd o7* 


where (dag tOlA ) Coecy Serta): A proof of (i) of theorem 14 can be 


aod od 
found in Levin [16]. Levitan-Gasymov [18] reconstructed (p,h,H,H*) from {0 sA* | 


n=0,1,2,°**} under suitable conditions. 


The converse of Theorem 14 is obtained: 
Theorem 15 (([36]). 


(i) For each (p,h,H,H*) and n,eN, there exist (q,j)#(p,h), J#H and J*#H*® such 


that (4.6). 


(ii) For each (p,h,H,H*) and nj onneN with nj#n55 there exist (q,j)#(p,h), J and 


J* such that J=H, J*=H* and 
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(4.7) A Ee ofA , .) (n#n, » n)5 ME € o(A )  (meN), 


2 aoj.J* 


(iii) For each (p,h,H,H*) and n on, eN, there exist (q,j)#(p,h), J and J* such 


1 
that J=H, J*=H* and 


(4.8) teceragi 


= Aiea? (nén,), AK € o( ) (n#n,). 0 


A 
a.J.d* 


(i) and (ii) of Theorem 15 are generalized as follows by the G ~ equation. Recall 


the set G defined before Theorem 2: 


Theorem 16 ([{36]). Let (p,h,H,H*) (H#H*) be given with {A} —=0(A ) ana 
ae ee ee n n=0 p,h,H 
loo} 
* = ini <n.<n.<*ee<n < i = 
Pe See oA, ae) Let, furthermore, N be finite and OSn) n, Thy 2° be inte 


gers. Then, (q,j,J,J*) satisfies 


(4.9) Ae ofA, soa! (nny; 1<%<N), A¥ € oA, 5 ge) (neN) 
if and only if there exists GeG with 

(4.10) Gt(1) + (H¥* - (G*)(1))G(1) = 0 

such that 

(4.11) q=pt 2E(G+0), j=zht (Ge@)(0), J =H - (G+d)(1), 


J* = H* - (Geo)(1). 


Furthermore, the correspondence between (q,3,7,J* and G is homeomorphic. Q 


Hochstadt [10] showed more weakly that if j=h, J=H, J*=H* and 


(4.9') A Pg (n#ny 5 1<%<N), Me o(A . ..) (meN), 


a,J.J* 
then q satisfies the first equality of (4.11) for some GeG. 
Finally, set 


cv(o,1] = { pec[0,1] | p(l-x) = p(x) (O<x<1)}. 


eas i a: 
We say that A is (spatially) symmetric iff pec [0,1] and h=H. Suppose that 


p.h,H 
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A and A are symmetric. Put o(A 
ph ads a p> 


mtu Tmo (~20<Ug<u, <** +90). ahen 


J=OA bony (meg <A, Stee) and ofA 
adie 


Theorem 17 (Suzuki [38]). 


(4.12) ho= A (n=0,1,2,°°*) 
n n 

implies 

{4.13} A =A ae 


Asdod p»h,h 


The converse of Theorem 17 holds. More precisely, 


Theorem 18 ([38]). Let a symmetric operator A be given with a(A )= 


p,h,h p,h,h 
Oo ‘ = =. ba - 
TAs Jaca Let nen, Then a symmetric operator Aa 4.3 with SC ee ae ae sat 
isfies 
(4.14) Ws # an (n#n, ) 


if and only if there exists geC’ [0,1] satisfying (G - equation) 


(4.15) fog = (Gable, + P= AL Ie (Osxst) 
with 

(4.16) g(i-x) = (-1)"1*te(x)  (oxx<1), 

such that 

(4.17) a=pt agg 600A, 1) j=h + (0). 


Furthermore, the correspondence between {q,j) and g is homeomorphic. D 


Here the notation (2.6) of $(+,\) is adopted. Since such g#0 as (4.15)-(4.16) ac- 
tually exists, for each symmetric operator A and njeN we have a symmetric op- 


#A 


p,h,h 


erator A satisfying (4.14) in spite of A 2 
QsdeJ ae P a.33” p.hyh 


In this way, (do characterizes a symmetric operator A Naturally, 


poh,h” 
we wonder if (4.14) combined with j=h implies q=p. Actually, the study of (4.15) 
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gives 


Theorem 19 ([38]). In the following cases, (4.14) with j=h implies (4.13) 


for symmetric operators A and A : 
s psh,h dade’ 


(ii) ny € o{An). 


2 


Henceforth AS denotes the realization in L°(0,1) of 2 +p(x) with Dirichlet 


boundary condition: hse 


Borg [2], Levinson [17] and Hochstadt [10] proved Theorem 19 for the case of (i). 
Recently, we have succeeded in proving the converse of Theorem 19. Put a 


={,°} © 
n 


mmc Ocoee ae ° : . > =}? 
nel ( -00: APSAS 70), It holds that di e0(Ar) implies n)>1 and A) =A? . 


1 al 


Theorem 20 (Suzuki [39]). Let a symmetric operator A and an integer ees 


p.h,h 


= 2 ° oy? Lao 
pshyh? 0 3-0" Suppose nae where (Ab) el o(Al). Then, 


: . = “ 
there exists a unique symmetric operator Roi with o(A, 5s) mies such that 


a¥p, (4.14) and j=h. Furthermore, such geC2(0,1] is given by 


1 be given with o(A 


= L'), 
(4.27) a=p- ak), 
where 
(4.18) L= L(x) = o*" (x)? (x52 )- * (x50? Jo" (xr, ) (>0). 


1 1 ay 1 
Henceforth o*=6*(+*,) is the solution of 


2 


(4.19) Cree: + p(x) )o* = Ad*, o*(0,A4) = 0, O*'(0,A) = 1. O 


Namely, for each pec) [0,1], heR and n,€Nz{0,1,2, ++}, the set 
_ 1 : 0 : 
Q= {geC [0,1] OAL = Ha nso satisfies (4.14)} 


coincides with {p} if and only if either n,=0 or dn =A (n,21), and otherwise 
J: 1 
coincides with {p, p-2(L'/L)'}. For given pecs [0,1] and n,21, Fig. 2 describes 
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foo) foe) 
i jj 1 i] -_ x =I 
the set of (q,h) which satisfies (4.14) for Au Tg O(A ) ana { nine0 ofA 


q,h,h poh, 
! d 
nh) A bifurcation structure can be seen. Here h =5'(0)/s(0) with s#0, et 
1 
p(x) )s=h° s and s(1-x)=(-1)"1ls(x). It holds that X  =A° aif and only if h=h_. 
aa h Mis *y 


heh ly oa 
Bae 


Figs. 12 


et 


The key to the proof of Theorem 20 is the following theorem, which states a 


relation between ala, e h? and o(Ar) and by itself is interesting: 
> ; 


1 ©yes},01 © Ojai 
Theorem 21 ([38]). For psgeC [0,1], let o(An) AP} =r? o(AC) Cu ter Let 


njeN*={1,2,¢¢°}, Then 


(4.20) We = re (n¥n, ) 


if and only if there exists heR such that 


) = 
(4.21) Ly dn (nn, ), 
fea) foo} 
for tA ag@ (Aan gn?? Tr tneo OAD an Furthermore, in case of q#p, we have 
(4.22) lie, ASRS 2s i. “Sec. 
ny ny ny ny 


We conclude this section by the following 


Theorem 22 ({39]). Let AL nh and A353 be symmetric operators with (rt n=0 
= eae } 
OCA, nn and fu) 20 OAL yg) Assume (4.14) for nen and also 
(4.23) 4(q(0)-p(0)) = (j#h)(J-h). 


Then, (4.13) follows. 


Thus, (4.23) is more powerful than j=h to get uniqueness. 


Similar results to Theorems 19-22 are expected for the problems considered 
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in Theorems 12-13 and Theorems 14-16. Furthermore, it would be interesting to 


consider 
(4.24) uo=A (n#ng 3 1<2<N) 
for (1.14) and to study similar problems to those in Theorems 19, 21 and 22. We 


shall discuss them in a forthcoming paper. 


85. Inverse spectral problems for Hill's equations. 


In this section, we refer to our results on Hill's equations obtained by sec- 
A: 7 
ond deformation formula. Recall that S denotes the compact interval [0,1] with 
end points identified. 
L peek _ : F 
For peC’ (S'), let us consider Hill's equation 
a2 
(5.1) (-Sa + plx))b = A (-o2<x<e) 
for X}eR. The discriminant, the trace of the monodromy matrix M(A) (see Magnus- 


Winkler [19], for example), is denoted by A(A). The solutions of A(A)=t2 are de- 


noted by {A } = with sii <h, <A, <A 3h <eeet0, Let A be the realization in L*(s? 
7 8 n=0 Q “1="e a D 
) of ~2y+p(x), where st is the compact interval [0,2] with end points identified. 


A 


: S ode ¥ “3 : ‘ z 
Tt is known that Lo aae coincides with o(An)s the eigenvalues of aS with multi- 
; ; 7. P S F a 
plicities counted in. Let o, be the eigenvalues of A, corresponding to AD nor~ 


malized by lI, ||,2 “1\=l. Then, it is also known 


L°(st) 


A A 


o(x#2) = ¢ (x) (nz0,3 (moa 4)), (#1) : 6 (x) (n21,2 (mod 4)). 


A A 


See [19], for these facts. Set Teg, Aon) (n=1,2,***). Then, p is said to be 


of N - "finite band" iff I= (n#n,3; 1<%<N) for some O<n,<n,<**<n <#. Hochsatdt 


go S's ie N 
A Db eg Lig ba ea co, 1 
[9] proved that if pec’ (S) is of finite band, then peC (S°). 


207 1 no . Spee hese uaa oh 
Let peC (S') be of N - finite band with (a ema 0 (00< A <A, SAA 451, < 


Aa A a na 


wo), Set Lt Oon 1 Aon) and [I J=[A, a Aa! for n=1,2,°°*, and assume 


(5.2) I =o (n#nps 1<2<N) 


308 Takashi SUZUKI 


Aa a n a 


<n, <n <***<n< Take another géC (gt) ith o(a®jatn } (ane <u. <u,<pi< 
eee < 
for 0 n, <a, ny <7. € another qgé w 0 uy U5 v3 Hi 


Aa 


) and (a Jel Mo yon) Then, 


Cees = 
20), and set J (Uy Hon 


Theorem 23 (Suzuki [40}). Suppose that for each n#ny {1<2<N) there exists 


some m(n)eN* such that 


(5.3) La Bed (n#nys 1S£<N). 
Then, 

(5.4) Mee dn (n=0,1,2,°**) 
holds. 


Hochstadt [8] showed that conversely 
(5-5) lacey) = cay! (1sASN) 


implies (5.4), assuming gec(st) also to be of N - finite band. 
We conclude the present article by characterizing the set 


A 


Q.= {gec"(s?) | (5.4) nolas for (u 12a (AS) 


; tae oe - o * co 41 ,2N+1 
through G - equation. Set ¢= ($o9Oncq Pala) on nw) Pacer EF (S”R }s 
rages 
0 
Xn(1) 3 
n(1)+1, 0 
A = eo, 
) An(N) h 
n(N)+1 
and 
G = {cee*(st+ eI) | G = * (5B y 98 By oy) satisfies 
(5.6) Org = (2246-6) + p)t- ANG (xeR) 
: axe? ax Bikes 
(5.7) eg(xer) = (-2)9% Q(x) (ocean), gy(xt) = (2) g(x) (agegn) 
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(5.8) G(x)*d(1-x) = 0 (xes?) }, 
In (5.7), the notation n(0)=0 is adopted. Then, 
Theorem 24 ([40]). qeQ if and only if there exists GeG such that 


d 
(5.9) q=pt 5,6 G°e). 


Furthermore, the correspondence between q and G is homeomorphic. 


Mckean-Moerbeke [21] showed that G is homeomorphic to tig the N - dimensional to- 


rus. We conclude that so is G by Theorem 24. However, the direct proof of get 


has not been obtained yet. 


Footnote 


* This work was supported partly by the Fiiju-kai. 
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1. Introduction 

We consider a gas flow having a prescribed constant velocity c€ R at 
infinity and passing by an obstacle Q° R". Such a flow has been discussed by 
setting an exterior problem for the Euler or Navier-Stokes equation. There are 
many literatures on the existence and stability of stationary solutions for the 
incompressible case, but few for the compressible case, which gives a better de- 
scription of gas flows. We mention the works [2], [8] in which the compressible 
Euler equation is solved for small c on the existence of two-dimensional isentro- 
pic, irrotational stationary flows, whose stability, however, is still open. We 
should also mention [7] which solves the compressible Navier-Stokes equation in 
the large in time for c= 0. 

The aim here is to discuss the exterior problem for the Boltzmann equation 
describing our gas flow, and specifically to show for n23 that if c is 
small, then stationary solutions exist and are asymptotically stable in time. 

The special case c = 0 has been solved in [1], [9] in the large in time, for 
which stationary solutions are trivially given by Maxwellians. When c # 0, non- 
trivial stationary solutions appear. 

Put & = R'\o. We assume that @ is a bounded convex domain in R” with 


piecewise smooth boundary 00 = do. Let £f£ = f(t,x,&) denote the (probability) 
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density of gas molecules having the position xe and velocity & ¢€ R” at time 


t e R,- Then we shall study the following nonlinear initial boundary value prob- 
lem on f. 
(tay Sf 2 ~-0_£ + Offs £] (t,x,5) € R, * Q * aR 

iv ot x > > 1 > + % 

= 2 
(lelb)  £> g.6@) = exp(-[E-c]“/2), ({xl + ©), (E46) © RL * RY, 
= + = 

(l.lec) yr=mM f, (t,x,6) € RX S, 
(leld) — figig = fg» (x,6) € @ * Re", 


The equation (l.la) is the Boltzmann equation, where * denotes the inner 
product of R” while Q, called the collision operator, is a quadratic integral 
operator in the velocity variable & whose kernel is the collision cross section 
specific to the intermolecular potential. We assume the cutoff hard potential in 
the sense of Grad, see [5]. 

In the boundary condition (1.1b) at infinity, B, (6) is a Maxwellian which 
describes an equilibrium state of a gas moving with the mean velocity c. 

The boundary condition on 92 = 90 is (1.1c), which expresses reflections 
of gas molecules by the wall 90. Let n(x) denote the unit outward normal to 


92 at x € 98; and put 
+ n < 
Ss = {(x,&) « xR | n(x)*£>0} (same signs). 


+ + 
Then Y are the trace operators Y f = £| ,, and M is an operator which maps 
g* 
+ , - : 
functions on §S into those on S. If the reflection at x € 02 causes a de- 


terministic change of molecular velocity from m(x,&) to €&, then we are given a 


map S 2 (x,£) * (x,m(x,&)) € S* and 


(1.2) My'£ = £(t,x,m(x,&)). 
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For example, m(x,&) = €-2(€n(x))n(x) for the specular reflection and m(x,&) = 
-€ for the reverse reflection. We employ the regular reflection law of [6] for 
the function m(x,€). Non-deterministic reflection laws are also possible phys- 


ically, an example of which is the diffuse reflection 


(1.3) MVE = fm, EE") E(t, x, E")ae". 

n(x) *&'>0 
This was discussed in [4], and we impose on the kernel m(x,£,&') conditions an- 
alogous to those given there, so as to include a wider class of M_ than that of 
(1.3). Furthermore, M may be any convex linear combination of (1.2) and (gener- 
alizations of) (3). 


Besides (1.1), we shall study the corresponding stationary problem: 


-E*V,£ + Qlf.f] = 0, (x,€) © 2 * R, 
(1.4) £> 8.0), (Ix| > €), EeR', 
YE = mye, (GE) € 8”. 


That Qle, 8] = 0 for all c is known [5], while in general, ae = my". 
for c= 0 but not for c #0, as is the case with the specular and reverse re- 
flections. Therefore Bo solves (1.4) for c = 0, and it is natural to expect 
solutions to (1.4) for small c #0 which slightly differ from Bo and tend to 
By as cr 0. 

The existence of such stationary solutions has been shown in [10], using a 
classical implicit function theorem for n 2 4, but a theorem of Nash-Moser- 
Nirenberg type for n= 3. In §2, we will give a simplified proof showing that a 
classical one is also useful for n= 3. This became possible by getting non- 
uniform estimates in the parameter c which diverges as c~* 0 but can be com- 
pensated by the closeness of solutions to Bo" 

Further, it will be proven in §3 that whenever the initial fo of (1.1ld) is 


sufficiently close to a stationary solution, (1.1) has a unique solution in the 


large in time, which approaches the stationary solution as t*© in the order 
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of (1 + te, a > 1/2. The proof is carried out with the aid of nice decay esti- 
mates in t of the semigroup for a linearized equation of (1.1). The proofs 


will be only outlined. See [11] for details. 


2, Existence of Stationary Solutions 


Putting f = a, + ay! us we rewrite (1.4) as 


(2. 1a) EV ut Lu +P [uu] = 0, (x,£) 6 2 * R®, 
(2.1b) uO (jx} +), Ee, 
(2.1c) Mush. (xiE) €°8°% 


where we have defined 


x -  -1/2 + - 
ho = Y & (My 8. - Y @.)5 
The operator Le have been investigated extensively in [5] for the case 


c = 0, most results of which remain valid for c #0. For example, Lo has the 


decomposition 
=z = x. 
L, = VCE) * + Ks 


ce n 
where vi) € Loe (Re) and 


(2.2) o<v s a4 leh) sv, 
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with some constants Vy Vo >O and 0s y <1, while K, is a compact operator 
on LP ORE) l<pso, 
In order to state the precise definition of the solution to (2.1), we need 


the spaces LP = LP(2 x Re) and 
wee = {ue LP| (EoV + uv (E))u € LP), 
p,t Prot 
Y =Li(S ; [n(x)*E|do dé). 
Using (2.2), we can show the unique existence Of the trace operators y such 
that 
+ + - - 
ye BHP, ¥PPT), ye BCWP, yD?" ), 
Ba n 


yusul, if ue CR 


). 
s g 


Here and hereafter (®(X,Y) will denote the set of linear bounded operators from 


a Banach space X into another Banach space Y. By our assumption on M, 
me BOYPOT, yPP"), hoe ¥P?” with [hl] + o¢je] + 0), 
for all p«€ [1,°], so the following definition makes sense. 


Definition. Let pe [1,°). u is said to be an LP-solution to (2.1) if 


i) ue WP, yue yPr7, 
ii) Pfu,u) € Les 


iii) u satisfies (2.la) and (2.1c) in the spaces LPooand yP?7 


respectively. 


Note that if p< ™, ue LP satisfies (2.1b) in a generalized sense. 
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Define the linearized Boltzmann operator B. by 
DB.) = fue Why ue yPr, Mou = 0}, 
(2.3) 


Bo =-&'V +L. 
c x c 


Suppose B. possess an inverse Bo. Suppose further the linear inhomogeneous 


boundary value problem 


-EV¢d+L =a, in @* Be, 
x c > 
n 
(2.4) ¢+0 (xl 7.2), in Rp, 
Mo=h 7 on S, 
fe) Cc 


possess a solution ¢= 4 . Then (2.1) can be rewritten as 
(2.5) ut BLT (usu) -¢ =0. 


It is this equation to which the implicit function theorem is to be applied. 

The existence of a? shall be established with the aid of the perturbation 
technique and the limiting absorption principle. The unperturbed operator which 

ao 
we employ is BA for the case % = Rr”, denoted as Bas namely, 
2, n 
D(B,) = WPdRY * IRE), 
(2.6) 
B= OV +L. 
x c 


[ood [ood 
For later purposes we prepare notations. We denote by p(B.) and o(B.) 
oo 
the resolvent set and spectrum of B. respectively, and for ay Sg» 5% > 0, we 


put 


€,(5,) = QO © ¢{ Red = oi}, 


Za, 05) = {VR €(4,)I -Red < a,| tm}, 
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Ble] ={ee R'| ‘e| < cy}. 


Further, if E is a metric space and X is a Banach space, B°(E;X) will denote 


the Banach space of S-valued, bounded and continuous functions on E. 


We need 
also the space 
LPR) = ful G+jel)Pu e Lor}. 
BU E E 
A Spectral analysis of Be is found in (3] for the special case c= 0 and 
can be carried out similarly for c * 0, yielding the 
Theorem 2.1. Let p= 2. For any SS 0, there are posttive numbers age Ky 


and 8, such that the followings hold for all c « Bic]. 


t) p(B.) > Ea, o,) \ {0}, 0 « o(B"). 


tt) 8. has the orthogonal decomposition such that 
ny n+2 
Q-B.) = 2 U,Q.c)- 
jo J 


Here 


Use) « BE, (-0,) x Bles}| B’)), 


and for 1s js nt2, 


at er Bo -1 
Uy Ose) = Fx Ce] seg) nA, (se) P(e) fs 


where Pe means the Fourter transformation with respect to x, Kk ¢ R” a dual 


vartable to x, x Tk] sk 5) the characteristic funetion for the domain |k] < x,» 


and 
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d; (Kye) =u, ( k]) + ikec i-zv-l 


2 


— ” 3 7 
wk) = age - 8 x + a(jK]?) «> 0), 


with coefficenta a, eR, B, > 0, while P,'s are orthogonal projections on 


j 
LR), PyP = 0 (AL) with 


Pj (Kee) © BCBIK Bley]; BCL ORE), 12 (RE)) 
for any p22 and Be R. 


In view of (i) of the above B is not invertible on BCL’) and it is seen 
from (ii) that this is because a, +o (4 + 0) in B(L*) for 1% 3 ¥¢ n+2,. 
However we can establish the limiting absorption principle in the sense that uv 


has a well-defined limit as A+ 0 if different spaces are chosen. More precise-' 


ly we need the space 


Pst. 4h) n. epson 
ly = La (Res L (R,))- 


Theorem 2.2. Let 1S qs2s ps, 6 e [0,1), R=0, 1. 


Put Y = ; ce 7 and suppose 


Let aye Sgr FQ be as tn Theorem 2,1. Then for 1 * j $ nt2, 
By a Q 0 & q.2 ps? 
je] YU, Q,e)(1-P,(0,c))” ¢ B (2 (a,s 0.) * Blog}; B(Lg’”s 1p” ))- 


Proof. Write @ = Fue It is not hard to see that 
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Jol cla 


a 


holds if p22 and a+ a = 1. Therefore, by virtue of Theorem 2.1, 


| U,A,c)ulf ae s clA,u, 0 ,c)ul| p',” 


IA 


| [aR eyed] “Pf PU Bc Hl Pak ee 


|k| x) Ly 
7 aes oe i 
sc 4 8b g',2 ( q! + a 1, Holder ) 
0 
call gy 


where 


Berets ak Detksey eat aig 
BOT Tee 


IA 


ccf |a-(io,|k|-8, | k] 24ikec) VW Yan 
[|S | Jou 


reales 


IA 


The last inequality is valid only if (2.7) is fulfilled. The continuity in A 
and c-_ can be proved similarly. 
In order to link B. to Bu we need the solution operator RQ) to the 


inhomogeneous boundary value problem 


Q+ EV +vi€))u = 0, in 9x R", 


It can be shown that a unique LP-golution u = RQOh exists and RQ) € 


p(y’, wPy, Let e,r be the extension and restriction operators; 
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Yu = ul 
Define the operator 
hy =H ra-pey 
TAC )= ot & -B.) eK RO), 


which can be found to be in BE (a, o.)xBlo,];B(¥?”)) for all pe [2,~] 


where age So? Go, are those of Theorem 2.2. Furthermore, we can see the 


Proposition 2.3. Let n> 3. There exist postttve numbers Aas ae os such 


that le p(T,A)) for all pe [2,°], r « E(ays ) and ce Ble]. Aeccording- 


ly there exists 
C-T_Q))7! « °C, F_)xBle_ 1: BYP*7)). 
c ° ° rey 


This fact is essential for the proof of the existence of Q-b) Indeed, 
solve the equation Q-B )u = £ by letting u = rQ-B.) ef + uy: After some 


manipulations, we get 


* 


-1 co =] - jo x -l ix -l< co =] 
. A- = - - - - 
(2.8) Q-B.) rQ-B\) “e + (y¥ rQ-B.”) “e)"(I-T,()) “MrQ-B,) “e 
where «* denotes adjoints. This is a substitute for the second resolvent equa- 
tion in the perturbation theory of linear operators. Combined with Theorems 2.1, 
2.2 and Proposition 2.3, it provides necessary informations of Ba: First, we 


: 2 
see that in Ly, 


(2.9) © (B.) > y (a), 9,)\{0} 
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for ce Bic]. Moreover, applying to U5 of Theorem 2.1 the iterative scheme 


eo 
of Grad [5] which makes possible to deduce L -estimates from eee with the 


aid of nice properties of the operator Ky we can establish the limiting absorp- 


tion principle for B. at » = 0 and obtains the inverse er regardless of 


(2.9). Put 

xX. P = 2, 7 fal Pp so 

BT |p i, i? 

P 
Aieat ils ., 
0 
n+2 

and define A. = vi G)* P. = jE FpSOy eds 


Theorem 2.4. Let n23 and a, Be Gy > 0 he as before. Suppose 1%q £2 


fe} 
Sp Sm, B > a 6 € [0,1), 8 =0,1 satisfy 
_1 1. 22 1 ee 
Yq > me * pt nt) ° 


Put for a € [0,1] 
eOje) = Ob) hGSPL A ted 
Cc e C 


(i) If ule) eL (Ble]s xB) and Nu(e) eL (Ble,]3 24), then 


lvasef © <clel ducer] + Hauer 9, 
xP xP . 21 
B 
for all he Za), é). c € Bic]. 
(it) If in addition u(c) «€ B°(Ble 15 Be) Auu(c) € B°(B{e 1s Aa 


with € > O, then 


Jel vase) « B°G,, 5) BLe,}s xB). 
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(ttt) Under the condition of (i) (tt) with a = 68 =2% = 0, v(0,c) € we, 


y v(0,c) € yer Mov (0,e) = 0 and ~Bv(0,c) = u(c) holds in LP, 


Combining this with the estimate in [5] for [I and noting that the nullspace 


of Po is invariant in c, we have the 


Proposition 2.5. Let n2 3 and c be as before. Let 
(2.10) 8 € (0,1), pe [2,4] 0 CS , ma) go 2 eg 
m > > , n+ -2 + , 2 , 


Then there ts a constant C2 0 and for any ce Ble ol, 


iA 


batrtuvil, < clel ful Wl. 


% 


P 2 
with a, = 691 + ae 


The inverse BS obtained in Theorem 2.4 is also useful to solve (2.4). If 
¢ =R (O)h_ + $ is substituted, it is reduced to B $ = -K R (O)h_. Therefore 
c c c c cc c 


-1 


(2.11) D = R(O)h, 7 Bo KR, (O)h.- 


Proposition 2.6. Let n>3 and c) be as before and let 


n+8 
n+8-2 


8 ¢ [0,1), pe [2,-] n ¢ 


DR 
Iv 
Oo 


Pied 


(t) , of (2,11) is a unique LP-solution to (2.4) for cé Ble}. 


(it) o.¢ Bo(BLe 1s xB) with 


a 
< 2 = is 2k 
Hele sclel“, a, =1- 62-5). 
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These two propositions enable us to apply the contraction mapping principle 
to (2.5). It should be noted, however, that if § > 0, (2.11) becomes meaningless 
when c- 0, and that if n= 3, 8 = 0 is excluded since then (2.10) becomes vac~ 
uous for p. But this difficulty can be removed as follows. If 4 € [0, 2/7), 


then @, <a, for p 2 2, and we can choose an Q such that at <a< Oy Put 


1 2 
u = je} “v in (2.5) to write 
v = G(v,c) = -|cl"BL TP Lvv] + jel “o, 


for c% 0. Put G(v,0) = 0. For functions v = v(c), define the nonlinear map 


Giv] by Gl[v](c) = G(v(c),c). What is to be proved is that G is a contraction 


on a ball of the space 


p = co = a Pp P 0 = ; P 
v : L (Ble.]3 Xp) B (Ble J] Xe), 
if € > 0 and if C, > 0 is sufficiently small. By virtue of Theorem 2.4 (i) 
(ii) and Proposition 2.6 (ii), G maps vB = into itself, and by the aid of 
> 


Proposition 2.5 and writing the norm of VB ve as II lil, 
WWetvill < che {lvl + cyJel, 
Wetvi - Gtv'al < c,be si? dbl + lv iiily - vith, 


where 9 =@ ~ Oy > 0, T = Oo, - @ > 0, whence the desired conclusion readily fol- 
lows. Now G has a unique fixed point v = v(c) € Vg é and u. = lef wee) 
> 


solves (2.5) uniquely. Theorem 2.4(iii) and Proposition 2.6 (i) then complete 


the proof of the 


Theorem 2.7. Let n2 3 and let 
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2 + 

@¢ (05), pe [2,4] 1 Ga, ata), 
1 n 

ae {0, 1-8 (2) g >> ti. 


Then there extsts a posttive number e5 and a constant C2 0 such that for each 
ce Ble}, (2.1) has a unique LP_solution u,» Moreover u, «€ VE z for any 
, 


—€ > 0 and 


< elel™. 


Il ul 
c"yP 
x 
B 
7 has 1/2 7 ; 
Obviously f. = Be + Bo uo is a desired stationary solution to (1.1) and 


£.7% 8 fc + 0). 


3. Stability of Stationary Solution. 


In (1.1), put 


Then w = w(t,x,&) should solve 


a = ~E*V ew + Low + 2P [usw] +TI[w,w], 
w> 0 (| «| +o), 
(3.1) 


Mw = 0, 
° 


w| w 


t=0 “o" 


If we would have a nice decay estimate in t of the linear semigroup for the 
linearized equation to (3.1), then we could prove the existence in the large in 


time for the nonlinear problem (3.1) by the technique developed for the case 
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c = 0 (see e.g. [1,9]). However such an estimate is difficult to deduce because 
of the presence of the term Pfu] which is an operator with "variable co- 
efficient", and so we have to linearize (3.1) ignoring also this term. Thus we 


again meet the operator B. of (2.3). Suppose it generates a semigroup 


Then if w=w(t) is a solution to (3.1), it satisfies 
t 
(3.2) w(t) = E (t)w +f E (t-s){ 2 fu ,w(s)]4Plw(s) w(s)J}ds. 
c o 9 ¢ c 


When u. = 0 as is the case with c = 0, the existence in the large in t for 
(3.2) can be shown if the decay rate E(t) = O(tY) ais available with y > 1/2, 
but in order to dispose of the extra linear term fu, w] when ult 0, the 
decay with y > 1 is required as well as the smallness of u. 


The desired decay shall be found starting from the semigroup 


foe) 
a cB. 
E,(t) =e 


generated by B. of (2.6). Recall that a semigroup he is the inverse Laplace 
transform 2 16ske of the resolvent of the generator A. Apply this to 


B. By virtue of Theorem 2.1, we have the orthogonal decomposition 
v,(t,c), a eae 
Jj Jj 3 


on i. and can find that 


t 
oO 


(3.3) ll v,(t,e)I] < Ce ; 
B(L) 


while for 1l< j < nt2, 
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x, (k,e)t 
F Hy (trode = x([kl xk Je J Ps (k, 0) @(k, *). 


lA 
nN 


Proposition 3.1. Suppose 1<4q <p<e and m=0, 1. Put 


n 
‘1 = a - 2 


Then there is a constant © 20 and forall ce Rg", t 20 and 1 <j < nt+2, 


Y7 


Nis 


|v. (tc) (1 -P,(0,c)) "| < c(1+t) | 
j j B(Le?* , LP 


Proof. It suffices to proceed exactly in the same way as in the proof of 


Theorem 2.2, in this time with 


-Rei, (k,c)t/o 


p ge on (| axy® 


2 
“8, [k|"t/6 1 


3 


ae. ik}™ Saky> < cate) 


[k] sk 
where 6 = il F 
q i) 
Take the inverse Laplace transform of (2.8) to obtain 
oo - ao * * ~ ao 
(3.4) E(t) = rE (t)e + (¥ rE (t) e) xD, (t)*M rE, (t)e 
Auk 1 ~1 
where, writing TOO = TQ) I-T,Q)) ; 
1 1 _ p-l,.l 
Di(t)=1+D(t), Dt) Lita, 


and * means the convolution in ¢; 


f(t)*g(t) = fof (t-s)a(s)ds. 


Stationary Solutions of the Boltzmann Equation 329 


* 
No confusions arise with the adjoint symbol . 


Proposition 3.2. Let n= 3 and ee. > 0 be as in Proposition 2.3. For %€ 


{[0,1), there ts a constant C20 and for any ce Ble 1, 


2 
Co) 


ay =y 
ID ceyh _ s ¢lel 9 at) 
B(Y,’ ) 


with y,=F(n-14) if n te odd and =4(n-1) if n te even. 


Note that Y> > 1 is possible for n= 3 only if 9% > 0. Propositions 
3.1, 3.2 and (3.3), substituted into (3.4), give desired estimates of E(t) and 
EA (t)*, by the aid of the scheme in [5] stated earlier. More precisely if we 
write the right side of (3.2) as H[w](t), we get the following estimates. In 
Theorem 2.7, rewrite p, & as Pos a and impose the additional condition 


p.< on. Let 


pe (zal a (a-S4, G-2), 
° 
1 1,-1 
qe {1,2] a (1, a ); 


n 
Be (0,0,)5 B> ztil 


ee 
4 


my Gh 4 Le ia 
= min G q Pp? 2p + 1); 2% + 1)). 
Then y > 1/2 and 


Wmtwiceyl | s casey Tle + Cel adflut fel 
Xp xpnzs 
[/mtw) cey-Htw') Ce) < casey Cel? aefloll te Tb how ll 
xX 
8 
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where a = flu tl and Hal = sup(1+t)"|[w(t) |} . By Theorem 2.7, Jo] 9a 
XP xP 
6 
<cle| ° +0 (c+ 0). 


It then follows that if Wo is small in oe n 2), and c is small, H is a con- 
2 ie] 

traction map on a bali of the Banach space of functions w(t) ¢ B ([0,0)3 x) 

such that Wall <o, Its unique fixed point w = w(t) is the desired solution to 


(3.2). In this way we prove the 


Theorem 3.3. Let n> 3 and p, 4,8, y be as above. Then there is positive 


numbers ayy ay» cy such that for each c ¢ Ble] and tf | ¥ of 


’ < as 
1 xP A 74 fo) 


then (3.2) has a unique global solution w= w(t) ¢ B°(IO, ©); ") with 


Pp 


| weed] _ < a, (itt) *. 
Xp 


Obviously f(t) = f. + et? w(t) solves (1.1) and f(t) > f. as t > wy, 


showing the asymptotic stability of the stationary solution f. 
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On the Linear Stability Analysis 


of Magnetohydrodynamic System *) 


Teruo Ushijima 


Department of Information Mathematics 
The University of Electro-Communications 
1-5-1 Chofugaoka, Chofu-shi, Tokyo, 182 


JAPAN 


A mathematical description of linear stability analysis 

of magnetohydrodynamic (MHD, in short) system of equations 
is presented. A way of linearization of ideal MHD system 
in a vicinity of an equilibrium was physically established. 
We show that the obtained linearized MHD system of equations 
can be treated as the 2nd order linear evolution equation 

in a Hilbert space under appropriate conditions on the 
equilibrium. A justification of energy principle is also 
established. 


§1 THE INITIAL BOUNDARY VALUE PROBLEM OF THE LINEARIZED MAGNETOHYDRODYNAMIC 
SYSTEM OF EQUATIONS. 


The governing system of equations is the following ideal magnetohydrodynamic 


system. 
In the plasma region Oy» 
(1) Be -p div v, 
(2) sy = -VP + JxB, 
(3) (POY) = 0, 
(4) B= -rot e, 
(5) div B=0, 
(6) rot B= wW, 
(7) E+ vxB = 0. 
x) This work was partly supported by Grant-in Aid for Special Project Research 


on Energy (Nuclear Fusion) of the Ministry of Education, Japan. 


333 


334 Teruo USHUIMA 
In this model the plasma is considered to be a fluid Spreading over the bounded 
domain Q in the space R? with the density p and the velocity vector v. The 
scalar function P is the pressure, and the 3-vector functions B, E and J are the 
magnetic flux density, the electric field and the current density, respectively. 
The positive constant u, and y are the magnetic permeability of the vacuum, and 
the specific heat ratio. Here we used the material derivative: = = at (v, V) 
with the gradient operator VY and the 3-dimensional inner product: ( , ). The 
symbol x denotes the exterior product of 3-vectors. The equation (1) is the 
conservation of mass, (2) is the equation of motion, (3) is the adiabatic condi- 
tion coming from the conservation of energy. And (4), (5) and (6) are derived 
from the Maxwell equation under the assumption of the superiority of the magnetic 
field. The constitutive law (7) is Ohm's law with infinite electric 
conductivity. 

Now we consider the closure of plasma region Q, is completely contained in a 
bounded region 2, whose boundary Tf is considered to be a completely electrically 


conducting wall. The domain 2-2, is the vacuum region Qy Let ry be the 


boundary of N° Then the boundary aQ,, of Qy jis the union of Tr andT 


p 


(see Fig. 1). Hereafter Q, is assumed to be connected. 
In the vacuum region ys the 
following conditions are assumed 


to hold: 


aB _ 
(4), at -rot £, 
(5), div B = 0, 
(6), rot B = 0. 


On the boundary T, the 


following boundary condition 


is assumed: 
(9) nxE = 0 
where n is the unit normal Figure 1. Illustration of TOKAMAK type 


plasma confinement 
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vector of T. This represents the effect of complete conductivity of the wall Tr. 
It is noted that the boundary condition 

(10) (B,n) = 0 

is compatible with (9) since (9) implies (rot E,n) = 0 which may imply 


~~ (Byn) = 0 by (4), 


n 


On the boundary Pp the following 3 connection conditions are imposed: 


(10), y (B, +n) = (By .n) = 0, 
(11) (E, + ae B.) xn=(E +v xB)xn, 
12) Pa aka oe v 
Here the Subscripts p, and v, represent the limiting values of the subscripted 
quantities from the interior of the plasma region Qo» and the vacuum region Quy 
respectively. MO} iy corresponds to the requirement that rh should be 
a magnetic surface. (11) represents the continuity of the tangential 
part of the electric field in the coordinate system attached to the plasma. 
(12) is called the pressure balance condition. The sum P + zB is said to be 
the total pressure, where B7= (B,B). 

Thus we have an evolution problem: (1).(12) for the ideal MHD system. 

A time independent solution of this system with zero velocity and zero 
electric field is said to be an equilibrium: 
(13)  {p,v=0, P,J,B,E=0}, 


Then an equilibrium triple {P,J,B} satisfies 


iy 


yP = JxB, div B=0, rot B=ud ing, 


p 
P=0, div B=0, rot B=0 in Q ys 
(14) 
(B,n) = 0, on pels 
Tp22tp,2 
P+ Di BY a BY on ry 


In the work of Bernstein et al. [1], a way of linearization of ideal MHD 
system in a vicinity of an equilibrium was formulated. The obtained linearized 
magnetohydrodynamic (LMHD, in short) system of equations describes the time 
evolution of the Lagrangean displacement &(t,r) of a point r of the plasma region 


Oy at time t=Q. We encounter the following initial boundary value problem: 
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PROBLEM 1 Find a pair {&,a} of vector valued functions 
E = E(tor): [0,-°) x2, +R? and o = a(t,r): (0,0) x2, > R 


satisfying the following conditions: 


p = KE in (0,0) 2,5 
B(0.r) = 0, ae 6(0sr) = v(r) in, 
(15) ¢ L(6,0) = 0 , -(E,n)B) = vx on Ty 
rot rot a = 0 in Qys 
nxa = 0 on. 


In the above problem, we used the notations: 
(16) KE = -V{(E,UP)+yP div &} - © {rot Bx rot(&B)+[rot rot(éxB) ]xB} , 


r 1 ] 
(17) L(E,a) = -¥P div & + 5) (B, rot(éxB,)+(€,7)B,)- © (Byrot a + (€,0)B,) 


p 
with specified equilibrium quantites P and B. Operators K, and L, are formal 
operators defined in Ry» and on Tp respectively. The boundary condition: 


L(&,a)=0 on f., is derived from the pressure balance condition (12). And the 


Pp 
boundary condition : -(E,n)By=nxa, comes from the continuity condition (11). 
The vector rot ao represents the variation of magnetic field BY in the vacuum 


region. The requirement: rot rot a = 0 corresponds to (6), Finally the 


boundary condition: nxa=0 corresponds to (9). 


Hereafter we fix an equilibrium {P,J,B} satisfying the following Assumption 2. 
ASSUMPTION 2. 
(A.1) 2525 and 2, are bounded connected domains with C class boundaries. 
(A.2) Bloat and Bla > have extensions belonging to c*(3,), and c?(2)), 
respectively. 
(A.3) Pla, has the extension belonging to c*(2,), being positive on 25> whose 
critical point set Cp={ren,:(VP)(r)-0} is composed of the finite number 
of connected components, each of which is either a C3-class simple curve, 
or a C*-surface at every point of which B is contained in the tangential 


plane. 
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(A.4) Either B, never vanishes on Pye or P is bounded below by a positive 
constant in Oy. 


(A.5) For the exterior normal derivative 2. on Ty along the unit normal vector 
n from 2, to 2, the gap: G= oe I - 2 4Be + 

p Vv? . on 2u ‘Vv on *2u p 

class function on Po where the first, and the second, terms are the one 


P)|_ is a nonnegative C? 


sided derivatives from Qs and from 2 respectively. 


§2 THE PLASMA ENERGY BILINEAR FORM AND THE LINEARIZED MAGNE TOHYDRODYNAMIC 


OPERATOR. 


Let H™(@) be the uSual m-th order Sobolev space of the real valued scalar 
functions on the domain Q in R?. The totality of 3-vector functions whose 
components belong to H™(a) is denoted by Ha). Now we introduce the spaces of 
pairs {&,a} of 3-vector functions, Wl, V and D as follows. 

(1) 
(2) 
(3) ) 

Define the bilinear form a(£,n) for £ = {6a}, A = {n,Bl« Hi(2,)« Ha, ) as 


=> 
I 


: (E={E,a}e HY, )x Xo, ): nxa = -(E,n)By on Ty, nxa = 0 on T}. 


= {E={E,a}cW: rot rot a = 0 in Nyt. 


=> 
! 


i 


=> 


= {€={E,a}eV: ce WO), L(g,a) = 0 on ry}. 
follows: 

alé.fi) = ap(Esn)ta.(Esn)+ay(a,B8), 
a,(Eon) = a,(€.n)ta,(é.n), 
ay(sn) = [, fyP div & divn ++ (rot(exB) ,rot(nxB)) }dr 
(a)¢ | Mp he 
ay(Eyn) = fe {(E,VP)div n - yy (rot (xB) »nxrot B) }dr, 
tens fe © = 24 Be oy ate ninaer 
agtoan Tyan 2u 'v an § Qu pi sboninsniar, 
4 (c.8) = f ry i (rot a,rot &)dr, 


where n in the expression of a.(ésn) is the unit outward normal vector on Py 


from Q to Q,. It is easily checked that a(£,4) is well-defined for 
Poa yh 
Efe HQ, )« Hi{Q,). 

Using the property of the equilibrium in (1.14), and the integration by part, 


it can be proved that 
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Jog (KEsn)dr = a(E,n) + f, L(E,a)(n,n)ar 
p Pp 
for any EV with Ec H’(9)) and neV. From this formula we can conclude the 


following Proposition |. 


Proposition | The following identities hold, 
(5) a(2.n) = (9,2) for Eye H(9,)« HO). 


(6) f, (KEan)dr = &(2,n) for fef, cv. 


a 
~~ 
=— 
OD 
n 
wy 
| 
— 
a 
s 
i} 


Jo (Eskn)dr for EcD, ned. 
P P 


Now we introduce function spaces Vo and Dp as follows, 


= {Ee His) there is an oe HQ) such that & = {E,a}eV}. 


[ee] 

ee 

— 
oO 
I 


= (Ec HAG): there is an ac HX) such that & = {E,a}eD}. 
From the theory of harmonic vector fields written in the book of Morrey [3], 


we have the following fact. 


— = al 
Proposition 2 Vo IH (2,). 


For EeVgs rot a is uniquely determined. Hence we can define a symmetric 
form a(&,n) defined on Vg*Vq by the relation: 
(10) a(ésn) = a(€.n), EsneVo. 
For reQ,-Cps define 3-vector functions E=(rot B)xe, F=2(B,V}e+Bxrot e where 
e=VP/|VP|. For &,ne Hi (2) and re-Cps let 


(11) Ay(Esn) = = (rot(ExB) + (€,e)E, rot(nxB) + (n,e}E) + yP div & div n 


1 
4 ] 

= iv (E,e)(n,e)(E,F). 

Then we can show 

(12) ap(ésn) = fg Aylesndde for Esne H?(2,). 


From this representation of Plasma energy, the following Proposition 3 can be 


deduced. 


Proposition 3 Let 
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M= inf (E,F) ,M= sup (E,F) ,N= sup El? , 
(13) { reQy-Cp PeQy-Cp reQp-Cp 


f «Ht > 
or Ee H (2) 


where the notation (Esn)y = fo (E,n)dr is used. 
p 


COROLLARY 4 Assume that 

3B? a ,B? 
én 2u ly ~ On ( . PYly a, Mp 

Then the symmetric bilinear form a(E4n) defined on Vo: 


(15) Ge= 
(16) a (E,n) = a(E.n) + K(Esn)ys EsneVgs 
is positive definite if 


(17) KK 


The following Proposition 5 is fundamental to our discussion, the proof of 


which was given in [4]. 


Proposition 5 Let X be the Hilbert space {L?(2,)}?. Under Assumption 1.1, a. 


is closable in X if Kk>K,. Namely, if the saquence {E,° m=1,2,°--} contained in 
Vo satisfies 

(18) dim I En a 0 

and 


(19) lim a (€ -E .) = 0, 
om ag 

then we have 

(20) him a (é )=0, 


where IL Ell y= (Ese)y!/? and a,(2) = a(é,6)'”. 


The preceding argument can be transformed in the frame work of complex 
Hilbert space theory. Under trivial modifications, we can consider the hermitian 


form ac(&,n) with the domain Vo=H{Qp) in the complex Hilbert space X={L*(Q%)}*. 
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Let K>Ko then a, is closable by Proposition 5. Thererfore we have the following 

statements (21) and (22) for the completion V of Yo by a,-norm. 

(21) Vis densely imbedded in X. 

(22) a(Esn). which is considered to be defined on V by continuity, jis a 
positive definite closed hermitian form. 

From Theorem 2.23 of Chapter VI in Kato [2], there exists the unique positive 

definite selfadjoint operator A. satisfying the following properties (23).(25). 

(23) The domain D(A) is dense in V with a,-norm. 


(24) (AEs) y 


u 


a(€sn) for £eD(A), nev. 


K K 
1/2 Ven) 


(25) oa '/4) =v, and (A, 


K GAA. 


4 = a (ésn) for EsneV. 
Now we define the LMHD operator A by 


(26) A=A_~ «, D(A) = D(A). 


K 
By a standard argument, this definition (26) is independent of xk if K>K,. It is 
to be noted that a, are mutually equivalent if K>Ky. On the other hand we can 


define the operator Ko by 

(27) Ke = KE EcD(Kp) = Dy» 

which is symmetric by (7) of Proposition 1. 

Theorem 6 A is an extension of Ko satisfying the following properties. 
(28) If E<Do» then EeD(A) and AE = Ko é- 

(29) If EeD(A) alk? (2), then &Dy. 

Namely we have 


(30) Dy = D(A) nH?(0). 


Now Problem 1.1 can be regarded as an evolution equation in the Hilbert space 
X= {L7(0,)}?: 
Ps 

Moe + AE = 0, t>0, 
an) | i: 

&(0) = &, (0) = &°, 
with the initial data {&',€°} = {0,v} under Assumption 1.2 on the equilibrium 
quantites. Here M is the multiplying operator with multiplier o and A is the 


LMHD operator. 
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83 A REMARK ON THE ENERGY PRINCIPLE. 


Assumption 1 Let {o,v=0, P,J,B,E=0} is an equilibrium of ideal MHD system (1.14) 
with the properties that for the plasma density o=o({r), being measurable in ys 
there are positive constants 6 and 9 such that 

O<ps o(r) < p<” on Qs 
and that Assumption 1.2 is satisfied for {P,J,B}. 


Let us define 
m(&sn) = fo o(r)(E,n)cadr for Esnef{L*(0))}", 
p 
ME = pf for ge{L?(%,)}?. 
Denote the Hilbert space {L?(2,)}° with the inner product m(&,n) by Ko. 
Define the operator A, acting in x, by 


] 


Ane =o A& for EeD(A,)=D(A) 


where A is the LMHD operator established in Theorem 2.6. 


Proposition 2 1) The operator a is selfadjoint in the space 8 
2) Let Kg be as in (2.13). For Ky>Ko/ 2s At K, iS positive definite, satisfying 
1/2 
+ = 
D{{A, Se es eae 
and 


7 1/2 F 1/2 : 
a(&,n) + Kom(é sn) = m(A, + kp) Es(A, ike) n) for E,neV, 
and 
atésn) = m(A,£5n) for EcD(A,)» neV. 
Let a(A.,) be the spectrum set of Aas which is the complement of the resolvent 
set ofA.) of A, in the complex plane C: 
-] 


o{A,) = {AcC: there is a bounded inverse (A-A,) 


By Proposition 2 o(A,) is a part of real line which is bounded below. 


from Xo into Xt. 


Let A = inf o(A,). Then we have 
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3.48 a(é,8) = inf a(é,&) = inf a{é, ) 
Oe Se eeD(A) m(E,E)  pey m(E,E) — Ecvy mEsE) 
Definition 3. An equilibrium {p,v=0,P,J,B,E=0} is said to be stable, marginal, 


and unstable if A>0, A=0, and A<0, respectively. 


The following Theorem may be considered as a justification of the energy 
principle formulated by Bernstein et al. [1]. 
Theorem 4 An equilibrium is stable or marginal if a(&,£)20 for any 
E = {E,atew. And it is unstable if a(£,£) < 0 for some E = {E,ateW. Here W 
is defined in (2.1). 


To prove this Theorem we utilize the next Lemma which can be obtained from 


Theorem 7.8.2 of Morrey [3]. 


Lemma 5 For any & cJH*(9)), there is an a « H'(2)) satisfying 


rot rot a = 0 in Qs 
(2) 4 nxag = -(,€)B, on Ths 
Nxag = 0 on’. 


Proof of Theorem 4 The first statement of Theorem follows from the last equality 
in (1) since we have VcW and a(£,£)=4(E,E) for EeVo. To prove the second 
statement, let & = {E,a}cll satisfy 4(&,&)<0. By Lemma 5, there is an 
Oo « H*(9)) satisfying (2). Let by = {& joo}. Then Foe V. 
Let a = Gp) + a. Then 

a, (oo sa) = 


Jo (rot do, rot a,)dr 


] 
Jq (rot rot ao, a))dr + a Tpurt "ot ao, nxa,)dr 


i] 
Oo Flori 


since rot rot % = 0 on 2, and nxo; = Q on Tol. Hence 
a (ca) = a (ap 00) + a(orsar). 


Therefore 


a(€,&) (ences) 


an(Eré) + as(EsE) + a)(as00) = an(Esé) + a.(€.6) + a (a,a) 
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= a(@,€) < 0 


The Jast equality in (1) again implies the assertion. 


Finally we add the following Proposition 6 which may give an explanation of 
the energy principle. 
Proposition 6 If the plasma energy a(E,é) attains the minimum X on the set 


B = {EeW : m(E,£) = 1}, then we have 


p 
es ale.E) ni in 2f6-&) 
ee ae PY, me sé) ay mi fe EeD(A) MEE 


In this case \ is an eigenvalue of the operator A. The corresponding 


a na 
A 


eigenfunction ¢ belongs to Vy determined by the following generalized eigenvalue 
problem: 
(4) Find geVo-{0}, such that a(,&) = Am($,6) for EeVo. 
Proof The inequality Ask follows from the facts VW and a(&,&) = ale, E) 
for EcVo. 

The inequality A>A is shown as follows. Let £ = {E,aheB, give the 
minimum i of a(£,€) inB: 
(5) a(€,€) < (Asn) for cB 


A 


Choose 6c TH (Q)) such that nx® = nxa on rer . Then n = (&,8)eB By (5) 


a 
we have 


ay(asa) < a/(8,8). 


For any de {Ha (2)) 3? and te R?, we can choose 8 as B=atto. For this 8, it holds 
a (atte, atto) = ay (9.9) t? + 2Re ay(gsa)t + a (a.a). 

So we have as the stationary condition 

(6) ay(dsa) = 0 for any ge{H3(2))}* with |] rot 9]| L?(9,) +0. 

On the other hand, we have the identity: 


yids a) = an (rot rot ¢, a)dr - J (rot >, axn)dr 


u Jaa, 
for any {2 (0,)}? F 


where the boundary integral in the right hand side is understood to be the duality 


V2 -1/2 


pair of rot eH (92) and axneH (39,). Hence we have 


(7) a (4,0) -1 


; Sg, (rot rot ¢, a)dr for any ge lO(Q))}*. 
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Let eH (2,)-{0}. Then » = (®,0,0) « LE (2) 3? satisfies the condition: 


8? . 80 24 


rot ol L? (ay) +0. (In fact, unless the condition holds, we have 7 


Xo 

in a. Hence $= $(x,). And ® vanishes on the boundary of support of 9. 
Hence =0.) From (6) and (7) 
(8) Sq (rot rot >,a)dr = 0 
for this = (%,0,0). By the same reason, (8) holds for o= (0,0,0) and d= (0,0,4). 
Hence it holds for any ¢« (O(2,)}%. Namely we have rot rot o= 0 in D(2,), 
which implies EeV and EeV,g. Thus we obtain N 2h, 

Since we have de A, the second equality of (3) is valid. Hence the third 
equality of (3) is obtained from that of (1). The fourth equality and the 
remaining statement of the present Proposition follows from standard arguments. 
It is noted that 

he afesd) 5 eV = {0} 
implies that ¢ satisfies 
(9) alo.) = Am(g,€), EeV. 


Using the density argument, we have (4) from (9). 


References 


{1] Bernstein, I., Frieman, E., Kruskal, M., and Kulsrud, R., An energy 
principle for hydromagnetic stability problems, Proc. Royal Soc. A. 244 
(1958), 17-40. 

[2] Kato, T., Perturbation theory for linear operators (Springer, Berlin, 
1966). 

[3] Morrey, C., Jr., Multiple integrals in the calculus of variations. 
(Springer, Berlin, 1966). 

[4] Ushijima, T., On the linearized magnetohydrodynamic systems of equations 
for a contained plasma ina vacuum region, in: Glowinski, R. and Lions, J. L. 
(eds) Computing Method in Applied Sciences and Engineering, V, 


(North-Holland, Amsterdam, 1982). 


Lecture Notes in Num. Appl. Anal., 5, 345-359 (1982) 
Nonlinear PDE in Applied Science. U.S.-Japan Seminar, Tokyo, 1982 


A simple system with a continuum of 


stable inhomogeneous steady states 


H.F. Weinberger 
Institute for Mathematics and its Applications 


University of Minnesota 


I. Introduction 


The system 
u = {(1 + av)ul + (R, - au ~ bv) u 
Vv, = (Ro - bu - av)v 


t 
(1 + av)us = at x=G and x=1 


with 


and 


2 2 
“ ere = me ) 


2 
2abRy - (a +b )R, 


(1.1) 


(1.3) 


was considered by M. Mimura [2] as a model for the population densities of 


two competing species, one of which increases its migration rate in 


response to crowding by the other species. It is a special case of the 


model of N. Shigesada, K. Kawasaki, and E. Teramoto [3]. 
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Numerical computation by D.G. Aronson and P.N. Brown seems to indicate 
that the solution converges to a steady state in which v_ has one or more 
discontinuities, and that these discoutinuities move continuously with 
changes in the initial conditions. 

The existence of a continuum of discontinuous solutions of the system 
(1.1) was proved by Mimura. The purpose of this lecture is to prove that 
there are, indeed, whole one parameter families of discontinuous sotutions 
which are stahle in a Suitable topology. 

The family of piecewise continuous Steady states is described in 
Section 2. 

We shall show in Section 3 that a Somewhat unusual topology is needed 
for this problem and prove that linearized stahility implies stability in 
this topology. 

In Section 4 we give a sufficient condition for stability and show that 
a continuum of the discontinuous steady states satisfies this criterion. 

Section 5 discusses the evolutionary consequences of the existence of 
Stable nonconstant Steady states. 

This work is a part of ongoing joint research with D.G. Aronson and A. 
Tesei. 

I am grateful to Don Aronson for getting me interested in this problem 


and for a great deal of useful discussion and criticism. 


2. The steady state. 


M. Mimura [2] introduced the new independent variable 


w= (1 + avju 


in (1.1) to obtain the system 


Contimuum of Stable Inhomogeneous Steady States 


= G(v,w) 
= (1 + av) (w 
where 
G(v,w) = v(R, - av - 
H(v,w) Teo {Ry 


The corresponding 


G(v,w) 


al 


w" + H(v,w) 


w'=Q at x = 
When 

Ro/b <w Wa = 
the equation G(v,w) = 0 

Yo = 0 

100 FCF 

Vo(w) “5 eu 


O and x=l. 


(oR, + a)*/4aab 


4 


Steady-state equations are 


(2.1) 


(2.3) 


(2.5) 


has the three nonnegative branches of solutions 


Fy. bye 
1 b \lp 
Lys hy 


(2.6) 


If we substitute these in the second equation of (2.4), we find the 


three ordinary differential equations 
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w" + H(O,w) = 0 


H] 
> 


woot H(v, (w) sw) = (2.7) 


w" + H(vo(w).w) = 0 


when w_ tlies in the interval (Ro/b.W,) . It is easy to see from the 
first equation of (2.1) that v tends to move away from the branch 
v= vy (w) for we (Ro/b sw.) and from v =O for w< Ro/b » Thus only 
the first and last of these equations can yield stable steady states. 

Easy computations show that H(0,w) <0 for w > Ro/b while 
H(vo(w) Ww) >0O for we (O,w,,) . If we inteqrate the first and third 
equations of (2.7) and use the boundary conditions “oe 0 , we see that 
neither one can have a solution with we (Ro /bW,) . 

One can, however, obtain solutions by letting v jump from the branch 
V5 to the branch Yo and back again while keeping w= and Wy con- 
tinuous. This can be seen from the method of first integrals (see [2]) or 
from phase plane diagrams. The points of discontinuity are rather 
arbitrary, so that one obtains a large continuum of steady-state solutions 
with we (Ro/b sw.) and discontinuous v. In particular, by introducing 
sufficiently many discontinuities one can keep w arhitrarily close to any 
constant in (R,/b.w,,) 3 

These solutions with discontinuous v are the only candidates for 


stable solutions. 


3. The stahility of discontinuous solutions. 


We shall investigate the stahility of a steady-state solution 
(V(x) W(x) with piecewise continuous ¥V , as discussed in the preceding 
Section. It is not difficult to prove the asymptotic stability of such a 
solution in the norm Avil + Twili when the linearized operator is 


oo 


stable. (See Remark 2 after Theorem 1,} 
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This fact seems surprising because the points of discontinuity of v 
can be chosen rather freely. However, in the Le norm the distance het- 
ween a function with a jump at Xo and one without a jump at xy is at 
least half the maqnitude of the jump. Therefore in this norm solutions 
with discontinuities at different points are isolated from each other. 

For the same reason a sufficiently small neighborhood of a discon- 
tinuous function contains no continuous functions. Since a solution of the 
system (2.1), (2.3) with smooth initial data remains smooth, it cannot con- 
verge to a discontinuous solution in the L > norm. Thus the L, topoloay 
on the v-component of the solution is not appropriate for this problem. 


We shall, instead, use the weaker topology with the neighborhood base 
a. ~ 4 
N (V) = {re Lu:meas{x:|r(x) - V(x)| > e} <e} 


for the v-component. The closure of the set of continuous functions in 
this topology is the set of functions which are almost everywhere 
continuous. 

It is usual to relate the stahility of the steady-state solution of the 


system (2.1) to the spectrum of the linearized operator 


n Cae + GVW) z 
L ( ) = ‘s ns (3.1) 
c [1+ Vo" + HTM )n + HTM) CI 


with the boundary conditions zc' = 0 at O and 1. We shall show that 


this can also he done in our topology by proving the following result. 


THEOREM t Let (¥,W) be a steady-state solution of (2.1), (2.3) with 
piecewise continuous, w continuously differentiable, N< ¥ < R,/a » and 
Ro/b < wW< w+ Suppose that the spectrum of the operator L in (3.1) 


lies uniformly in the left half-plane 


Re vA < -2k <0, (3.2) 
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Then there exist positive constants Eo and A with the property that if 


(v,w) is a solution of (2.1), (2.3) such that 9 «< v(x,0) < Ro/a , 


Iv(x,0) = V(x)ae ogy # tw(x,0) - W(x)ayrs a (3.3) 


where the measure |S'| of the complement of the subset S of [0,1] 


satisfies 


ist] ince g (3.4) 


and if e« <¢ EQ? the inequality 


tv(xyt) = W(x)IE ogy # tw(xst) = Wx)t?) < Ae” (3.5) 
oo H 
is valid for all t>O. 
Proof We first observe that 

G(Ow) =0 , G(R,/a,w) < 0 

H{v,0) =O , H(v sw) < 0 
when 

O<v«< Ro/a 

; (3.6) 


O< wc wy = (aR, + b)?/4aab . 


It fotlows [4] that the set (3.6) is an invariant set for the system 
(2.1), (2.3). That is, if (v(x,0) , w(x,0)) satisfies these inequali- 
ties, so does (v{x,t),w(x,t)) forall t>O. 

We agree to choose ec, so small that for e < Ey the inequalities 
(3.3) imply that the initial values, and hence also the solution, satisfy 


(3.6). (The inequality (1.3} implies that Wy > Wn -) 
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We now define 


and write the system (2.1), (2.3) in the form 


y=) = 0) (3.7) 


5(x,9) = co (x) 


where L is defined by (3.1) and 


p= G(v + nw +c) - [G(V,w) + G6 (vw)n +6 (vyw)c], 


(3.8) 


+ 
H(T.w)n +H (TEI) 


We first treat (3.7) as a linear system. Because the spectrum of L 
is in the half-plane (3.2), a standard estimate (see e.g. [1, Theo. 1.3.4]) 
Shows that 


-kt 
an vy + uc ot) ay < crCingty + eot Je 


1 (3.9) 


r Jpltotese dt + to(+se)ny Jenn a) del 


Here and in all that follows c stands for any constant which depends only 
on bounds for G and H and their partial derivatives on the set (3.6), 
and on k. 

Because the second equation of (3.7) is parabolic, we can find a bound 


of the form 
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2 2 -3kt t 2_-3k(t-t) 
Lie < ciegl e + fotteyy, + ike + Ket) e dt}. (3.10) 


The first equation of (3.7) can be solved for n by quadratures in 
terms of p and c. It is easily seen that the closure of the range of 
G, (vw) lies in the spectrum of L so that the spectral bound (3.2) 


implies that Gy < -2k . Consequently we find that 


-2kt -2k(t = t)y. 


[n(cst)1 < [ng(dle s+ ¢ f'Cle(xst)| + fo(xst) [Je . (3.11) 


It follows that 


2 2 -3kt t 2 2 4 -3k(t - 1) 
railies < etit Le + ie Chet + ned J dr}. 


We combine this inequality with (3.9) and (3.10) to obtain 


2 2 2 2 4 -2kt 
int) + gH) < c{Lingt + got” Je 


j é 2 Lo (3.12) 


+ s*Cuet + oly feet ° Dar} ‘ 
2 1 


We see from (3.8) that 


2 v4 2 2 4 4 
Wot + toly < cltniy acply + tnt) +c]. (3.13) 
ba a Lytle Li Ly 


In order to use (3.12) and (3.13) we need bounds for an integra) of 
TA and for TaN . For this purpose we write the second equation of 
2 4 


(2.1) in the form 


Trav ot 7 Sxx +o sH(v t+ nwo) - Hyyw) tc. 
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kt 


We multiply by (cy + 5 ke)e » integrate hy parts, and use (3.12) and 


(3.13) to find that 


-k(t - 1) 


t 2 2 2 24,-kt 
fyts_te dr + iors cyiltegt + anght 


(3.14) 
+ ie Cnn, ae r+ ant? + ace! jek ft - Dar} , 
tel L L 
2 4 4 
Suppose that on a time interval [0,t,) we have 
c,int? <1 (3.15) 
ponte . * 
2 
Then (3.14) shows that on this interval 
2 2 
dct”, <c,{[ic a”, + In, Mr a 
yt 1 O yk 
3.16) 
t 4 t - )d ( 
+ foltany , + nea Pe k t)dr 
We now observe that hecause of the bound (3.6) 
p p ' 
Int) indy (s) * (Ra/a) |S 7 (3.17) 
p co 
We find from (3.11) and Sobolev's inequality that 
en 2kt t 2 -2k(t-1) 
Pil 4545 e{inoty (5) +f. Cec + sr + tniy (sy dt}. 
We combine this with (3.16) and (3.17) to obtain the inequality 
2 2 2 
Ene 18) + ae < co{ Ltn OIL (5) + Meat + 
2 2 \24,-kt 
+ (nol (s) + Leah e) Je (3.18) 
t 2 2 \2 2 2 y44.-k(t - Tt) 
+ f E(nty (5) + oe, + Canty (s) + ane. Je dt 


+ [stt + [st|?) . 
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Choose any A such that 
A> max (C541) 


where Co is the constant in (3.18). Let Ey be so small that the 


inequalities 


are valid. Then the inequality (3.3) implies (3.5) for sufficiently small 
t . Moreover, if (3.5) holds in an interval [0,t,), then (3.15) is valid 
there and (3.18) implies that this inequality is still valid at t=t 
Thus the maximal interval where (3.5) holds is both open and closed. That 


is, (3.5) is valid for all positive t , which proves the Theorem. 


REMARKS: 1. The first equation of (2.1) and (3.5) imply that there is 
@ constant C such that if the inequality v < vo(w) + Ce is valid on the 
whole interval [0,1] for one value of t , it is valid for all laraer ¢ 


and that this inequality holds for all sufficiently large t , 


2. If |St| =0, that is, if one works in the norm int) + Wem, 


the bounds 


< Ae , iene Akt < Be 


follow from (3.18), so that (v,w) is asymptotically stable in this 


topoloay. 
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4. A sufficient condition for stability. 


We wish to derive a sufficient condition for the spectrum of the opera- 
tor L defined by (3.1) to be hounded away from the right half-plane, so 


that the conclusion of Theorem 1 is valid. 
We consider the system 


6 (VW )n +Gc-An=p 
(1 + oV¥)Er" + Hyn + Hed -AC zo (4.1) 


(0) se °C1) = 


whose solution gives the inverse of L - AI at points of its resolvent 
set. As we have already mentioned, the closure of the range of Gy can be 
shown to lie in the spectrum. Consequently, a necessary condition for 


(3.2) is 
G (VW) < apk C0 % (4.2) 
Our criterion will involve the solution of the initial value problem 


re + {H(Y,W) + sa i I,}r = 0 


(4.3) 
r(O0) = 0 


r'(0) = 1 


As usual, 


THEOREM 2, Suppose that Gy satisfies an inequality of the form (4.2) 


and that the solution of (4.3) has the properties 


355 


356 H. F. WEINBERGER 


r>oO on [0,1] 


(4.4) 
r'(1) > 0 


Then the steady-state solution v, w is stahle in the sense of Theorem 1. 


PROOF. If A is outside the closure of the range of Gy » we can solve the 


first equation for v and substitute in the second to ohtain the problem 


a a, Hy 9 Hye 
OCW Trae tree irra Te 2) 


This equation can always be solved unless there is a nontrivial solu- 
tion of the equation with p =o 20. Therefore the spectrum outside the 
closure of the range of &) is discrete. To locate this part of the 
Spectrum we set p =a = 0 in (4.5), multiply by the complex conjugate ts 


and integrate hy parts to find an equation on whose real and imaginary 


parts are 
(Re() - G)GH 
f{-letl? + th, - pe) ag a aa Vid =0 (4.6) 
Ree 
v 
and 
! 1 Gy 2 
Im(a) [, Gao t (eke V[g{°dx = 90. (4.7) 
d- 


The second equation shows that any complex spectrum is confined to the 


union as x does from 0 tol of the discs 
2 
\y - GI < -(1 4 av)G HY ; 


which is a hounded set. Therefore it is sufficient to show that there are 


no eigenvalues with RerArd. 
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If Re > 0 , we see from (4.2) that 


Red, Epes GIG, ? oaty j 
“T+ af 2 + 
I, - 6 -G, 


Thus (4.6) yields the inequality 


f{-lc'l? + (H, + oe 1,) Icl?}dx 20, 
We now define 
q=a/r , 
integrate (4.8) by parts, and substitute for ¢ to find that 


2 


-fa(1)|?r(1ye'Q) - fe la|’r? dx > 0, 


Since the eigenfunction ¢ cannot satisfy c(1) = ¢'(1) = 9, Since 


(4.8) 


Ig(1) |? > 0 , and since r(i)r‘(1) > 0, this Teads to a contradiction. 


We conclude that if the solution of (4.3) satisfies the conditions 


(4.4), and if (4.2) is satisfied, then the solution (v,w) is stable, which 


proves our Theorem 


The conditions (4.4) are obviously satisfied when the coefficient of 


in (4.3) is nonpositive. Because Hi ( 


v 


H, <9 on the part of the range of (V,W) where V = vo (W) . Computation 


shows that Hq, >a, Hy <0 at (vo (w )ow,) , so that one can construct a 


m 


O,w) < 0 for w Ry /a ; 6 (9,w) 


G (vo(w) Ww) <0, and Bi (vo (Ww) w) <0, this is the case if Hy > 0 and 


family of stable solutions by keeping w near a constant just helow Wa 


For the limiting solutions computed by Aronson and Brown the sufficient 


conditions (4.4) are found to be valid in most though not all cases. 


=0Q, 
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REMARK. Replacing the factor (1+ av) hy 1 in the second equation of 
(2.1), yields a semilinear system with the same steady states. The ahove 
analysis shows that this system also has a continuum of stable steady 


states, so that quasilinearity is not needed to produce this phenomenon. 


5. A biological consequence. 


The system (1.1) is a model for a pair of competitors, one of which 
avoids the other to such an extent that the homogeneous steady state 


solution 


is rendered unstable and inhomogeneous stable steady states (u,v) occur instead. 
It is reasonable to ask whether this mechanism is advantageous to the 
two species. 


We integrate the steady state form of (1.1) to find that 


J, W(R, - al - bv)dx = 0. (5.1) 


~ 


The second equation of (1.1) hecomes Ro - bu - av =0 when V = vaiW) - 


while R, - bu <0 on the branch ¥ = 0. Thus on hoth branches 


2 

‘“s R, - bir 

Vos , (5.2) 
so that 

for, - a 2 (R, - nt)}dx > 0 

Ge age ‘ 
Since R, = au + by and Ry = hu + av , we obtain the inequality 
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b bye ood 
(a - al ) iP u(u - U)dx > 0 


so that 


u f(u - t)dx > fu - %)*dx . 


Thus if T(x) is not constant, we find that 
ao e 
fo udx<u. (5.3) 
Thus the avoidance mechanism reduces the total population of the orqanism 
that possesses it. 


On the other hand, (5.2) can he written in the form 


a(¥V - Vv) >» b(u-7@). 
Thus, (5.3) implies that 
Ho os 22: 
in Vdx>v, 
so that the second species profits from the nervousness of the first one. 


The second species might thus evolve a mechanism to frighten its com- 


petitors away. 
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Chaos arising from the discretization of 0.D.E. 
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In the first part of our paper, we review our recent studies 
of some usual finite difference schemes for the autonomous 
system, which can produce chaotic dynamical system. In the 
second part, we present an age dependent discrete population 
model whose solution exhibits some significant chaotic be- 
haviors. 


1. Finite difference schemes. 


1.1 Definition of Chaos. 


First we begin with a recall for the notion of Chaos. Let us consider a 


most simple dynamical system which is described as follows: 


2y (0 < yn, * 5) 
(1.1) in : 
he ae see 3 = 1) 
rs Fly) 


whose graph is shown in Figure 1. 


Figure 1. Graph of F. 
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We denote A the domain [0,51 and B the domain (eit Then we remark the 


following property of the mapping F. 

(1.2) F(A) >AuB, F(B) >AUB. 

This property means that for any point y which belongs to [0,1], there exist 
always y' and y" such that Fly') = y, y' ¢ A also Fly") = y, y" © B. 


Now we consider an orbit 2 which starts from Yo: We list up this se- 


quence of values as follows: 
(1.3) Yo° Vy? Yoo seeg vy? eee 


And we also list up the sequence of the symbols of domains to which Yn belongs. 
A, A, B, B, B, 
We write this sequence as follows: 


(1.4) 


Wor Wy» Wor vers Gs 


where iy = Aor B corresponds to y.. 


Conversely, using the property (1.2), we can prove that for any arbitrary 


eo 
given sequence {oy dog we get 


(1.5) n F 


This means that if the sequence of symbols tw, } is given by some record of 
coin-toss trials, even so, we can decide an initial point Yo such that vn 
belongs to w, for any n where {fy} is an orbit of the dynamical system 
(1.1) starting from Yo: (Here we use w, 28 the name of domain. ) 


Now we consider a change of variables: 
2 ae aa 
(1.6) Y, = 7 arcsin yx, 


to the system (1.1). Then we get 


(1.7) se Ra dx 1 - x,)° 
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This mapping maps [0,1] to [0,1]. This is a special case a= 4 of the more 
general dynamical system: 


(1.8) xe = ax (1 - x,) = F(x) 


which also maps [0,1] into [0,1] for 0<a<¢ 4. We show the graph of this dy- 


namical system in Figure 2. 


Figure 2. (1) Graph of Fy. (2) Graph of Fa a a is suffi- 
ciently near 4. 


As is easily seen, the fact (1.5) holds for the system (1.7) by exactly similar 
reason as in the case of (1.1). But how about for (1.8)? If a is sufficiently 


near 4h, then some weak property (1.9) follows. 


(1.9) F(A) >B, F(B) > AUB, 


a a 


It produces any symbolic sequence {w,} where 5 =A, 41 =A never arise. 


Remark. This simple dynamical system (1.8) was considered by R. May who 
studied a discrete population model of some insects population which has non- 
overlapping generation. We are going to explain this fact introducing an age 


dependent population model in the second part of this paper. 
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Now we explain the notion of Chaos mathematically, that is, the definition 
of Chaos in the sense of Li-Yorke and Marotto. We consider a dynamical system 


which described by 
(1.10) X = F(X) a Xie Re 


where F is a continuous mapping from R” to R", 
Definition. We say F is chaotic in the sense of Li-Yorke and Marroto if 


F has the following four properties: 


(1) (1.10) has infinite periodic orbits with distinct periods. 
(2) there exists an uncountable set Sc R" such that for any X,Y « 5, 


X&Y, 


Tim | F'(x) - F'(y) [ > 0 


(3) for the same X and Y as in (2), 
: n n 
lim | F°(x) - F'(y) | = 0 
now 


(4) for any Xe S$, X is not even asymptotically periodic. 


Now we can state very briefly the result of Li-Yorke[1] which is that our 
condition (1.9) for Rt implies "Chaos" in the above sense. Also Marotto[2] 
has shown this "Chaos" in R” ( for any m ) under the assumption that (1.10) 
has a snap-back repeller. Here we recall the definition of the snap-back repel- 


ler. 


Definition. Assume that F is continuously differentiable. Then we call 
a fixed point Z of (1.10) a Snap-back repeller if Z is expanding in some 


neighbourhood U of 2 and there exists a point X, « U with Xo & Z, F'(x4) 


0 
=Z and [pF'(x,) | % 0 for some positive integer M where [pFM(x0) | is a 


Jacobian determinant of pM at Xo . 
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1.2. Chaos arising from the discretization of ordinary differential equations. 


Here we mention a review of the results of our group about the "Chaos" 
which are obtained by some simple discretization of ordinary differential equa- 
tions. 


Our first result was that of Yamaguti-Matano[3] which is stated as follows. 


Theorem 1. For a given differential equation: 


(7.37) GY = e(y) 


where f(y) is continuous function of y in rt. If f(y) has at least two 
zeros, one of which is globally asymptotically stable, then the Euler's differ- 


ence scheme: 


(1.12) y Be a rea) = Lae ee 


is chaotic if we take At sufficiently large. More precisely, there exist two 


T such that for At which satisfies tT, < At <T the 


positive values Ty To 1 2? 


mapping (1.12) maps a finite interval into itself and this dynamical system is 


chaotic in this interval. 


After this result, we study several generalizations of this result. Here, 
we limit ourselves to list up a series of our recent results. Let us consider 


the system of differential equations: 


(1.23) oe a(u), U(o) =U 


where U is unknown m-vector and G is a continuously differentiable mapping 
from R™ into Rr". Then Hata succeeded to prove that the Euler's difference 


scheme for (1.13): 


(1.14) U =U_ + At GU.) = G6, (U_) 
n n 
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is chaotic for sufficiently large At under the following conditions: 


(1.15) there exist U&%V such that cG(U) = G(V) = 0, |pc(U)| 40 


and |DG(¥)] ¥ 0. 


For the proof of this theorem, see (4). 
Nextly, S. Ushiki and Yamaguti[5] studied a central discretization of the 


following differential equation: 
(1.16) <= = x(1 - x). 


The central difference scheme of this equation is 


ntl n-l 
(1.17) a3 = x (1 - x). 
2 
Putting X41 = Yn» we get a mapping from R into Ro as follows. 
(1.18) Xyey 7 Yq * 2Ot x, (2 - x) 
Ynt1 . *n 


S. Ushiki[6] proved that this dynamical system shows some chaotic behavior for 
any mesh size At. 

Similar result as Yamaguti-Matano's has been proved by Y. Oshime for the 
modified Euler scheme of (1.11). Also the above result of Hata has been gener- 
alized by himself for Runge-Kutta scheme of (1.13). 

Before finishing our review of the results, we sketch the proof of the above 


theorem by Hata. 


Lemma l. For any 6 > 1, there exist r>O and ec(8) > OQ such that 
Io.) ~ oy C4 I] > sll x = yl 
for any At > c(8) and X,Y « B(U,r) where B(U,r) is a ball whose center is 


U and its radius r. 


Proof. Because of our conditions (1.15), we get 
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|DF(U)*DF(U)| & 0. 
Therefore we can show easily 


| pr(U)x|] = VA x | ( for all x « R” ) 
Here ee means the minimum eigenvalue of DF(U)*DF(U). By the continuity, 
|| DF(X) - DF(U) |} < ae ( for all X © B(U,r) ) 


Then we get the following series of inequalities 


Io ,.() - GY) II > at|| F(x) - F(y){f - [x - y| 
> Cea, -1) |x - y]| 
> all x - vil 
where 
At = c(6) = = (1 + 6). c.g.f.d. 
min 


Lemma 2. For sufficiently smail open neighbourhood W of U and any 
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bounded set B, there exists a positive constant c(W,B) such that the equation 


has at least one solution we W for any At > c(W,B) and for any be B. 


Using these lemmas we can constract a snap-back repeller. Thus we can prove 


the conclusion of the theorem. 


2. An age dependent population model. 


We consider here an age dependent population model which is described by the 


following equation: 
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N N 
(© b(k)uy)(R - 2 b(x)uy) 
k=1 k=1 
(1 a(1))uy 
(2.1) uot! = pu) = 
n 
(1 - a(N-1))uy 5 
where we denote 
n t n n n N 
Ul = ( Ups Uys cers Uy )eR, 


uy is the population of k-age animals at n-th year, b(k) is the birthrate of 
k-age population, d(k) is the deathrate of k-age population, R is a positive 
constant which means a saturation, and b(i), a(i) satisfy the following condi- 


tion; 


0< bli) <1 for 1<i<N, b(N) ¥ 0, 
(2.2) 


Oo 
A 


d(i) <1 for 1<i < N-l. 


Now it is convenient to introduce new variables by the following formulae; 


j-l 
ee re Ae 
J R> kel J 
(2.3) for l<jsN. 
jo 
a(j) = b(j) 1 (1 - a(k)) 
k=1 


Then we have new equation; 


(2.4) yotl = g(v") = Ny, 


where we denote ne ty n 
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Also we have 
0<a(j) <1 for 1< j<N, a(N) 80. 


We assume that 


N 
AR <4 where A= 2 a(k). 
k=1 


Under this assumption, it is easily verified that the N-dimensional mapping G 
in (2.4) has the following invarient domain; 


N 


Q = [0,1]x[0,1]x...x[O,l1] oR, 
~~ Y 
N times 


that is, G maps Q into itself. Then we find the fixed points of G in Q 


as follows. 


{a} For the case in which 0 < AR < 1, the only one fixed point in Q is 
the origin 0 = (0, 0, ..., 0). 
(b) For the case in which 1 < AR < 4, the fixed points in Q are the 


origin and 


(2.5) v= (= 


The local stability of these fixed point of G is easily studied by stand- 
ard linearization techniques. From (2.4), we obtain 


ua(1) pal(2) oe) ew) Ha) 


(2.6) DG(V) = DG(V) V5 9+++ Vip) = 


where 
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Especially, for the fixed points of G, we have 
> 2 
u(O) = R and y{V) = ras 


It follows easily from (2.6) that the characteristic equation of DG(V) 


N 
(2.7) aN _ atv)  a(gyad = o. 
J=1 
Putting 
N 4 N-j 
(2.8) f(A) =A and g(a) = u(V) EB al(j)a ', 
jel 
we have the following estimates on the unit circle jal = 1; 


IfQ)| = 21, le(a)] < lucy) fa. 
Therefore, if |u(V)|A <1, we have 


Tad] > feQ)| 


is 


on the unit circle. By the theorem of Rouché, the all roots of the polynomial 


f(A) - g(A) lie inside the unit circle. So we have the followings. 


(c) For the case in which 0 < AR <1, the origin O is locally stable. 


(d) For the case in which 1 < AR < 3, the non-trivial fixed point V is 


locally stable. 


Similarly, we can study when all roots of the polynomial f(A) ~ g(A) lie 


outside the unit cirele. Put 


(2.9) a(njey + x alkjeX - say =O 
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Putting 
N a kl 
(2.10) (6) = a(N)e and g,(é) = sae - iW 
we have the following estimates on the unit circle [| = il; 
N-1 1 
je,€e)| = elm), le(e)] s 2 alk) + —— 
k=1 july) | 
By the theorem of Rouché, we have the followings. 
N-1 
(e) If a(N) > 25 a(j) and - < AR < 4, then all eigenvalues of 
3 jel 2a(N) - A i 
DG(O) exceed 1 in magnitude. 
1 ha(N) ~ A 
(f) Tf a(N) > 3 2 alj) ana Bath A * AR < 4, then all eigenvalues of 
j= 


DG(V) exceed 1 in magnitude. 


The above conditions (e) and (f) about the distribution of a(j) include 
some insects population which has non-overlapping generation as a special case. 
Actually, we can prove that G is chaotic for sufficiently small a(1), a(2),... 
a(N-1) and some a(N) which satisfy our assumptions by showing that the non- 
trivial fixed point Vo oof G isa snap-back repeller. 


First, we choose a special parameters as follows; 
a(1) = a(2) =... = a(N-1) = 0, ao = a(N)R € (0,4). 


And Gy denotes the corresponding mapping defined in (2.4) with a parameter a, 


that is, 


(2.11) G (vy oVoee+ + sVyy) 7 ‘ : 
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A ae 2 
Putting h(x) = ox -]- x , we get 


(2.12) H (Vy aVoaee eV )=6 
hy Gry) 


where e denotes the N-fold iteration by G,. Also we obtain from (2.12), 


(2.13) DH (Vy sVoo- Vy) = 

hy! (vy) 
Therefore 
(2.14) [DH (vy sVoae++ Vy) | = by'(v, Yay (vy). nyt (vy). 


The condition of a snap-back repeller clealy includes the existence of a 


} such that 


homoclinie orbit {2_, ne, 


%q isa fixed point of F, za x Zs 


F(z.) = 


te 2 st] for k 21, and F(z_ )+z. as ko, 


K Q 


Even for one-dimensional continuous mapping, it is sometimes simpler to find a 
homoclinic orbit than to verify (1.9) or some odd period conditions. In this 
ease, for one~dimensional continuous mapping hy it is easily shown that there 
exists a positive constant ay < 4 such that, for any fixed «a « fay), hy 


has 4 transversal homoclinic orbit {p_} “se such that 


ng'tp.) & 0 for any n20. 


The dotted lines in Figure 3 represent a homoclinic orbit of hy which is found 


Chaos and Age Dependent Popuiation Model 373 


by starting in a fixed point and iterating backward. 


1 
Figure 3. 
Homoeclinie orbit of hoe 
0 1 
Using a transversal homoclinic orbit {p at n20 of hy we construct a 
transversal homoclinic orbit {P _} of H as follows; 
-n n20 a 
t N 
= > 
Ph ( P_pePlyr ttt 2Pln )eR for n20, 
since from (2.14), 
px (P_)| = (n t(p_))" 80 for n20. 
a =n a —n 


Since the existence of a snap-back repeller is a stable property under small G 
perturbations and the orbit {P at ya6 OOF Hy is contained in the interior of Q, 


we have the following. 


Theorem. There exists a constant 0O< e <1 such that for any 


(a(1),...,a(N-1),a(N)R) ¢€ [o,<e]e*x[ 4, 


es 
which satisfies AR < lh, the corresponding mapping G in (2.4) is chaotic in Q 


in the sense of Li-Yorke. 


Finally, by computer simulations ( see Figure 4 ), we conjecture that G is 


sometimes chaotic even for the case of over-lapping generations. 
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(4~a) 
Total Population. 
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Figure 4. Numerical computations of our model (2.1) where we put N = 100 


and birthrate and deathrate are shown in (4 -c ). 


1 1 
(hee) 
Birthrate Deathrate 


£ 


0 Age 100 0 Age 100 


First, we choose a saturation value R= 9.0 in ( 4 - a } and presumably 
the periodic structure is caused by a Hopf bifurcation from a non-trivial 
fixed point. Secondly, we choose a saturation value R=11.3 in(4-pb ) 


and the chaotic phenomenon will be appear. 
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STABILITY, REGULARITY AND NUMERICAL ANALYSIS 


OF THE NONSTATIONARY NAVIER-STOKES PROBLEM 


John G. Heywood 


University of British Columbia 


Vancouver, B.C., Canada 


In this paper I will describe some results relating the stability and 
regularity of solutions of the Navier-Stokes equations with the long term error 
and stability of numerical approximations. These results were obtained jointly 
with Rolf Rannacher and are presented in full detail, along with related results, 
in Part II of our work on finite element approximation of the nonstationary 
Navier-Stokes problem [1]. They are of two general types, both utilizing 
stability assumptions to extend results which were known locally in time to 
ones which are global in time. First, that if the solution of the initial 
boundary value problem is stable, then the error in its discrete approximation 
remains small uniformly in time, as t + . Second, that from the stability of 
a discrete solution, for a single sufficiently small choice of the mesh size, 
one can infer the global existence of a closely neighboring smooth solution. The 
concepts of stability which are dealt with are formulated to describe the 
stability of such phenomena as Taylor cells and von~Karman vortex shedding, and 
also the partial stability observed in some flows exhibiting slight or incipient 
turbulence. I will include an account of some of the stability theory developed 
in [1], particularly as exemplified by a new proof of the principle of linearized 


stability appropriate to nonstationary solutions. 
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1. The Continuous Problem 


We consider the nonstationary Navier-Stokes problem 


um Au+ueVu+Vp =f , 
(1) Veu = 0, for (x,t)eR x (O,~) , 
u =a, =Q, 
| t=0 “}an 
in a bounded two or three-dimensional domain & . Here u_ represents the 


velocity of a viscous imcompressible fluid, p the pressure, f the prescribed 
external force, and a the prescribed initial velocity. The boundary values 
are zero. The fluid'’s density and viscosity have been normalized, as is always 
possible, by changing the scales of space and time. 

As usual, LP(Q) ,» or simply uP ,» denotes the space of functions defined 
|. 
|° 


functions continuously differentiable any number of times in 2 , and Co 


and go obeeE summable in 2 , and l.p its norm. We denote the inner 


2. Cc is the space of 


product in it by (*,°) and let ee 
consists of those members of Cc with compact support in & . The Sobolev 
space H” is obtained by the completion in the norm 

a 1 2,1/2 

half eet 2. [pra 
O< |a|<m 

expressed in multi-index notation, of those members of C for which the norm 
is finite. aw is the closure of Cc in nt - Spaces of R"-valued functions 


will be denoted with boldface type. We use 


(vu,Vv) = y (954,93 ; || vu|| - (vu, vu) b/2 : 


v 
lsi,jén a8 
as inner product and norm for i. . Finally, we need the spaces 


I= {oe Le : Veo = O in 2 and oN ag = 0 , weakly} , 


1 = 
J, = {oeH) : Veo = 0} 


of solenoidal functions. 
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2 
Denoting the orthogonal projection of L onto J by P , we introduce 


the "Stokes operator" A = PA . Assuming the boundary 939 is sufficiently 


regular, the mapping A : Jy n n° + J is one-to-one and onto, and 
(AL) Iv], < eflavl| 
holds for all ve J, n ta . We assume this as well as some regularity of the 


prescribed data, namely that 


ae 3,08 j 


(A2) a 
f,f,¢b (0.3L) 
For the sake of simplicity in our presentation, we have assumed the boundary 
values vanish. All of our results remain valid in the case of inhomogeneous 
boundary conditions if one assumes an appropriate degree of smoothness of the 
boundary values, as well as the same conditions of spatial and temporal 
invariance as may be required of f 

Finally, we assume that the strong solution uU,p of problem (1) exists 
globally and satisfies 
(A3) sup || vul < oe. 

[0,~) 


Once this much regularity is known or assumed of a solution, its full regulari 
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ty 


can be proved so far as is permitted by the data. In particular, the following 


is proven in Theorem 2.3 of [2]. 


Proposition 1. Given Q satisfying (Al), there extsts a continuous inereasing 


function F of three vartables, such that every solution u of (1) satisfies 


(2) sup |[ul] < F(\jdall , sup [lel] +{lf,l] . sup [lvell) , 
tst* tst* tst* 


provided sup ||Vul| <= . he function ¥F is independent of t* . 


t<t* 
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We mention that to bound higher order derivatives of u , uniformly as 
t +0 , requires nonlocal compatibility conditions of the prescribed data, 
conditions usually unverifiable in practice. For instance, IIvu_ || and lull, 
tend to infinity as t+ QO umless there exists a solution Py of the 


overdetermined Neumann problem 


iT 


Ap, U°(£(-,0) - aeVa) in 2, 


tl 


YP, da + f(+,0)-aeVa on 32. 


The loss of regularity as t > 0 complicates the proof of error estimates of 
higher than second order for numerical approximations. While such estimates are 
proven in Part III of this work, independently of any nonlocal compatibility 
conditions, the present discussion will be restricted to second order error 
estimates. 
2. The Discrete Problem 

2 


We suppose that HL and Li are finite dimensional subspaces of Land 


he » respectively, corresponding to a sequence of values, tending to zero, of 


a discretization parameter h ,0O<h<¢ 1. The space Ay is considered as a 
discrete analogue of KR . In order to include the consideration of nonconform- 
ing finite elements, it is not required that HL c a » but merely that the 


‘ ; 1 
gradient operator V has an extension V. to the algebraic sum Le +H 


h h’ 


such that V, = Von al , and such that {/¥,° 
h ° h 


is a norm on AL . Another 


frequently used norm is 


ell, = 


+ hive! 


A discrete analogue of the space Jy is introduced by setting 


J 


h {v elt 


nh? Oxo YA = 0 , for all Xp ¢ Li} 


We also set 


NF Oe l )=0 , for all v, © Hy} - 


nt OVE MD h 
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A discrete analogue A : A > HL of the Laplacian operator is defined by 


requiring 


Yn oy? = ~My Oy) » for v5 6H, 


2 
Letting PL : i > qn denote the L -projection onto Jn » we introduce a 
discrete analogue, ay = Pan , of the Stokes operator A = PA . The restriction 
of Ay to J is automatically invertible, with inverse denoted by ay . The 
invertibility of Ay and A permits us to introduce operators 
eels 2 

RLF 4, Ppa td, oF a3 

h s=1.~ 2 

R =A PA, J, > J, 0 ; 


associating discrete solenoidal functions with smooth ones and vice versa. We 


. 2 
assume there are constants c , independent of h , such that for ved) nH 


and Yn eJ, ,» there holds 


lA 


ch’ lfavll 


IIlv~ Rv lll, 
(3) 


1A 


[lly B vali, < eh US, % ll - 


These inequalities were proven in Corollary 4.3 of [2] under the detailed 
assumptions of [2]. 

We suppose we have a discrete analogue, of the Navier-Stokes equations 
determining, for any given an é Jn and to 2 0 , unique functions uy C+, t) ed, 
and Pyrat) € L/N, , defined for all t > to such that uy Cyt.) ea: Our 
notation here is that for semidiscrete approximation, with the time variable 
remaining continuous and a "discrete" analogue of the Navier-Stokes equations 
consisting of asystem of ordinary differential equations. However, in [1] we 
adapted our notation and argument to apply to a full discretization of the 
equations, at least in a simple case of backward Euler time discretization of the 


ordinary differential equations. 


We assume a "local" error estimate is already known, "local" meaning with 
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error constants that grow (exponentially) with time: 


Proposition 2. If u,p and UPL are continuous and discrete solutions 


defined on some time tnterval [tr >t,) , then 


I]Cu-u ceri, vee © 5 


M4) -1/2,K(t~to) 


I\(p- p(t) |] 9 < RK (t-te) 
L /N 
h 
hold for te [t .t,)» with constants K dependent on ||4uCe,) || : 


sp [lel + Hel» sup fivull , and WA lloce.d -a.cerill, + UagyCe Ul - 
t 


too tk ots 
We proved Proposition 2 for a class of semidiscrete finite element approx 
imations in [2]. The exponential growth of the error constants is unavoidable if 
the solution u,p under consideration is unstable. 
Our proof of “global error estimates, exemplified by Theorem 3 below, 
requires an estimate for the regularity of discrete solutions analogous to 


Proposition 1. The following was proven for a class of semidiscrete finite 


element approximations in Lemma 5.5 of [2]. 


Proposition 38. There exists a continuous increasing function F of three 


vartables, such that every solution uy, of the discrete Navier-Stokes equattons, 


defined on any time interval [t>t,] e satisftes 


(5) sup jHenl < F(|Jau (tril » ‘S llell+ {ell » sup lean 
; t 


tote o? tx! tote 


The function F is independent of h, as well as of t, and ty 


3. Exponential Stability and Global Error Estimates 


Questions about the stability of u concern the behaviour of "perturbed 


solutions", by which we mean any solution v of the Navier-Stokes problem 
oe Av +ve¥Wv t+ Vq = fy 


(6) Vev=0 for (x,t) € 2x (t) 4%) ; 
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starting at aninitial time tO 2 0 , with an initial value v, near u(t) 

We refer to w= v-u as a "perturbation" of u _, and to ty and Wy = 7 Ut? 
as the "initial time" and "initial value" of the perturbation w . To avoid any 
doubt about the global existence of v , and hence of w , it is necessary to 
define it first as a weak solution in the sense of Hopf. We will not belabour 
this point, as a proof of the regularity of any small perturbation of a stable 
strong solution is implicit in Theorem 1 below. 


The ordinary, simplest, notion of stability is the following. 


Definition 1. The solution u of problem (1) ts said to be stable if, for 
every « >0, there exists a number § > 0 such that every perturbation w , 


with wied and Iw ll <8, satisfies sup |lw|| < « 
[t. >) 
) 


Here, in speaking of “every perturbation", it should be understood that 
we are referring to every perturbation, starting at every initial time to 20. 
A stronger notion of stability is required upon which to base error estimates 


which are uniform in time. 


Definition 2. The solution u of problem (1) ts said to be exponentially stable 


if there exist mmbers §,T > 0 such that every perturbation w , with Woe J 


and |u|] <8, satisfies |lw(t4M|] < Fllyil - 


If u satisfies the conditions of either of these definitions with § =o , 
we say u is unconditionally stable. 

An example of an exponentially stable flow is provided by simple axially 
symmetric Taylor cells occurring in flow between rotating coaxial cylinders. The 
situation is one in which, if the data are steady, there exist multiple steady 
solutions. If the difference between two such solutions is considered as a 
perturbation, it certainly will not decay. Thus Taylor cells are not uncondition- 
ally stable. Further, there generally exist even small ederavbartons whose decay 
in the t-norm is not monotonic. However, the cells are certainly stable in some 


sense, and intuitive considerations of linearization suggest that the decay of 
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small perturbations is exponential. 

Qur development of a stability theory is based on several lemmas asserting 
the continuous dependence of solutions on their initial values. Below, c is 
a generic constant depending only on & , and 

M= sup || Vu] ‘ 
t20 


Lenma 1. For every perturbation w of u_ there holds 


4 
2 t 2 
wt) |" + J, liste iz [lwce) [120 (t-ty) 


for t 


IV 
ine 


Lemma_2. For every T> 0, there exists a menber § > 0 such that every 


perturbation w of u, with wed, and I] 9w fh <6 , satisfies 


4 
Tl 2cCL+M ) (t-t,) 


> 


live)? + fe |jawl|?ae < [I vwce,) 
[0] 


Lemma 38, For every T>0, there exists numbers 9,B>0 such that every 


perturbation w of u, with |jw(t)|| <p, satisfies 
< ‘ 
||vw(t +7) || Bllw(t ) fh 
To prove these lemmas, one begins by writing the perturbation equation 
(7) i - Aw + weVw t+ u'Vw + weVu = -Vq , 


for the difference w=v- u of the solutions of (6) and (1). Multiplying (7) 
by w and integrating leads to Lemma 1. Multiplying (7) by A and integrating 
leads to Lemma 2. In both cases, the constants c depend on Sobolev's 
inequality. Lemma 3 is obtained by combining Lemmas 1 and 2. All three lemmas 
need somewhat more precise statements if v is understood only as a "weak 
solution." 


Using the preceding lemmas, we can establish the equivalence of various 
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definitions of stability. We prove the following simple theorem tw indicate the 


nature of argument. 


Theorem 1. The stability condition of Definition 1 is equivalent to the 


following: For every ¢ >0, there exists a number 6 > 0 such that every 


perturbation w , with woe dy and i vw || <6, satisfies sup liwl| <e« 


ine 


Proof. First we check that the condition of Definition 1 implies that of 
Theorem 1. According to Lemma 2, one may guarantee that I[ verCe) || is small, 


for t <st<st +1 =, by taking i|vw. ll small. Mindful of Poincare's 


ro) © 
inequality al < c |] vw II » we see that if || vw ¢] is taken small, then the 
condition of Definition 1 ensures that I]wCe) || is small for all t 2 tS ; 
and hence Lemma 3 ensures that {{ Y(t) || is small for all t = ty +1. Thus 


the condition of Theorem 1 is satisfied. 

Next we check that the condition of Theorem 1 implies that of Definition l. 
According to Lemma 1, one may guarantee that I]w(t) |] is small, for 
t,t st) +1, by taking |/w. || small. But then, ||vw(t +1) || is also small, 


according to Lemma 3. Hence the condition of Theorem 1, considered with starting 


time t, +1, implies ||vwCt) || is small for t 2 t, + 1. Thus, remembering 
Poincare's inequality, |/w(t) || is small for t 2 t, + 1. This completes 
the proof. 


The next theorem is more complicated, but proved by a similar type of 


argument. 


Theorem 2. The stability condition of Definition 2 is equivalent to any one 


of the following conditions 


(t) There exist mmbers 6,T>0 such that every perturbation w , 


vtth weedy and i|vw, lI <6, satisftes 
1 
llece ed] < Aw, Ih 


(ti) There exist numbers 6§,0,A>0 such that every perturbation w , 
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with woed and lw oll < 6 , satisfies 


t-t_) 
lw(t) || s Ae P filvoll» fem atd tee, 


(tit) There exist numbere 6§,0,A>0 such that every perturbation w , with 


wie 5, and [vw Tl <6 , satisfies 


-a(t-t_) 


l[vw(t) || < Ae 2 [vw |, for all t 2 ty 


One of our principal results about the numerical analysis of problem (1) is 
that the error constants of Proposition 2 remain bounded as t +™ , if the 


solution u being approximated is exponentially stable. 


Theorem 3. If u,p and are continuous and discrete solutions defined 


wn? Ph 
for t 20, and if u ts exponentially stable, then there exist constants 


K, hy > 0 such that 


Huw) Conlll, <8? 


(8) 
1/2 


Hepp) Ce Th? <s hKmax(1,t ~~) 


hold for all t >0O and O<hsh. The constants K and h) depend on 


= =) - 
aaj]. supflfl] + fle, |] . sup||vell , @ bound for hb “|lla-a ll], + [loa] 
£20 tr’ £20 me oe 
and the stability parameters of Definition 2. 


Proof. Rather than actually choosing 6,T as in Definition 2, it will be more 
convenient to choose them in accordance with Theorem 2, so that for any solution 


v of (6) satisfying [Vov - u) (t) || < 6 , there holds 


1 
(9) Iv -w (e+ ||, s Fil -wCegr il,» 
(10) sup |]v(v-u) || <2. 

t2ty 


The main point to be established is an induction step for the velocity error 
estimate. We claim there exist constants K and ho such that, for any choice 


of h<h and t_ 20, Lf 
oO Oo 
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(1) sup |[lu-uplil, <b Ks 
tSt, 

then 

(12) IIu-u recs +a ill, § ares 


Since sup||Vul| <= , it is clear that (11) implies 


t20 
(13) sup |iv,u | < Cy. 
tt hh 1 
fe) 
where C depends on h and K _ only through their product hK . Using 


a 


Proposition 3, one sees that (13) implies 


(14) Hla, Cedi < Cy » 


with Cy also depending on h and K _ only through their product hK 


Clearly 
(15) fara (tll = (Paja(t. il < ¢, 
Further, using (3), it is seen that (14) implies 

(16) [Nera - ud Ceri, <b? cy 


with cy again depending on h and K only through their product hK 


Finally, taking (11) and (16) together, it is evident that 
(17) \lvcu- Re )(t_) || < bhK+the, < & 
Un fe) - 3 , 


provided hK and h are small enough. 


Let v be the solution of (6) satisfying v(t) = Ru (t,) . Then 


Vv 
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satisfies (9) and (10), provided hK and h are small enough to ensure (17). 


In view of (15), (10), (16) and (14), we can apply Proposition 2 to obtain 


an error estimate 
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(18) lve uw) (t) ll, < he? K ek! t~t,) 


between v_ and Us with constants K depending on h and K_ only through 
Cy and Cy ; 


large and all h sufficiently small, there will hold 


i.e., only through their product hK . Thus, for K_ sufficiently 


KeMT < ik : C3 Sh, 


while at the same time both h and hK will be small enough to ensure (17). 
Now (16) and (11) imply Kivu) Ces Tih, < 2° K , so that together (9) and 
(18) imply (12). This completes the proof of the velocity error estimate (8). 
The pressure error estimate (8) is a relatively easy consequence of it. 

Much of the existing theory of hydrodynamic stability rests upon the 
“principle of linearized stability". This is a general assertion that in 
determining the stability of a solution u it suffices to consider the linear- 


ized perturbation equation 
(19) we ~ Aw + u-Yw + wevu = -Vq , 


in place of the full nonlinear perturbation equation (7). In the following 
theorem we give a precise statement of the principle of linearized stability 
appropriate in the general context of the nonstationary problem. The proof 
is a direct and simple one, entirely bypassing spectral methods, as indeed one 


must in the nonstatinary case. 


Theorem 4. The solution u of problem (1) is exponettally stable if and only 


if there exist numbers a,A > 0, such that every solution w of the Linearized 


perturbation equation (19) satisfies 


(20) ace) [Ps ae SEP 5 |, for tae). 


Proof. Let »)=Ww-w, where w and w are solutions of (19) and (7), 


respectively, satisfying w(t.) = w(t.) =wo: Subtracting (7) from (19) gives 
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ve ~ Ab t+ ueVy + peVu - weVw = -Vq , 
for some scalar function q . Multiplying by y and integrating, this leads to 


A iloll? + (voll? < effet “wll? + eljow |? - 


Using Gronwall's inequality now yields 


4. t +T 
Hlocesem ff? sce TY | owll ae 
° 
4 t +T 
cce™ 7 sup jfvwl|? f° Ihvw{lPar , 
[t,t +T o 
0’ o 
for any fixed T > 0 . Thus, if lw | is sufficiently small, depending on 
T , Lemmas 2 and 1 imply 
> c Mit Siem 329 
(21) llp(eyt |? < ce low HP tie il? 


Now suppose the condition of Theorem 4 holds. Choose T above such that 


(20) implies 
= 1 
IwCe +7) [| s Zlleoll - 
Then, also, provided || Ih is sufficiently small, (21) implies 
1 
lece en Ils Ets. 
Combining these gives 
- 1 
wee [| s acess |] + luce ell s Ale ll 


showing that condition (i) of Theorem 2 is satisfied, implying the exponential 
stability of u. 

To show that exponential stability implies linearized stability, we argue 
similarly, starting again with (21). This completes the proof. 

In [1], we applied Theorem 4 to show that the set of initial values for 


u_, which give rise to solutions that are exponentially stable and have bounded 
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Dirichlet norms, is open with respect to the Dirichlet norm. All solutions 
starting within a common connectivity component of this set converge together as 
t +o . We also showed that an exponentially stable solution necessarily tends 
to a steady or time periodic motion, if the forces and boundary conditions are 
steady or time periodic. These results combined with Theorem 3 were shown to 
provide a justification of time stepping as a means of calculating steady or 


time periodic solutions. 


4. Quasi-Exponential Stability 


Below, 6 will represent the angular variable about an axis of symmetry 
common to both 2 and f , if there is one. For simplicity, we will write 
u = u($,t) , suppressing in our notation the usually nontrivial dependence 
of u on the other spatial variables. The symbol w will also denote an angle 
about the axis of symmetry, thought of as a rotation. If f and & do not 
possess a common axis of symmetry, it will be understood that w= 0. Further, 


for any Q , if f£ is time independent we will consider time shifts denoted by 


wn 
| 
oO 


s. If f is not time independent, it will be understood that 


Definition 3. We say u ts quasi-exponentially stable if there are numbers 
8,T,B > 0 such that for every perturbation w, with w ied and Iw ol < 6 


there exists a time shift s anda spatial rotation w satisfying 

(22) is| + lol < Bilw |} 

(23) I (v-u) (e+) H} < Ellw_ | 
fo) Qo? 


where v is the solution of the perturbed problem (6) corresponding to the 


perturbatton w , and u(x,t) = u(gtu,tts) . 

A simple example of quasi-exponential stability occurs in the Taylor 
experiment. At certain rotational speeds of the cylinders, the convection cells 
loose rotational symmetry, taking on a wavy appearance in the angular variable. 
Clearly, if the boundary values and forces are rotationally symmetric, a small 


angular shift in the pattern of waves will constitute an admissible perturbation 
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with no tendency to decay. However, the same reasoning that leads one to 
believe simple Taylor cells are exponentially stable leads to the conclusion 


t 


that wavy Taylor cells are quasi-exponentially stable "modulo spatial rotations", 
meaning that there is a fixed length of time T during which the difference 
between a slightly disturbed flow v and a slightly rotated image us u(otu, t) 
of the original undisturbed flow will decay to half the size of the initial 
perturbation w= v(t.) - ulto) » and further that the required rotation w 
should be less than a fixed constant B times the size of the initial pertur- 
bation. In this case the time shift s in Definition 3 is taken to be zero. 
Alternatively, if the waves are precessing about the axis of symmetry, and if 
the forces and boundary values are time independent, the flow can be considered 
as quasi-exponentially stable "modulo time shifts", meaning that there exists 
atime shift s such that the difference between v and wu = u($,t+s) decays 
to half the size of Wy in time T . An important example of a flow which is 
quasi-exponentially stable modulo time shifts, but not modulo rotations, is 
provided by von-Karmdn vortex shedding behind a cylinder. Small perturbations 
decay modulo slight shifts in the time phase. 

Definition 3 permits consideration of quasi-exponential stability modulo 
both time shifts and spatial rotations simultaneously. An example occurs in 
the Taylor experiment, when at certain rotational speeds of the cyliners wavy 
cells are observed to undergo a further time periodic oscillation, odd and even 
numbered cells alternately expanding and contracting. Though these cells are 
sometimes referred to as doubly time periodic, it is clear that the second time 
periodicity is possible only because the first one is equivalent to a spatial 
periodicity. 

In [1] we proved a result concerning the discrete approximation of quasi- 
exponentially stable solutions, analogous to Theorem 3. Its conclusion differs 
from that of Theorem 3 in that it provides error estimates modulo rotations 


and time shifts. More precisely, it asserts the existence of time dependent 
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rotations w(t) and time shifts s(t) ,» in addition to the constants K 


and ho » such that for O<h< hy and t > 0, there holds 


= 2 
Gap cet, mK, 


1/2 


I| (p - p,) (t) || 2 < hKmax(1,t /*) , 
L’/N 


h 
where u(¢,t) = u(ptu,(t) , tts (t)) and p(¢,t) = P(otu,(t) , t+s)(t)) 


Moreover, wo) =O, 8, Co) = 0 , and their time derivatives satisfy 
Jw'(t)| + [st(t)| < h?kK 
h h - : 


Thus the rates of angular precession and of drift in the time phase, of the 
discrete solution relative to the continuous solution, are of order n ‘ 

The theory of quasi-exponential stability has been developed in [1] 
similarly to that exponential stability, with similar consequences for discrete 
approximations. We will only state here the corresponding principle of linear- 
ized stability. To understand the modification needed in Theorem 4, note that 
if f£ is independent of time, and/or 9 and f possess a common axis of 
rotational symmetry with the corresponding angular variable 94 , then the 
derivatives u. and/or a are necessarily solutions of the linearized pertur- 


bation equation (19). 


Theorem 5. The solution u of problem (1) ts quast-exponentially stable if 


and only tf there exist numbers o,A,B > 0, such that every solution w(t) 


of the lineartaed perturbation equatton (19) satisfies 


(24) lJw(e) ~ cu,(e) - euy(e) || < pe htt? [Nee I 
op tzt +1, where o and 9 are scalar multipliers satisfying 
(25) lo] + Jo] < Bilw ice) |] . 


Nonzero multipliers uv and p are required in (24) tf and only if nonzero 
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time shifts s and nontrivtal rotations w respectively, are required in (23). 


5. Contractive Stability to _a Tolerance and Long Term A Posteriori 


Error Estimates 


We turn now to the question of whether the "global existence" of a smooth 
stable solution of problem (1) can be verified by means of a numerical exper~ 
iment. There is a known argument for bounding a solution's Dirichlet norm 
(and thus obtaining its full regularity) "locally" via a numerical experiment 
combined with an a posteriori error estimate. It goes roughly as follows. 


Suppose the Dirichlet norm of the discrete solution, for a given mesh size h , 


is found to remain less than some number Ni . Choosing a second number 
M > Nu ,» the Dirichlet norm of the smooth solution certainly remains less than 
M on some unknown interval [0,t)] . Using the local error estimate (Proposi- 


tion 2) which holds on the basis of the assumed bound M , one then obtains an 
explicit estimate (exponential in time) for the solution's Dirichlet norm on 
[0,t,] . Equating the right side of this estimate with M one may solve for 

th >» or more precisely, a lower bound for th » i.e., an interval of time during 
which M does indeed bound the Dirichlet norm. At best, if the computed 

numbers Ny remain bounded as h->0O _, one finds that th ~-logh , because 

of the exponential growth of the local error estimate. In other words, to verify 
existence this way on an interval [0,T] requires a numerical experiment with 

mesh size h~ exp(-T) . 

The point of Theorem 6 below is to demonstrate that in verifying existence 
over time intervals of any length, it suffices to work with a single sufficiently 
small choice of the mesh size, provided the discrete solution is found to be 
stable as well as of bounded Dirichlet norm. 

This raises the question of whether it is possible to verify numerically 
the stability of a discrete solution. It certainly is not if one has in mind 


the usual notions of stability, which set a condition to be satisfied by all 


perturbations, no matter how small. For this reason we introduce, for use 
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as a hypothesis in Theorem 6, another notion of stability which we call 
“contractive stability to a tolerance’. In Theorem 7 it is shown that the 
question of whether a discrete solution possesses this type of stability can be 
answered through a fixed, finite amount of computation per unit of time. The 
question of whether the discrete approximations of an exponentially stable 
solution inherit the property of being contractively stable to a tolerance is 
answered affirmatively in Theorem 8. It is shown, moreover, that the stability 
parameters of the discrete solution are bounded uniformly in h as h->0O, 
so that the hypotheses of Theorem 6 are necessarily satisfied for all sufficient- 
ly small values of h . Together, Theorems 6, 7 and 8 imply that the existence 
of a stable smooth solution can be verified (at least in principle) through a 
fixed, finite amount of computation per unit of time. The proofs are supplied 
in [1]. Below, for simplicity, we define contractive stability to a tolerance 
relative to the infinite time interval 0 < t < » and state our theorems 
accordingly, the modification to solutions defined on finite time intervals 
being obvious. 

Let ue be a solution of the discretized Navier-Stokes equations, defined 
for t 20. In analogy with the continuous case, we call w, a "perturbation" 


h 


of uw if Wo YA Un where Yh is a second discrete solution, starting 


at some initial time ty 20 , with an initial value v(t.) near u(t) 


Whenever we speak below of a perturbation w. it is to be understood that the 


h ’ 
associated initial time, initial value, and perturbed solution are denoted by 


to 5 wylt,) and Yn? respectively. 


Definition 4 A solution ur of the discretized Navier-Stokes equattone 


(defined for t 20) is satd to be "eontractively stable to a tolerance" 


if there exist positive numbers 6,9,A and T , with 0 < 6 , such that for 


any time t,20 and any perturbation w of u, satisfying 9, ft) <6, 


there holds 
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IV MCE t? II <> po 4 sup lv <A. 


w ll 

hh 
[t,t tT] 

We call p the "tolerance", 6 the “stability radius" and T the "decay 


time” of us? and A a “Dirichlet bound" for its perturbations. 


Theorem 6. Suppose that, for some h , there ts a diserete solution uy, whitch 


ts contracttvely stable to a tolerance. ‘Then, if h is suffietently small in 


relation to sup ||V,u | 
eo 
of Definition 4, there exists a continuous solution u of the Navier-Stokes 


5 (4,4, (0) || » and the stability parameters 0,6,T 


equations satisfying 


sup||V,(u-u_)|| < 20. 
cap hk 


Further, tf 39 < 6, and if h ts small enough, the continuous solution u 


will also be contractively stable to a tolerance. 


The proof that a discrete solution's contractive stability to a tolerance 
is amenable to numerical verification depends upon discrete solutions enjoying 
continuous dependence properties analogous to those stated for continuous 
solutions in Lemmas 1 and 2. As we are dealing abstractly with the discreti- 
zation of the Navier-Stokes equations, we must assume such properties of contin- 


uous dependence. The following then holds. 


Theorem 7, Suppose u is a discrete solution satisfying sup || 9, u, || <@, 
t20 


checking the decay (to a tolerance in fixed time) of a fined finite number of 


test perturbations per unit of time. 


The assurance that discrete solutions approximating an exponentially 
stable solution will, for all sufficiently small values of h , satisfy the 
hypotheses of Theorem 6 is provided in our final result. Contractive stability 


to a tolerance is defined for continuous solutions analogously to Definition 4. 
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Theorem 8, Let u and uy be eontinuous and diserete solutions of problem (1). 


Suppose that sup||vul| <@ and that u is contractively stable to a tolerance, 
t20 
with parameters o,8,T and A. Then there exist constants K and hy ; 
such that 
(26) sup||V,(u- u,) || $ o+Kh, 
t20 
for git h<h>. Further, if 39 < & , then the discrete solution uy, ts 


contractively stable to a tolerance for certain fixed values of the stability 


parameters, for all suffietently small values of h 


We have stated this last result for continuous solutions assumed merely 
to be contractively stable to a tolerance, rather than to possess the stronger 
property of exponential stability, as we think there is a naturally occuring 
and important class of flows which possess this weaker stability property without 
being, in fact, exponentially stable. For example, imagine that is a section 
of pipe or tubing and let smooth boundary values be prescribed for a flow 
entering across an upstream section and exiting across a downstream section. 
Adjusting the rate of flow and the length of the pipe, one may expect to observe 
incipient turbulence in a flow which is yet, in some sense, stable to larger 
disturbances. Small perturbations in the nearly uniform upstream flow begin 
to grow. However, before they grow very large they pass out of across the 
downstream boundary. Yet, their effect may not decay to zero. Even as they 
pass downstream they influence the upstream flow; the flow is analytic after all. 
Their effect might be likened to the introduction of new perturbations upstream, 
which in their turn will grow, pass downstream, and again create new perturba- 
tions upstream. Tf a larger distrubance is introduced, its effect will decay 
to the same ambient level of minor disturbances. Another type of example 
probably occurs in von-Kaérman vortex shedding, if there are slight instabilities 
in the vortices. Still another in the Taylor experiment, when wavy cells appear 


with slightly turbulent cores. If these flows really are contractively stable 
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to a tolerance, the error estimate to a tolerance (26) applies to their discrete 
approximations, at least after taking account of time shifts and spatial 


rotations as was done for exponential stability in section 4. 
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THE EXISTENCE AND THE FINITE ELEMENT APPROXIMATION 


FOR THE SYSTEM Au = Eu, Su 4 f 
J 
Lin Qun and Jiang Lishang 
Institute of Systems Science Department of Mathematics 
Academia Sinica Beijing University 
Beijing, China Beijing, China 


There is no giobal existence theorem about the nonlinear 
Navier-Stokes equation until now. However, there is an existence 
theorem for the linear Stokes equation, and there also exists an 
existence theorem, as we will prove in this paper, for the nonlinear 


system 


(1) 


u; = g. on 9Q, 1S5iSN , 


which has the same nonlinearity as the Navier-Stokes equation but 
without the condition div u = 0. These results mean, as pointed out 
by R. B. Kellogg, that the difficulty about the Navier-Stokes equa- 
tion stems from both the condition div u = 0 and the nonlinearity 
rather than from only one of them. 

We will also prove in this paper the convergence theorem for 
the finite element approximation of the system (1) and some accele- 


ration results. 


1. Existence Theorem 


The system (1) was discussed by Kiselev and Ladyzenskaya in 


1957. It has been pointed by Nirenberg that the proof of existence 
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is incorrect (see MR 20 #6881, by Finn). We first prove that the 
system (1) always has a classical solution. 

Theorem 1. Suppose Q € Any y* Then for any data f,€ cy (8) 
and Bs € Coy (22), the system (1) has a solution us é C5 4g (F), 
1siesn. 

The proof is based on 


Lemma_1. 


maXs = lu, (x) | < maxa x If, (x)] + maxs, = |g. (x) | 


+ 2 maxa Ix, | ; 


Proof. We write, for fixed i, 


i i 
th F 
Hence the i° equation of (1) becomes 
N 
Av -2u. ae ee f£.(x) + x. in; 
1 3 ax. 1 1 
J 
v= 83 (x) - xX on aQ. 
Now assume for v a positive maximum at Po = (x? sevens xy) €Q that 
eves ‘ 
2x, =O (1s j2#N), Avs 0 at ss . 


Hence 


ro) 
- v(P,) 2 PAP) Xi 
vis) < maxa If; (x) | + maxg, Ix, | : 


Similarly, assume for v a negative minimum at Py € 2 so that 


v{P_) 2 -maxs If. 


‘ Cdl ~ maxy Ix, | : 


Finally, assume for v an extreme value at Pe € an 


Iv(P.)| = maxs, le, (x) | + MAX 59 Ix, | : 
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Thus in any case we have 
maxes lu, (x) | < maxy |Iv(x)| + maxg Ix, | 
< max If; (x)| + MAX3o le, (x) | + 2 maxg Ix, | 
and Lemma 1 is proved. 
Applying Lemma 1 and the Learay-Schauder theorem we obtain 
Theorem 1. 
The existence theorem for the nonstationary problem correspond- 
ing to (1) can be treated in a similar fashion. 
2. Finite Element Approximation and Its Acceleration 


Consider the simple solution u of (1) defined by 


aw du 2 7 2 
(wie), + 2% (u; a ee =0 VPEHPwtO, 
with scalars 
=y _ > (ov ay 
(vy) = os vj, dx ; (4,9), =k a 3x,’ ‘ 


We have the following approximation theorem. 

Theorem 2. Suppose that N = 3, g = 0, 2 is a convex polygon 
and u€é Hy n Ee is a simple solution of (1). Then for h small 
enough, the finite element equation 

du, 
(2) - (up), = & (us any! Y) + (£9) VP, € 5, 


in the piecewise linear trial space Sh has a unique solution u, € S 


h h 


in a neighborhood of u, which satisfies 
(3) llu, - ull, = ch iluil, , tly - ull, $ ch@llul, . 


Furthermore, if u € H, the accuracy of energy norm can be raised by 


computing the following quadratic finite element solutions 
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k k’ 
a eu 
(4) > (ups), > (Uy ; x5! 21) + (f£,9,) Vv uae € Sy 
in the piecewise quadratic trial space Sx with 
a coarser mesh size k (see the figure). We have 
‘ r 
(5) ila, - ull, = ch* . 


Note that the two finite element equations 
for u, and uy have the same degrees of freedom. 

Theorem 2 will be proved by the following abstract operator 
framework. 


Consider the abstract operator equation 


(6) u= Ku, 


where K is Fréchet-differentiable in a Banach space E. The following 


lemma can be found in, for example, G. Alefeld, Beitr Numer. Anal. 


6(1977). 


Lemma 2. If (I - KP Ca 


exists for some Uy € FE, K’ is 


Lipschitz-continuous with constant c, in the ball lu - Ugll <r 


1 
Wr = Kr(u) Ts cg, HCE = Ke (ug) Huy = Ku) eg 
1 c 
Cy = CyCaty <3. r, 2 (1 + VI = 2cy) = =r. . 


then (6) has a unique solution u in the region 


Cc Cc 
r, = (-1 + JD + de)  < jlu-uidls ( - JD 7 3e;) — 
3 4 Cy fe) 4 Cy 


and has no solution in the region 


llu - Ugll <1 and ry < ilu - ull < Ty 


Moreover, u is a simple solution: 9 (I - K*(u)) 7}, 


We now consider the projection equation 
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(7) Uy, = PpKuy, 
where Ph is a projection with PLE = Se E. 


Lemma _3. Suppose that u is a simple solution of (6), PK is 


Lipschitz-continuous in a neighborhood of u, and 
ju = Pull -O, WI - P)K*(u)ii > 0 (as h~ 0). 


Then for h small enough, equation (7) has a unique solution Up, ina 


neighborhood of u, which satisfies 

lu, - ull < cliu = Phuil . 
The Newton iterates for (7) exist and converge quadratically. Moreover 
(8) Ku, ~ ul s e(ilu, = ul + HK'(u)(I - P,)idiu, - uil - 


Proof. Replacing K with PK and choocing uy =u in Lemma 2, 
one obtains the first part of Lemma 3. The estimate (8) can be derived 


by using the following identities 


(I - K'(u))(Ku, - u) = Ku, - Ku - K*(u)(u, = u) 
+ K'(u)(I - PL) (uy, - Ku, ) ’ 


Ku), “<a * Kuy, - Ku tu- Us 


° 
We now apply Lemma 3 to the system (1). Let E = H, and K be 
an operator defined by 


fe) 
Ku € Hy 


“. du 9 
> (Ku»P), =f (u 5 Ox." yp) + (f,9) VY pe Hy . 
d 


et Sy be the piecewise linear trial space with the mesh size h and 


P,, the standard Ritz-projection defined by 


Pyu € Sh and (P,usPn dy = (UP. )5 Vv Yi € Sy a 
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Then (1) and (2) can be written as (6) and (7) respectively. And the 


Fréchet derivative K'(u) will be determined by 


0 
v= K'(u)w € Hy ; 


=r (u, @ + 3u 
HAT ONG Fe a Sag M58 yp) VpeH . 
J 3 
We now come to prove 
(9) WK*(u)(I ~ Py), < ch - 


For this we note 
IK'(u)(I = Py), = WOE = Py)K Cu) 
(I ~ Py )K*(u) "Pll, < chlK' (u) "Pll, 


where 


oT) 


(K*(u)"~s¥), = (WK (u")¥), 


nt 


du: 0 
-k (3 piv,) + 2 (s,/ + u; ae iy) VYVEH 
d 
Since 
lk* (u)* pil p< clluil ailiily ’ 


so (9) holds. 
By means of Lemma 3 and Nitsche's trick we obtain the estimate 


(3} and the following estimate 
li - ull, = ch*ilull 
1” 2 
where u is the solutions of the uncoupled Poisson equation 


Au =f Wy j = +f in Q 
(10) d 


u = 0 on em. 


The estimate (5) can be derived by the following Bbrezzi's 


trick. 
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First, split the Poisson equation (10) into two parts: 


- (G,,9), = © (u, 4 yp) + (fp) ov ped 
Leet j ax 5” : 1? 
du 
i 2 —h Su g 
= (U5, ¥), =i (uy; ox; > as xe VY ye Hy 
and 
u= uy + Us ° 


Correspondingly the quadratic finite element equation (4) can 


also be splitted into two parts: 


du 


“ (Uy Pay = 2 (u, Ox tk? + (f,¥)) v Y.€ Sy. * 
au 
x £ h_ au 
~ Cg Pi), = E (uy, aa ax fk’ e) BE Sic 


and 


Then we have 


iA 


Da hit 
ch uj tl, + chilusll, <= ch 


and (5) follows. 
We would like to make the following remark. 


Recently Lin Qun and Lu Tao proposed a "splitting extrapolation 


difference method" for solving the linear elliptic problem 
gusfa,S4 +f ina 
j ox. : 


us=g on 3Q 


in acubie Qe RN, The well known difference method consists in 


replacing the differential equation with the central difference quo- 
tient equation, the continuous domain 9 with the discrete mesh V(hy, 


Nos atte hy?) with size hy Nos Sate hy along variables Xps Xoo eee Xy 
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respectively and replacing the continuous exact solution u with the 
discrete approximate solution u(hy» Nor sees ny) We have, if u is 


smooth enough, 


ue U(h,, No» eee, ny) . 
J 


The usual global extrapolation method involves the following: 


ny ny Dy ny h 
Make the homogeneous refinement meshes Vis", Bop eee a)» VW rea 
ny h, “hy 
ee Rr): «++ With corresponding difference solutions Us Dov sees 
h h h h 
Ny 1 2 N ‘ 
a). UG, Tor tee ra «.«. and compute the homogeneous extrapola- 


tion solutions 


= 


h n 
> = deyy(t, -2 Fe 
HE) 3 (4U(s ror see FZ ) U(hys Noy vees Ay) ) 

n h h, h hy 


h 
HE, = pe(Ouu(gt, GB, vey Gh) - 20U(gt A ee) 


+ 


U(hy, Nos sees hy) 


Then one has 


4 


eo eee ae 
u- HE, = O(Z he) ; ous HE, = O(u ny) a tates Ue 


1 


Our splitting extrapolation method involves the following: 
h 
Make the one-variable refinement meshes vit, hss ain 
2 2 N 
Ko hy h 


2° ouny Ay) eoey v(h,, h ’ >) Vig, No» oon Ay)» V(h,, rem) 


eee, Ny)» eee, VOC 


coon T V(h 


’ Nos soe, ys +e» with the corresponding differ- 
ence solutions U( a h 


2’ 
MN. yeah dl 2 
Nos ties >) EG rea No» eos Ay) » U(hy > qyY ry Ay)» eee, u(h,» No» 


Ay)» ones U(h,, 


eee, Qs ++. and compute the splitting extrapolation solutions 


N h 


SE, = x (4 U(hy» 


1 — 
aac seen By cree 
h 


- (N - 1)u(h,, ones n) 
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h 


h. 
1 x i 
(64 U(Ny ve ee ety ee erty) = 20 U(Nyyeeergy eer hy) 


N 
ae Ra 


i=1 
+ U(h, yeeeehy)) - (N ~ 1)U(hy sees shy) 


Then one has 
u- SE, © O(E RY) pu - SE = O(E nO) bo 
Actually, 


SE, = HE, , SE, = HE, pee 
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in the asymptotic sense. It is easy to see that the splitting extra- 


polation method will save computational effort in comparison with 


the homogeneous extrapolation method. we hope that the splitting 


method will be effective also for the system (1). 
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If fluid flow is accompanied by chemical reaction, then very complicated 
wave motion phenomena occur. Chapman and Jouguet used a simple and typical model 
which showed various waves of combustion: strong detonation wave, weak detonation 
wave, strong deflagration wave, weak deflagration wave, and their critical states, 
the so-called Chapman-Jouguet detonation wave and deflagration wave [1,2]. After- 
wards, many authors have done various works about the structure of these waves and 
their formative conditions using different kinds of models. More research works 
have been done in the laboratories and by numerical experiments. 

It is an interesting problem how a mathematical model can be applied to 
these phenomena and one may investigate them by the theory of partial differential 
equations. Some authors have investigated the travelling wave solutions and some 
Riemann initial value problems for these problems, but up to now these investiga- 
tions are not so deep as that for the shock waves. 


In this paper we consider a model system of combustion as 


2 
c) 3 ti OND 
Bete Oe) Page Ne 
- (1) 
a -Ko(u)z, 


where constants q > 0, v > 0, K > O represent the binding energy, viscosity and 


the rate of chemical reaction respectively, u is a lumped variable representing 
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density, velocity and temperature, 2 is the fraction of unburht gas. Majda {3] 
has investigated the travelling wave solutions of (1) and explained some inter- 
esting phenomena from it, such as strong and weak detonation waves. 

The properties of (1) when v= +0 and K = +” are of most interest because 
the mathematical shock waves and mathematical detonation waves are involved in 
the solutions at this case. We will prove the global existence of the weak solu- 
tions for the initial value problems under some hypotheses. The relationship 
between system (1) and the reacting fluid dynamic system is just the same as that 
between Burgers' equation and the fluid dynamic system. But system (1) is much 
more complicated than Burgers' equation, because first of all it is a system, not 
a Single equation, secondly, because many properties of Burgers’ equation, for 
example, the order principle, are violated here, another example is that there is 
no "overshot" of shock waves in the solutions of Burgers’ equation, while it is 
just normal with discontinuous solutions of (1). Many difficulties in 
analysis arise from this. 

We will give some hypotheses and two definitions of weak solutions: Problem 
P and Problem Q, discuss the strong discontinuous curve and the Riemann Problem 
in the first section, the formulation of Problem Q is stronger than that of Prob- 
lem P since it determines the state at critical point u= 0. We will prove the 
giobal existence of Problem P at the second section if, roughly speaking, the 
initial values are functions with bounded variation. Under an additional hy- 
pothesis on the points where the initial value Up («) assumes the value 0O 
(Hypothesis A), we will prove the global existence of Problem Q at the third 


section, 


§l1. The definitions of solutions. 
We always assume that the function f(u) is sufficiently smooth ana f' > 0, 


f" > 0. Funetion ¢ is defined as 


QO, u<0, 
o(u) = { 
dy u> oO, 
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where u=0 is the “ignition temperature", which is a critical point, we will 
assume that $(0) = 1 at the following Problem Q. Clearly 0 < z< 1, according 
to its physical background. 

Let v> +0, K + + in system (1), we obtain a formally classical formula- 


tion as 


so (ut az) + 2 elu) = 0, (2) 
z= 0, as u>O, } 

(3) 
oz 
It QO, as u< 0. 


The Rankine-Hugoniot condition is also obtained as 
[fu + qzlo = [f]. (4) 


where [ ] denotes the jump of function, 6 is the slope of the discontinuity curve. 
If the limit of u, z from the left and right sides of the discontinuous 
=) bss + + 
curve are denoted by u , z and u,Z respectively, then it is easy to 
classify the discontinuous curves into five classes: 
; me 2% - + = 
a) shock waves (abbr. 5S), either u,u <0 or u,u >0O, and 2 Fz, 
S + a 
b) strong detonation waves (abbr. SD), u >0, u <0, and f'(u) >o, 
ae + set 
c) weak detonation waves (abbr. WD), u > 0, u <0, and f'(u ) <o, 
- + = 
a) Chapman-Jouguet detonation waves (abbr. CJ), u > 0, u <0, and f'(u ) 
ie a 
e) contact discontinuities (abbr. C), u =u ,2z #2 , where 0 = 0. 
Zz + 
Some other cases are possible, for instance the case when u <0, u > O, 


but we assume that the Lax condition of stability 


- + 
AG > o> Avs for 1=1 or 2, 


(u) = f'(u), A, = A, Culx = Ot ’ = 


is satisfied, where A, (a) = 0, ro i 


+ - + 
A, Calx + 0, t)), then neither the case u <0, u > 0, nor weak detonation wave 
are admissible. We will assume that only cases a) b) ad) e) are admissible in the 


following. 
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There are some other critical cases, for instance u’ =O or u = 0. We 
will assume in the following that «= 0 when u = 0, hence we may change 
u > O or u* > to u > 0 or u* > 0 at the above inequalities. 

For the convenience of following discussion, two auxiliary functions are 
defined. 


Function u* = g(u,z) is defined by 


Lemma 1. u* exists uniquely and 38 > Oy 36 > OQ. 


Proof. Set 


u* 


Y(u*) = nee {ft(u*) - e'(t)}at + f 


u 


' 
eee f'(t)dt, 


then (5) is equivalent to $(u*) = 0, u¥ > u. It is easy to verify op" (u*) > 0 


and 


u 
utgqz 


Ylu+qz) = f f'(t)dt < 0. 


But (+>) = +0, therefore there exists a unique u* >u+qz such that $(u*) 


= 0. But z> 0, hence u* > u. 


og , 9g iri 
au O and 32 > 0 can be verified from (5) directly. oO 
ee - + 
By (5) it is easy to see that SD corresponds to u > glu’, z) and CJ 
a + + 
corresponds to u =ag(u,z). 


The second auxiliary function is w = w(u), satisfying 


f(u) - £(0) 


ial f'(a) : 


It is easy to see that wy is continuous, monotonous and one-to-one, v(O) = 0, 


Lemma 2. If uy < 0, z, > 2, > 0, glu > 0, then 


0° Z5) 
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val )) = ¥glay, z)) < q(z, - Zp) (7) 


Boe! Fy 
If vu, <u, <0, 2 = 0, g(a, 2) > 0, then 
Vlgluys %5)) - balay, Zo)) < uy - uy (8) 


Proof. On the (u, f) plane, the straight lines 


f- f(u,) = f'(gluy, 2,))(u - up - a2,), 


es 0 f'(aluys Z5))(u = Uy - aZo)> 


are the tangent lines of curve f = f(u) by (5). The intersection points of 


these two lines with horizontal line f = f(0) are 


£(0) - f(uy) 

Wy = Uy + q2) f'(a(ay.2,)) ’ 
f£(0) - f(u,) 

Ma = Mg * 825 Per Cet y : 

BrUg 225 
respectively, hence 
= al BE 
W, - ¥_ = a2, - 25) + (£(0) - Flug) { sizgTy 2) 7 F¥elaysep)) in 


but 


by 36 > 0, we get 


by f£" > 0. From (5) (6) we know w, = belay, 2,))s Wo = Vlaluys Z)), there- 


1 2 


fore (7) is proved. The proof of inequality (8) is similar. oO 


We consider the initial value problem of (2) (3) with initial values 
u(x, 0) = u(x), 2(x, 0) = z,(x), (9) 


<1 and z (x) = 0 when u(x) > 0. First of all, 


ne + + < 
where Zo satisfies O<z 0 0 


e) 


we consider the Riemann problem, that is the case of 


414 YinG Lung and TEN Zhen-Huan 


u x <0 Zz x <0 
Q? = ’ _ gL? pe ’ 
u(x) = { zp(x) = { 


u.» x70, Dig MPR Oy 
r 
where Ups Us Zos z. are constants. There are four cases: 
a) Ug Su: We construct u(x, t) as the solution of equation 


ou, af(u) _ 
ot % ax! e (20) 


and the initial value. Set 2(x, t) = 2,.(x), then the solution of this case is 


0 
obtained. There is a C in the solution. 


b) Up > Uns but Uy <0. We can construct the solution as case a). There 


are a C anda S in the solution. 


c) Up > Us Ug 2 0, and uy > glu, a). Let 
f(u,) - flu_) 
(Ug, 0), x < : = : t, 
Ug ee q’ 
Peele Plug) = £(u,) 
(Wig Zs t 
r’? “r Up - UL = a2, 


There is a SD, it degenerates to a S when ZF = 0. 


d) Up >u., up 2 0, but uy < elu, 2). Let 
(uy, 0), x < ft(uy)t, 
(a2) = 4 (C7), 0), thud <x < etlela, 2), 
(u, 2.) x > f'(g(u,, Z))t 


There is a CJ. 
Therefore, the Riemann problem is always solvable. But it should be noticed 


that even the condition of stability is satisfied, the solutions are still not 


I 


unique. For example, when u(x) Zu, < 0, 2.(x)=z 


> > 
0 0 0 9? 0% guy, 2) 2 0, 


besides the trivial solution uu and 2= 


0 we may also construct a solu- 


Zo? 


tion as: 
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(ugs Z)> x <0, 
(u,, 0), o<x< f't(u jt, 
(uy 2) = : 1,x . : 
((ft)7 (F), 0), fi(ujt <x < f'(elug, Zq))ts 
(ugs 2). x > £'{eluy, 2) )ts 


this solution corresponds to the case when one fires a match in a space filled 
with combustible gas and oxygen. We conjecture that the solutions obtained in 


1 


the following are not those solutions of "catastrophe". 


For the general initial value problem, u.(x), z,(x) are assumed to be 


0 9) 


pounded measurable functions. Two formulations of weak solutions are given. 


Problem P. To find bounded measurable functions u(x, t), z(x, t) defined in 


t > QO such that for all t and x, 

ule, tide. Su: (x,t) (11) 

exists,and for any smooth function glx, t) with compact support on t > 0, 
eso (PGE Curae) + AE elurjaxat + fUlugorazg(x) ep (x, ax = 0 (22) 


holds, moreover, for any non-negative smooth function x, t) with compact 


support on t > 0, 


Hero e zdxdt + J"% 25(x) P(x, O)ax > 0 (13) 


holds, and finally such that with 


v(x, t) = sup u (x,T), (14) 
O<TSt 
we have 
0, if v(x, t) > 0, 
z(x, t) = (15) 
z(x), if v(x, t) <0 


Problem Q. To find bounded measurable functions u(x, t), 2(x, t) defined in 
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t > 0 satisfying (11) (12) and 


0, if v(x, t) >0, 
2(x, t) = { (16) 


where v(x, t) is defined by (14). 
The formulation of Problem Q is stronger than that of Problem P, because (16) 


implies (13) and determines the state as u = 0. 


§2. The existence of the solutions of Problem P. 


First of all, let us consider a class of special initial values and discuss 


the properties of the solutions for these special initial value problems. 


Lemma 3. If (-~, +©) consists of a finite number of intervals, and Z5(x) 


= constant, uy (x) does not decrease on each of them, then the solution of Problem 


Q exists. 


Proof. Suppose there are N intervals. 
When N = 1, a solution u(x, t) is constructed as the solution of equation 
(10) with initial value Up (x), u(x, t) does not decrease as a function of x 


for each t. It is sufficient to set a(x, t) = B(x) 
When WN = 2, we may suppose the two intervals are x <0 and x > 0 with- 


: dip ee > rn = B 
out losing generality. Let a. Up 0) and Uy Uy ( 0), 


Ze x>Q, 
2(x) = { . 


Zos x <0. 


There are four cases (consult with the Riemann problem): 
a) Up u,» construct u as the case N= 1 and set 2(x, t)= 2, (x). 
b) Up > Us but uy < QO. Construct u(x, t) with the initial value on x 


> 0 and x <0 separately just like the case N= 1, then construct a discon- 


tinuity through the origin defined by 
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u(x + 0, t) increases and u(x - 0, t) decreases as t increases, but they are 


, t)= z.(x) in this case. 


always unequal. We have 2(x 0 


> > > 
ec) Up > Us Uy 2 O, and uy Blas zo). Construct u(x, t) separately 


like b), then construct a discontinuity defined by 


dx _ f(u(x - 0, t)) - flu(x + 0, t)) 


at u(x - 0, t) - u(x + 0, t) - gz 


As t increases, u(x + 0, t), u(x - 0, t) vary as the previous, if u(x - 0, t) 
= g(u(x + 0, to)» z) at some tos then it becomes the case 4a), i.e. the discon- 
tinuous varies from SD to (CJ. 
> > < 
d) Uy > UL, Ug 7 0, but uy £ elu, Zz). 


Step 1. Using the solution of N= 1 we obtain the solution on x > fiat 


and x < f'luy)t, denote them by u(x, t) and up (x, t) respectively. 


Step 2. Solve the initial value problem of ordinary differential equation: 


ax ps 
ex f (ela (x, bi) 3 zd) 
lho = 0. 


Since u(x, t) is continuous on t > 0, we obtain a smooth solution x 
= x(t). Because g(a, z.) > Uy, and the slope of x(t) increases, the curve x 
=x(t) always lies in region x > f'(ug)t. 


Step 3. Construct a solution 


u(x, t) = (ey), 220 
on the sector f'(u,)t <x < f'(elu., 2) )t. 
Step 4. Construct characteristics 
A(t): x = x(t) + f'(gluj(x(t), T), z(t - 1), t2 tT, 


in region f'(glu,, zit <x < x(t), then define 


u= elu, (x(t), tis Z)> z= 0, 


on X(t), it is easy to prove 2%(t) cover the whole region and (u, z) is a 
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solution, x = x(t) isa CJ. 


For the general case when N > 2, it is easy to prove by induction. CO) 


Remark. If (u(x, t), 2(x, t)) is the solution obtained by Lemma 3, then through 


any point (xps t.) there is a characteristic 


0 


dx : 
poabiceres < i 
ae fi(u(x, t)), t < ty 
Identity u(x, th= ulxy > ty) holds on this characteristic. If ulxy> ty) <0, 


this line must intersect the x-axis, if u(x, t) > O, it intersects either the 


x-axis, or a CJ. 


Lemma 4. If the solution by Lemma 3 satisfies u(x, t) > My» and u(x, t) < 0 


at a point (x, t), then for any & < x, we have 


[aA 
t1Q 


where C is a constant depending on function f and constant My only. 


Proof. Take any §& <x. If u(&, t) < 0, then by the Remark above, through 
(—, t) there is a downward characteristic which intersects the x-axis at point 
fi if xy is the intersection point of the characteristic through (x, t) and 


the x-axis, then 


x - x, = f' (u(x, t))t, 


1 
B- & = f'(ulé, t))t. 
But these two characteristic do not intersect by the Remark, hence xy > Be We 


get 


x- B= x, + f'(u(x, t))t - &) - rule, t))t 


f'(u(x, t))t ~ r'(ulé, t))t 


Iv 


= f£"(u) (u(x, t) = u(é, t))ts 


where U is a certain mean value, u > “Mos sO 
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If u(&, t) > 0, then the above inequality is obvious because u(x, t) < 0. oO 
Lemma 5. The solution by Lemma 3 satisfies 


inf Uy (x) < u(x, t) < max{sup u,(x), g(0, 1). 


x x 


0) 
Lemma 6. The solution by Lemma 3 satisfies 

O<z(x, t) <1. 

The above two lemmas are obvious because of the structure of the solution. 


Lemma 7. var W{u(>, t)) < C{var wou, + var Zo}, 


0 


where C is a constant depending on a, function f and suplu(x, t)| only, 


po Ug is the composition of and Uys 


Proof. For a given t, u(x, t) is piecewise monotonous, z(x, t) is piecewise 
constant, therefore the left and right limit u(x, t), 2 (x, t) and a (6 t), 
z (x, t), exists. Let x, be the discontinuous points such that 2 (x,, t) 

< 2° (xs t).3 u(x; t)r<ec0 tives aye ee) Ys be the discontinuous points such 


~ + - 
that O= 2 (y,, t) <2 (y,> t),u(yys t) >O (4 = 1,2,°%°), set 


F(t) = var p(u(*, t)) + Balla" (x. t) - 2° (x,, t)) 
i 


+ + - 
+ 2Y maxtp(e(u (v5 tiie 22 (y;> t))) = wla (yy #90}: 
i 
Let us prove that F(t) < F(0). 
Firstly we compare F(O0) and F(+0). Each term in F does not change 


locally at the interior points of every intervals and the discontinuous points for 
cases a) b) c). For case d), when t = +0, the jump of w(u(x, t)) at the dis- 


continuous points are 
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2Walu'(y;, O), 2°(y,, 020) - Wur(y,s O)) - Wlu"(y,, 0)) 
+ 


= 2{v(g(u Vso 0), 2"(y,,0))) - Wu (ys. O))} + {yl (y,s 0}) - vou" (y, .0))}, 


hence 
P(+0) = var V(ul+,+0)) + 2a2{2"(x,, +0) - 27(x,, 40)} = F(O). 
i 

There are only a finite number of discontinuous curves and the numbers of inter- 
section points are finite, we may assume that the lowest intersection point is at 
t= t,- Next, we consider F(t) as t < ty: The third term in F(t) disappears 
and the second term keeps invariable in this case, therefore we will consider the 
variation of Wou only. For the continuous points of u, because u is 
constant along characteristic, the local variation keeps invariable along the 
characteristic. We will consider the influence of S, SD, CJ to the local 
variation only. 

The local variation decreases for S and SD, hence they does not cause an 
increase of F(t). 

For a CJ curve x(t), set b= x(t), construct a characteristic through 
(b, t) which intersects the x-axis at x = c, construct a tangent line of x(t) 


at x = x(0), which is denoted by x(t), let az x, (t) as T= +t, then 


uta, t) = u (x(O), +0). 


By Lemma 2 


via (b, 2)) = W(glu*(v, t), 2° (b, t))) 


= W(e(u(e, 0), 2 (x0), 0))) 


< Wglut(x(0), 0), 2°(x(0), 0))) + tule, 0) = uX(x(o), 0)} 


= W(u(a, t)) + {u(e, 0) - w'(x(0), O)}. 


Hence 


{yluT(b, t)) - pala, t))} + {¥(u7(o, t)) - vlutt, t))} 


< v(a (ob, t)) = u’(x(0), 0)) 
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< {wlu(x(0), +0)) = wlu*(x(0), 0))} + fWlule, 0)) = Wlut(x(0), 09}, 


therefore 


F(t) < F(+0). 


The discontinuous curves intersect each other at t = ty> we denote by SD 
>C that a SD catchs up with a C. The variance from F(ty - 0) to F(t) 
is considered in the following cases: 

SD*>C or CJ + C: we denote by 2” and z the values of z from the 
right and left sides of C, by a and u the values of u from the right and 
left sides of SD or CJ, then u_ > glu’, z). 

rf ar <2, then there is a new SD at t=t,. The last two terms of 
F(t) have no contribution, the local variation does not change. 

If 2” > 2 , then it corresponds to a point Xa if u > glu, 2°), then 
there is also a SD, the local variation does not change, and F(t) decreases. 

Tf a and u_ < alu’, 2"), then one term 2q{2* —2 in F(t) will 
be eliminated and one term atw(e(u’, ay) - v(u )} will ve added from t = t 70 
to t= tos but by Lemma 2 


Wala’, 2*)) = Wea, 27)) < ala” - 27) 
hence 


Walu, 2)) - Wu) < ale 


F(t) does not increase either. 

There are other cases such as S$ *+C,S+4+SD,S7+ CJ, SD*+S, CJ +5, it 
is easy to check F(t) is invariable under these cases. 

There is no difference between the analysis starting from F(ty) and from 
F(O). By 


F(O) < C{var Po u. + var Zh 


0 


we obtain 
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F(t) < Cf{var wou, + var Zgts 


0 
therefore 


var W(u(*, t)) < Clvar po uy + var Zot. oO 


Lemna 8, var 2(*, t) < var Zoe 


Proof. Each interval where 2 = 0 extends as t increases, while 2 does not 


vary at the rest part, thus this conclusion follows. oO 


Lemma 9, [lua t)) - p(ulx, t)) }ax < Cit - t\{var pou. + var Za). 


ie) 


where C depends on q, function f and We = sup|u(x, t)| only. 


Proof. We may assume that +t > T without losing generality, construct a down- 
ward characteristic through point (x, t), it intersects either the x-axis or a 
CJ by the Remark of Lemma 3. If it is a CJ, then let the point move down along 


this CJ, if this CJ stops at a point ( t then continue this procedure by 


mary 


constructing a characteristic through (x, > t,)> after a finite number of steps, 


this moving point will arrive at a point (x', Tt) which lies at the same horizon- 
tal line as (x, 1). 

Firstly we estimate [wW(u(x, t)) - w(u(x', T))45 it is sufficient to consider 
the variance of u along CJ only because u does not change its value along 
characteristics. If PP is a CJ are mentioned before, we construct downward 


le 


characteristics through Pie Poa they intersect the T-horizontal line at points 
+ 
Q,)+Q, because u (Py) and u (P,) are negative, we construct perpendicular 


lines through PL and Py which intersect the T-horizonted line at Ry and 
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[vu (P)) = wu (PL))} < [ul@,) - wl@,)} + ala(Ry) - 2(R,)I. 


al 


oan a, “™~ 
There is no overlap among the Q,Q.'s and among the R.R,'s formed by the P,P.'s, 
12 . le ve 


hence 

lwutx, t)) - wlulx', t))] < var{y(u(+, t))] [x', x]} + qvar{2(+, 1)| [x', x]}. 
Secondly by applying the triangular inequality, we get 

Iw(u(x, t)) - plalx, t)] < 2 var{plul+, t))[Ex',x]} + 9 var{2(+, 1)| [x', x]}, 
taking K = f'(u.), we obtain 


Jw(ulx, t)) = wlulx, t))] 


<2 var{pluls, t))| [x - K[t - tl, x]} + q var{z(>, t)| [x - K|t - tl, x]}, 


if measure u and UW, are the partial derivatives of wW(u(x, T)) and z(x, T) 


with respect to x for fixed T, then 


x 
Iwalx, t)) = plalx, T))] < max(2, a)f 


x-K[t-T| u Zz 


am |b(ulx, t)) = plu(x, T)) | dx 


[a 


maxl2s af" Ox) clear] AClHl + IH!) 


max(2, a)f*. a(ty. | + DT] te] dx 


K max(2, q)|t - tl{var w(u(+, T)) + var 2(*, T)}. 
The conclusion follows from Lemma 7 and Lemma 8. I 


Lemma 10. re |n(x, t) = 2(x, t)Jax < f'(u )|t - tT] var Zys 


Proof. z(x, t) varies on SD and CJ only, the slope of which is not greater 


than f'(u), hence in the sense of distributions, 


+e 82 1 +° 02) 5, = gt ‘ 
ieee [spl ax <f Sm Ie lp bax =f (u,) var 2(*, t). 
By Lemma 8 the conclusion holds. Ol 


Finally, we prove 
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Theorem 1. If Wu 5 (x) ) and Zo (x) are functions with bounded variation, then 


the solution of Problem P exists, and pou, z€ pv ([]). 


Proof. We may assume that Uy (x) is left continuous, and we may assume that 


4g (x) is left continuous on these points where uy (x) <0. For any integer n, 


(n)( 


we can define a function v x), such that (-~©, +~) consists of a finite num- 


0) 
per of intervals, ve (x) Hs wenetcnt on each interval, aes) - lay (26) ) | 
< x, If vex) > 0 on some interval, then set 20”) (x) =oO onit, if 
vi?) (x) <0 on some interval, then we define 26”) (x) on this interval such 
that 26) (x) are piecewise constants on a finite number of intervals, and 


j20?) (x) - Z(x)] < *, bet ul™) (x) = VW Od), It is easy to see that as 


n>, ag”) (x) converges to uy 6*) uniformly and 26?) x) converges to %o(x) 
pointwise, and it is easy to make the variation of Yo nae ze bounded 
uniformly. By definition, 26?) (x) =9 af uh?) (x) > 0 

Problem Q with the initial value ub) Ox) and 20?) (x) has a solution 


uy Gs t) and “(Xs t) by Lemma 3, and the estimation in Lemmas 5-10 holds, We 
take a subsequence of {n} such that for all M>O and T > 0, the correspond- 
ing subsequences of {plu (x, t))} and {2 (x, t)} converge in space C([0, 7]; 
L,(-M, M)), we still denote these subsequences by {wp o us and {2} for con- 
venience. Denote by w(x, t) and z(x, t) the limit functions. They belong to 
space BV. Let u(x, t) = wi w(x, t})). We change the value of w(x, t) and 
z2(x, t) ona null measure set such that for every t, w(x, +) and z(x, t) are 
left continuous and the variation of them is bounded, then u(x, t) is left con- 
tinuous too. Paes t) and 2 (x, t) are also left continuous by the Proof of 
Lemma 3. 

Now we prove that (u(x, t), z(x, t)) is the solution of Problem P. 
Clearly it satisfies (12) and (13) because Cu, (x, +) Zz (x, t)) are solutions. 


We have to verify (15). Let 
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For any t > 0, we take a subsequence of {(u» 2) again such that blu, (x,t)) 
and zx, t) converge to w and z almost everywhere as the functions of 


independent variable x, the subsequence is still denoted by {Cus 2,)}- wu 


also converges almost everywhere by the continuity of i The set of points 


where {Cu at does not converge to (u, 2) is denoted by No. 


Suppose that x é N,. If v(x, t) > 0, there exists t) <t such that 
u(x, t) >O by (14). By the left continuity, there are € >0O and h>O, 


such that u(&, ty) >efor E€ {x -h, x]. But blu (x, t,)) converges to 


w(x, t,) in Ly norm, we take a subsequence such that it converges almost every- 


where, if & is a point where it converges, then for sufficiently large n, 
ui lés t) > 0, hence vi (E, t)> 0, z(é, t) =O by (15). Let n+, we get 


2(&, t) =O only if &€ Ny: Therefore z(&, t) = 0 holds almost everywhere on 


[Ix - h, x]. Thus z(x, t) = 0 by the left continuity of 2. 


If v(x, t) < 0, we prove that there is a subsequence such that v_(x, t) 


nl 
<0. If not, then v(x t) > 0 for all sufficiently large n. That is, for 
€ > O and every n, there exists a T, © t» such that uy Ox, t) >-e. If T 


is a accumulation point of it}. We take a subsequence, still denoted by 


{t_}, such that u. >T as n>”, If tT > O, then for sufficiently large n, T. 


MlAs 


> We have 


for all € <x by Lemma 4. We take |— ~ x| < te/2C, then we get ules i 


> -2€ uniformly with respect to n. {po ui} converges to w in L) norm 


uniformly with respect to +t, hence 
u(—, 1) > -2e, O< x - € < te/2C, 
almost every where. By the left continuity 
u(x, T) > -2€, 


Hence v(x, t) > -2€, but € is arbitrary, hence v(x, t) > 0, which contradicts 
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v(x, t) <0. If T= 0, then we may construct a characteristic or a curve con- 
sisting of piecewise characteristics and CJ, which intersects the x-axis at ew 
(n) 
(E) >-e. —& +x as n>, we get u(x) 
> -€ by the left continuity of u,(x) and the uniform convergence of u 
€ is arbitrary, hence Uy (x) > 0, so v(x, t) > 0, it is also a contradiction. 
Therefore, there is a subsequence such that vs t) <0, hence ZO, t) 
x). Because x€ Ns 
z(x, t) = lim 2 (5 t:) = Zq(x)« 
noo 
Therefore (15) holds for almost every x. But t is arbitrary, thus (15) holds 


almost everywhere. We can change the value of 2(x, t) on a null set 


such that (15) holds everywhere. oO 


§3. The existence of the solutions of Problem Q. 


Pirst of all, let us introduce 4 definition and a hypothesis. 


Definition. It is said that uy (x) assumes the value a at point x, if one 


of the following holds: 
Uy (x - 0) =a; 


Uy (x +0) =a; 


Ug (x +0) > Uy (x -0),a€ (uy (x - 0), Uy (x + 0)). 


Lemma 11. Suppose (u(x, t), z{x, t)) is the solution obtained by Theorem 1, 


if ulXgs to) <0 at a point (x: ty) then the straight line, which is called 
the characteristic, 
_- = 1 - 
is Ry Hk (ulxp, ty M(t ty)» t < to, 
has the following two properties: 
. = aia 
a) Up (x) assumes the value ul Xp» ty) at point x Xo cf (ulxos ty) Ito 


which is the intersection of this characteristic and x-axis; 


b}) if ulxy> t.) # ulx 


' t,) and aly > t_} < ©, then the downward 


1 
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t,) do not intersect on t 


t.) and (x), 1 


characteristics through points (x5 0 


> 0. 


15 


Proof. For any h > 0, € > Q, there is an integer n and bn € [x, - hy x) 


such that 


)- ulxys ty) | < €, 


because if not, then there were h > 0, € > O, such that 


Bee Eels 


Xoo ty -h, x 


lu (és to) - uf 9 9) 


for sufficiently large n, which contradicts the Ly convergence of WPoau and 
n 
the left continuity of u. 
According to the above property, there exists a subsequence of fu}, still 


denoted by fu}, and a series of points gn > x as n>, such that 


t.), as n—>®”, 


uy (E> ty) ulxgs ty 


We construct a downward characteristic of u, through (Eo. t), if u(& st 
<0, it intersects the x-axis, the intersection point is x = E 


= e'(u (é, ty) Ito and Uy 


a, (Ey to 


x) assumes the value u_(&,t,) at x, if 
n’?n n 


0) 
) > 0, we can construct a piecewise characteristic and CJ curve as in 


(n)/ 


Lemma 9 which intersects the x-axis, Ug x) assumes a value at the intersection 


), hence x 


point xy which is nonnegative and not greater than ui (E> to 


(5. te) 


€ Lg, - £1 n? to) tgs 6, ~ F'CO)tg]. Let n>, x > x4 - f'lulx,, ty) ty. 
(n) 
} 


ie) 


u 
n 


u.(x) assumes the value u( t.) at this point because fu 


0 Xo > converges 


uniformly and the left and right limit of Ug (x) exists at each point, thus a) 


is proved. 
As for b), we can take a subsequence {u} and two series of points {63 


) > ul to)}y a (ee te) 


XQ? Xo> Pots Unb ene %7 


: oe 
xo t,) as n>, u(En> t) # u (ers t) for sufficiently large n, at 


and {E1}, such that En > an > x). U (Eo 


nn 0 
> ul 


least one of them is negative, therefore the characteristics or piecewise 
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characteristic and CJ curves through points (&, t 


' 
- 9) and (&', t,) do not 


intersect on t > 0. These two families of curves converge to their limit posi- 
tions as n>, which do not intersect on t >0O either. Oo 


We make the following hypothesis on the initial values: 


Hypothesis A. If ug (x) assumes the value O at a point x, then there is an 


interval [b, c] Bx such that Uy (x) >0 on (b, c). 


Lemma 12. For thé solution obtained by Theorem 1, if there are t > ty > 0 and 
x € (-~, +~), such that v(x, t) = 0, z(x, t) > 0, and ty is the supremum 


of those T satisfying 


v(x, tT) < 0, TéE [O, to)» 


then u(x, ty) = 0. 


Proof. Because 7, is a supremum, there are only two possibilities: 


a) there is a series tT ad toe such that u(x, 1) > 0; 


~ 
4 


= 0, 

If possibility a) holds, and if T, decreases montonously, u(x, T,) <0 because 
v(x, t) = 0. We construct a downward characteristic of u through the point 

(x, T)s which intersects the x-axis at x = x - f'(ulx, Tt eae 


=x-+f'(O)t as n+, If ulé, ty) <0 for some § < x, then a characteristic 


can be constructed from point (&, ty) to the x-axis, let the intersection point 


pe §&'. (&, ty) is on the left side of characteristic through (x, T,) for 
sufficiently large n, by Lemma 11, €' £%) Let n>+®, we get €' < Xo» hence 
the slope 
ES E- Xp 
Ea ta) Se Boe ’ 
0 0) 
that is 
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The above inequality still holds if u(&, to) >O. Let € +x, u is left eontin- 
uous, hence 


wel me, 
) > (£1) Sate 


u(x, to 


) > 0. But ulx, t 


yo = 
9? 2 9? <0, hence u(x, t,) = 0. 


0 


if i increases monotonously, because u(x, ty) <0, we can construct a 


characteristic through point (x, t,) and intersect the x-axis at point x', 


0 
"> x =x - f'(0)t,. 1s . + 
lee Sa ff to But we have x' <x by Lemma 1l for any n x > Xp 
as n> ©, therefore x! = Xpo we also get u(x, to) = 0. 
Therefore we get u(x, t,) =O at any case. 0 


0 
We know by Lemmas 11 and 12 that uy (x) assumes the value 0O at point Xo: 


Moreover, we can prove 


(n)}, 


Lemma 13. Under the conditions of Lemma 12, if Hypothesis A holds and Uy x) 
2 uplx), Lim a(x, t) = 2(x, t), ee es f'(O}ty, then there is a constant h 
now 


> 0, such that uy (&) > 0 for every EE (Xp> Xo +h), and there is always a 


point §€ in (x 6, x.), such that uy (6) <0 for any 6 > 0. 


O07 9) 
Proof. We prove it by contradiction. If the conclusion were false, then there 


would be a 6 > 0, such that u(&) >0 for € € (x ). We take 6 


és - 6, x 


0) ie) 


sufficiently small, such that 6 < £r(oy(t -t Take an arbitrary 


9) 


TE [tos to + 6/f'{0}], then construct a characteristic of u through (x, T). 


Since ulx, tT) < 0, this characteristic intersects the x-axis at a point §. By 


Lemma 11, & Sx: If Ee [xp Os Xgl then we get u(x, tT) > 0 from uy {&) 
>0. If &€ < x, - 6, then from the slope 


8) 


er ae + 6 £'(O)t, + 6 


gees t +6/f!(0) = tot6/f'(0) = £1(0), 


we also get u(x, T) > 0. But u(x, T) <0, hence u(x, T) = 0. Because 2(x, t) 


> 0 and lim 2 (x, t) = z(x, t), a(x, t) > 0 for sufficiently large n. But 
now 


(us Zz) is the solution of Problem Q, so V(X t) <0 by (16), that is, 
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u(x, ™T) <0 for all T<t. As TE [ty, ty + 6/£'(0)], we construct a charac- 


teristic of u through (x, T) intersecting the x-axis at point &. Because 
n 


a) (x) > 0 on (x5 - 6, Xp) > E 2X5: We fix one point ty & (t t, + 6/£'(0)), 


Q? 


then the slope of characteristic satisfies 


x= x x- x 
x - & oA 


Aa 


u(x, The -n<0, TE [t,, ty + S/f'(o)], 


for all n. We take a 8B E (t,, ty + 6/f'(0)), then u(x, 8) = 0. Tn the same 
way as in the proof of Lemma 11, we may take a subsequence {ui} and a sequence 


of points bn >xX as n> ©, such that 


We construct the downward characteristic of u through (E> 8), then the slope 
tends to f'(0) as n>. We construct a downward straight line through the 
point (x, ty + 6/f'(0)) with slope f'(-n), a straight line through the point 


(x, B) with slope f'(0), then the two lines intersect, (see Figure 1). Put 


£'(-n) (ty + 6/f'(0) - 8) ty + 6/f'(0) 


f'(0) - £'(-n) 


Take 8 close enough to point te * 6/f'(0), 


such that b < 8, then the downward charac- 


teristics of u, through (x, ty * &/f'(0)) 9) : 
and (E> By woud “intersect.om 60 4ore> °° 0 
sufficiently large n. This is a contradiction. FIGURE 1 
We have proved that there is always a point §& in (x5 - 6, Xq)> such that 


ug (8) <0 for any 6 > 0. By Hypothesis A and the fact that u(x) assumes the 


0 
value O at point Xo» the only possibility is that there is a constant h > 0, 


ee h). C] 


such that u 


(8) >O for every E€ (x5, x 
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Remark. Clearly the condition lim zx, t) = z(x, t) at the above lemma can be 
n>co 
relaxed to the effect that this limit holds only for a subsequence. 


By the convergence of sequence {2 (x, t)} proved in Theorem 1, we can take 
a subsequence from it again, still denoted by {2 (x, t)}, such that it converges 
to 2(x, t) almost everywhere on t > 0. We define Ny as a set of (x, t) 
such that any subsequence of {2 (x, t)} does not converge to z(x, t). 


It is obvious that Ny is a null measure set. 


Lemma 14. If Hypothesis A holds and uh? (x) >u 


> o{)> there are t >t, > 0, 


9) 


x €(-~, +e) and s > 85 >O, y © (-~, +~) such that t, t x and s,s 


0° 


satisfy the conditions of Lemma 12 respectively, and (x, t) € Ny> (y, s) € No: 


Set 


then Xo # Yoo if x #y. 
Proof. We may assume that x < y. Take a subsequence of {(u,, 2) such that 


{2} converges to 2 at point (x, t). We obtain Zo (x) >O from 2(x, t) > 0. 
Thus Up (x) <0. 


If u(x + 0) > 0, then there is a constant 6 > 0, such that u,(&) > 0 for 


&E (x, x + 6), hence eee) >0. 


If u(x + 0) < 0, by the same reason, there is a constant 6 > 0, such that 


uy (E) <0 for §& € (x, x + 6), hence ul) (e) < 0. 


If Ug (x + 0) = 0, then Uy assumes the value O at point x, but ug (x) 


<0, by Hypothesis A, there is also a 6 > 0, such that ug™ Ce) >Ofor € 
& (x, x + 6). 


It is known that uy tx, t) <O for t€{[0, t] and sufficiently large n, 
(n) 


and that u, does not change its sign on interval (x,x+5). Therefore u (657) 


is a generalized solution of equation (10) on domain 2 = {(&, t); 


x<&<x+6,0<+7 <t} with the value on t=O and € =x as its initial 
dz 
value and boundary value, Pra = 0, so is the limit function u(&, tT). Therefore 
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through any point (€, T) in & we can always construct a downward character- 


istic of u. If it intersects line §€ = x, then u < 0. We can continue this 


characteristic to the x-axis. Let the intersection point be &'. By Lemma 13, 
gt é (xo, +2 h). Because if §' € (x9, Xo + h), then u(&, t) > 0, hence 
u(&, tT) = 0. If (x, t.) dis on this characteristic, then &' =x. If (x, t,) 


) 6) 0 


is at the left side of it, then, by u(x, 1,) <0 (Wt, <t,),ulé, tT) > 9 is 


impossible. If (x, ty) is at the right side of it, then by Lemma 11, &' < Xo 


Therefore, all contradict &' € (x5. x, +h). 


0 


Let §€' be the intersection point of characteristic through point (&, 1) 


and the x-axis. If €&' 2 + h, then from the slope of it we get 


E-x,-h 
-1 0 
wl, t) < (ft) (2) 
1 a £ Xg> from the slope we get 
E-x 
See 
u(&, T) > (f') (—*) 
L X-X)7h 
Let (€, t) + (x, ty), then the right hand sides have the Limit (f')” (———}) 
-1 7% Q 
and (f') (—— = 0 respectively. Therefore there is a neighborhood of 
ie) 
(x, ty) such that 
E-x,-h 
Ce ea = ) < -28< 0, 
E-x 
-1 QO 
' ——} >. 
ied erm aT 


then a discontinuity curve § = x(t) through point (x, t,) is generated [5]. 


0) 


By the Rankine-Hugoniot condition we know the slope of this discontinuity is 


pee f(u(x(t) - 0, t)) - f(u(x(t) + 0, T)) 
= u(x(t) - 0, tT) - ulx(t) + 0, T) 
f(0) ~ £(-28) , 
s 36 < f'(0) 


The points which lie at the neighborhood of the line 


E- x= £'(O)(t - ty) (17) 
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are at the right side of x(t), hence the values of u on these points satisfy 
u(—, T) < -26. 


Now we prove Xo # Yor If not, then line (17) would coincide with line 
boy = 2£O)(P= ao), (18) 


because they intersect the x-axis at the same point and their slopes are equal. 
But when & € (x, x + 6), at the neighborhood of line (17) we always have u(&, T) 
< -26, but u =O on line (18), this is a contradiction. O 


Finally, we prove the existence theorem. 


Theorem 2. If v(ug(x)) and z.(x) are functions with bounded variation and 


ie) 
Hypothesis A holds, then the solutions of Problem Q exist, and Wo u, z © BV. 


Proof. There are at most countably many points x, which satisfy the conclusion 


Q 


of Lemma 13. By Lemma 14, there is at most one x which corresponds to an Xo 


such that the condition of Lemma 12 holds. Hence there are at most countably 
many Such points x. Denote the set of them by N,. Set N, = Ny x [O, +~), 
then N, is a null measure set on the (x, t) plane. 


We take ul) (x) > Uy (x) and obtain the solution u(x, t), 2(x, t) of 
Problem P by Theorem 1. We prove that u(x, t) and z(x, t) also satisfy 


equation (16) in the case of v(x, t) = 0. Taking an arbitrary x € (-”, +”), we 


prove there is at most one t satisfying 


(x, t)E NU N (x, t) > 0, v(x, t) = 0. (19) 


o2 8 


If not, there would be t and t satisfying the above condition. We may 


1 
assume that +t > th Lf to is the supremum of those 1 satisfying v(x, T) < 0, 
tTé [0, to)» then to < t)- By Lemma 13, x corresponds to an Xg which satis- 


fies the conclusion of Lemma 13, hence (x, t) € Nos This is a contradiction. 
Therefore the set of points which satisfy (19) is of measure zero, which is 
denoted by N,- 
N,U No UN, is a null measure set, we define the value of 2(x, t) 
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according to (16) on this set, then (16) is satisfied everywhere. The obtained 


u(x, t), z2(x, t) is the solution of Problem Q. oO 
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CHINA 


In the paper, the boundary value problems for the nonlinear 
systems of the Schrddinger type, the pseudo-parabolic type 
and the pseudo-hyperbolic type of partial differential equa- 
tions are considered. The generalized global solutions and 
the classical global solutions for the boundary value prob- 
lems of these nonlinear systems are obtained. 


§1. Systems of Schrodinger Type. 


The nonlinear Schrodinger equations 


u, - iu, + Blu| Pu =0 (1.1) 


and the nonlinear Schrédinger systems 


iy RIM itelal” + B|v|") =0, 
iy A AN v(a|ul? + 8|v|2) = 0 (1.2) 
[1-4] 


of complex valued functions » regarded as the systems of real value functions 


( of real parts and imaginary parts) are contained in the general system 


uo A(t)uy = f(u) (1.3) 


as simple special cases, where u and f(u) are N-dimensional vector valued 
functions, A(t) is a nonsingular and nonnegatively definite matrix. In the 


problems of the theoretical physics, chemical reactions etc., it is very often 
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that there appear the equations and systems of such kind. For the systems of 
form (1.3) of higher order, the periodic boundary problems and the initial value 
problems have been studied in (5-7] and the generalized global solutions and the 
elassical global solutions are obtained. 

Now in the present section, we are going to consider the first boundary 


value problems 


c 
Le) 
ct 
it 
Cc 
2 
. 
ct 
iT 
oO 


oc 
™* 
. 
oO 
a 
i= 
tad 


4 (1.4) 


in the rectangular domain Q, = fog x<k, 0< +t <7} for the systems (1.3) of 
the Schrédinger type of second order, where u (x) is an initial vector valued 


function. 


Let us take the approximate semilinear parabolic system 


ue, - A(t)uy =/eu f(u) (1.5) 


where € > 0. Firstly we establish the solutions for the problem (1.5), (1.4). 
And next we get the solution for the degenerate problem (1.3), (1.4) by passing 
to limit as ¢€ 70. 

As a consequence of the result in [8], we have the following lemma for the 


ease of the linear parabolic systems. 
Lemma 1.1. Suppose that for the linear parabolic systems 


u, - A(x, t)u.. + B(x, t)u. + C(x, t)u = f(x, t) (1.6) 
t xXx x 


and the boundary condition (1.4), hold the following assumptions. 

(1) The NN coefficient matrices A(x, t), B(x, t) and C(x, t) are meas- 
urable and bounded and A(x, t) is positively definite. 

(2) The free term vector valued function f(x, t) is quadratic integrable in 
Qn: 


(3) The initial vector valued function uy) belongs to we(o, &). 
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Then the boundary value problem (1.6), (1.4) has a unique solution u(x, t) 


(Mie ayn WPrDeg 


éL((0, T); Wy 


> satisfying the estimating relation 


up || u(-,t)|| + [full + 
bebe WS) (0,8 I L(Q,) Hall Lo (Qn) 
< Kk, {|| ul + |l ell hs (1.7) 
i) fo) wh) (0,2) Ly (Qn) 


where K) is a constant. 


Theorem 1.1. Suppose that the coefficient matrix A(t) is bounded, the Jacobi 


df(u) 
du 


i.e., there exists a constant b such that for any N-dimensional vectors 


Ee Rr! 3 43 attude) « v(E, &) holds, for all Jul < © and the initial vector 


valued function uy (x) é ws) 


derivative matrix of the vector valued function f(u) is semibounded, 


(0, 2). Then the boundary problem (1.5), (1.4) has 


(1) (2,1), 
2 


9 ), where 


a unique global solution u(x, t)€ Li((0, T); Wy (0, 2)) QW Q 


T 
e>o0. 

The proof of the existence of the approximate solutions un (x, t) is based 
on the fixed point theorem treatment as similarly used in [9, 10]. The method of 
integral estimations for the proof of this theorem is very similar to the way of 
the estimations needed in the limiting process of the approximate solutions to 
the solution of degenerate problem. 

Thus we have a set of approximate solutions fu (x, t)} for the nondegener- 
ate problem (1.5), (1.4), where € > 0. 


Taking the scalar product of the vector ue and the system (1.5) and inte- 


grating the resulting relation for x in the interval [0, 2], we get 


Q 
7 Ju(-.t)]| £9 (058) - [5lalx,t), A(t Ju, (x,t) )dx 7 efj(ulx,t) uy (x,t) dx 


roje 


= fBalxyt), £(u(x,t)) ax. 


By making use of the boundary condition (1.4), the second and the third terms of 


the left hand side of the above equality take the forms 
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x? IL (0,8) 


respectively. By virtue of the semiboundedness of the Jacobi derivative matrix 


oF), the last term of the above equality can be written as 
L segs Salt 2 1, 2 
< = : = : 
fifa), f(u(x,t)))dx ¢ (b+ Slut Mt, (08) + st |t(0)| 
Then the above mentioned equality becomes 
d 2 4 2 2 2 
ee oot DE . < (2 . + . 
alla MT (0,8) + Elba, ( elt (048) < (2b+1)|| ul tle (0,2) e|f(o) | 
By means of Gronwall's lemma, the following lemma holds. 
Lemma 1.2. Under the conditions of Theorem 1.1, the approximate solutions 
{u(x, t)} of the problem (1.5), (1.4) have the estimation 
sup |lu,(-,t)l gy t VE (le ti < Ky, (1.8) 
O<tsT e€ L5(0, ) ex L(0,£) 2 
where K, is independent of €>0O and directly dependent on gle(o)]?. When 


f(0) = 0 is a zero vector or the system (1.5) is homogeneous, K, is also inde-~ 
pendent of &> 0. 

In order to estimate the derivative Ua (% t), we make the scalar product 
of Wy with the system (1.5) and integrate the resulting relation for x in 


interval [0, 2] by parts. Then we have 


d Leia : eae Ne 
ae, | Olt coe) * 2elfu,.,( OM toe) < abla ( tlle (0,2) pee) 


where the system (1.5) is assumed to be homogeneous, i.e., f(0) = 0. In fact, 


by virtue of the boundary condition (1.4), 


then we have 
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R = a. - 
Foye) ax 2. Ilult-, t) | 
On the other hand, 


feu efla)idx = (a Got), eabt)) Poe = fia, Be 


Under the assumption f(0) = 0, this becomes 


From the inequality (1.9), we have the following lemma. 


Lemma 1.3. For the homogeneous system (1.5), i-e., £(0) = 0, under the assump- 


tions of Theorem 1.1, the approximate solutions fu, (x, t)} have the estimation 


| Ly (Qp) sk 


sup jlu_(-, +4) + ve ju ; (1.10) 
over &% L(0,£) 3 


where K, is independent of € > 0 and 2> 0. 


3 


Differentiating the system (1.5) with respect to x, making the scalar 


product of the resulting relation and Boe? then integrating for x in interval 


[0, &], we have 


Ry, g Q 

I (Ba? Uy, 1dx 7 Jo CU! A(t uy 4 )dx ~ Ef (aoe Wye OX 
- : 
ai (Ug? f(u) ,)dx. (1.11) 


On the lateral boundaries x = 0, & of the rectangular domain Qa the relations 


(1.12) 


follow immediately from the system (1.5). In fact, on account of the nonsingu- 
larity of the matrix A(t), the inverse matrix Ae) of the matrix A(t) 
= A(t) + €E is bounded for € > O and O< t < T, then the system (1.5) can be 


expressed as 
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Thus the conditions (1.12) are obviously available. Also 


u(y t)| . + C 
L,(0,2) 


a? 


where C and C are constants dependent on K K, and are independent of 
ce 


1? 


Lemma 1.4. Besides the conditions of Lemma 1.3, assume that f(u) is twice con- 


tinuously differentiable and u(x) € w?)(0, &). The approximate solutions 


0 
{ui(x, t)} satisfy the inequality 


s Pats oe) + C5 el < Ks (1213) 
vom ilu ! L(0,2) Ila I (0,2) < Ky, 


where Ky is independent of € > 0 and & > OQ. 
By means of the above estimations we can construct the global solution of 
problem (1.3), (1.4) from the set of approximate solutions fu, (x, t)}. Under 


the assumptions of Lemma 1.4, {u.(x, t)} is uniformly bounded in the functional 


€ 
(2), (1) 
2 


0, 2) A Ws 


space L((0, T); W ((O, T); L,(0, %)) for € > 0. Then 


fun(x, t)} and {un (x, t)} are uniformly bounded in the space of Hdélder con- 


tinuous functions for € > 0. It can be selected from fu. (x, t)}, a sequence 


fu, (x, t)}, that there exists a vector valued function u(x, t), such that 
i 
when i+, €, +0, the sequences fu, (x, t)} and fu, mes t)} are uniform- 
i ; 
ly convergent to u(x, t) and a Ox, t) respectively in Qp: Hence it is clear 


that {f(u, (x, t))} uniformly converges to f(ulx, t)) and also { (x, t)} 
i 
(x, t)} converge weakly to wy (% t) and u(x, t) respectively. 


u 
E, XX 
i 


and fu. + 
i 


For any test function w(x, t), there is the integral relation 
- - - = 0. 1.14 
Ho Wey A(t)ua - eu, - f(u,)]axdt = 0 ( ) 
From the estimation formular (1.10), we know that 


Wa, peu, , dxdt | S ve lw L( Qn) \|ve Ue! Ly (Qn) 
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tends to zero as e.> 0. Therefore passing to the limit for the (1.4), we get 


Wy lu, - A(t)u,, - flu) Jdxat = 0. (1.15) 
T 


This means that u(x, t) satisfies (1.3) almost everywhere, i.e., u(x, t) isa 
generalized global solution of the boundary value problem (1.4) for the degener- 


ate system (1.3) of the Schrédinger type. 


Theorem 1.2. Under the conditions of Lemma 1.4, the boundary value problem (1.4) 
for the system (1.3) of Schrodinger type has a unique global solution 


SPO, 2)) awh) 


feed 


u(x, t) ée L((0, T); W ((0, T)s L,(0, &)). 
Since the estimations given in the last three lemmas are all independent of 


the width % > 0 of the rectangular domain Qa by taking the limiting process 


for % +, we can obtain the solution of the boundary value problem 


fo 
_~ 
oO 
ct 
i 


O, Og t<T; 


u(x, 0) = u(x). 0< x <o (1.16) 


in the infinite domain Qt ={o<x<s, O¢ t < T} for the system (1.3) of 


Schrédinger type. 


Theorem 1.3. Suppose that all conditions of Lemma 1.4 hold with the replacement 
of 2> 0 by ©”, Then the boundary value problem (1.16) in Qt for the system 


(1.3) of Schrédinger type has a unique global solution u(x, t)eé L.((0, T); 


(2) 


wo, eA WO (Co, TD; 


Ly(0, )). 
By the similar way it is not difficult to obtain the calssical global solu- 
tions and the smooth global solutions of the boundary value problem (1.4) in Qn 


and (1.16) in ar for the nonlinear systems of the generalized Schrddinger type. 


§2. Systems of Pseudo-parabolic Type. 
Recently many authors have paid great attention to the study of the linear 
and nonlinear pseudo-parabolic equations. The nonlinear pseudo-parabolic equa- 


tions often oceur in practical research, such as the so-called BBM equations 
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uy + flu), Uy (2.1) 


‘ : : li- 
for long waves in nonlinear dispersion er 1-13) 


» the equations in the cool- 
ing process according to two-temperature of heat conduction, the equations for 
filtration of fluids in the broken rocks, the equations of Sobolev-Galpern type 
[14-20] : . , : 
and so forth . These equations contain the differential operator 
um as their mean part. Some fairly general family of nonlinear pseudo- 
[21, 22] 


parabolic systems , which contain all above mentioned equations as simple 


special cases are considered, such as the systems 


M _ 
ut (-1) Au ou = f(u, Uyseres U 
1G Xx 


with the special form of the right hand part 


M 
pay (-1)" m+] oF x y (<1) m cle 


D D tun Ga), §o# 1, 2yacag N (2.3) 
ba . 3 > ’ > > E 

J m=1 Be Py m-1 m=1 as oe net J 

where u and h(u) are N-dimensional vector valued functions, F(u, Usrees 
ea and G(u, Users Mea are smooth functions, Pig My (F425 , Ns 


m= OQ, 1,...,M-1), and A is a Nx N_ positively definite constant matrix. 
The generalized global solutions and the classical global solutions of the period- 
ic boundary problems and Cauchy problems for the systems (2.2), (2,3) are obtained 
in [21]. 

In this section, firstly we are going to consider the questions of a priori 
estimation for the linear pseudo-parabolic systems, then we turn to study the 
problems for nonlinear pseudo-parabolic systems. 

For the linear pseudo-parabolic systems 


eM 
u, + A(x, t)u + ) B 
t xo K=0 k 


es (x, blu, , = tx, t), (2.4) 


let us consider the boundary value problem 


u (0, t) = u y(t, t)=0O (k=0,1,...,M-1), 
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where u is a N-dimensional unknown vector valued function, f(x, t) isa 
N-dimensional quadratic integrable in Qep vector valued function, Y(x) isa 
N-dimensional initial vector valued function, satisfying the homogeneous boundary 
conditions, A(x, t) is a Nx N symmetric positively definite matrices, 
B(x, t) (k = 0, 1,..., OM), A(x, t) ana A, (x, t) are measurable and bounded 
matrices, 

Taking the scalar product of u oy With the linear system (2.4) and inte- 

xX 


grating the resulting relation with respect to x in interval [0, 2], we get 


Mh g 
(-1) Flu ow? u, )dx + fo(e oe A(x,t)u am) 
ge r 
+ fe D (u oe B(x,t)u ou_y OX = Jota OM? f(x,t))dx. (2.6) 
oO x x 
Since A(x, t) is a symmetric matrix, 
(u A(x,t)u )= A (u A(x,t)u ,,,) nes A,(x,t)u ,,) 
2M? ; OM. 2 2M’ 7 eM't 2 aM? tt"? 2M*" 
x x t % x x 


From the interpolation formulae 


2 
a oe OME coigy € Cyl oul OME (ogy * diel tL (6,9) 
xX 2 x 2 


and the relation 


l| u(-,t) < C, |b 4 (+, tl 
: Iln,.(0,2) Bn Mt L(0,2) 


obtained directly from the homogeneous boundary condition (2.5), the above equali- 


ty becomes 


a 2 a pd 
gel yo MT, (oye) * Ge Jo! 


2 2 


: eC Olly oye) i Cyl ef > 0,2) = Cle ont, (0,0)° eae 
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On account of the positive definiteness of the matrix A(x, t), we get the esti- 


mation relation 


sup |lu(-,t)ll < k, {ltl ll $ II } 
Ostet we) (9,2) eh NL, (Qa) + W209) : (2.8) 


Again making the scalar product of vector u OM with the linear system 
x 


% 


(2.4), we get the relation 
B Pi; 


M 
(+1) (u ou ) € (u sAu ) Zi ’ u ) = (u . 
ee t oe xe, 0 xe k yeit-k xe, 


Q, it follows that 


Then integrating this equality in the rectangular domain pe 
2 2 
Iu yl + ally 5. I 
xt L(Qq) rae lig (Qp) 


< c,{lle + ful . + | : 
6 | I (2p) hel ((0,0); wy) (0,2)) be anna) 


2} 


where in the derivation, the boundary relations 


We (0, t) =u, (2, t) = 0 (k = 0, 1,..., M - 1) (2.9) 


x t x t 


have been used and a is the least eigenvalue of the positively definite matrix 


A(x, t). Hence there is the estimation relation 


}. (2.10) 


lu, [I < Kft] + IF] 
lu, (2M) 2)) 2 Ly (Qp) 12 ¢0 4) 


Lo((0,T)s Wo” “(0, , 
By means of the method of continuation of parameter, it follows from the 
obtained a priori estimations (2.8) and (2.10), the boundary value problem (2.5) 
of the linear pseudo-parabolic system (2.4) has the solution in the functional 
(1) » (2M) . hd sale 
space Ww, ((0, f)3 Wy (0, 2)). Since the problem (2.4), (2.5) is linear, the 


uniqueness of the solution is an immediate consequence of the estimation relations. 
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Theorem 2.1. Suppose that the linear pseudo-parabolic system (2.4) and the 
boundary value condition (2.5) satisfy the following conditions. 
1) A(x, t) is a NN symmetric positively definite matrix and is differen- 


tiable with respect to t. 


2) B(x, t) (k= 0, 1,..., 2M), A(x, t) ana A, (x, t) are Nx N measurable 


and bounded matrices. 
3) The N-dimensional vector valued function f(x, t) is quadratic integrable 


in Qa 


4) The N-dimensional initial vector valued function P(x) € W 


(2M) 
Senn oit) 


equals to zero together with the derivatives of order up to M-1 at the ends 
of segment [0, 2]. 
Then the boundary value problem (2.4), (2.5) has a unique solution (x, t) 


€ 2(Qn) = WHC, T); wo, 2)) and the estimation relation 


Ite < Ky eh, ca) + Vol com a (2.11) 
] 3 


holds. 
Let us turn to condiser in the rectangular domain Qs the nonlinear 


pseudo-parabolic system of partial differential equations 


Ju 


+ = eee 
A(x,t)u B(x, t, usu, eM 


> 4 oye 
x 


+ g(x, t, u, Users Veg (2.12) 


> U oM-1 
x 


where u and g are two N-dimensional vector valued function, A(x, t) isa 


N x N sysmmetric positively definite matrix with bounded derivative A, (x, t) 


with respect to t. Matrix B(x, t, u, Users ) is semibounded, i.e., 


> uU 

ae 

for (x, t)€ Qn and for any u, Users Yow yd € R , there is a constant b, 
x 


such that for any N-dimensional vector €€ RY 


(8, Blx, t, uy Ulseees 4 ani) < b(8, €). (2.13) 
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Assume that g is aterm of lower degree, which means that 
2M-1 
le(x, t, u, Ue gerry U ea te Kf y ju "| + fy (x, t)} (2.14) 
x k=0 x 
where fylx, ty) é Lo(Qn) and Ky is a constant. 
In order to prove the existence of the global solution of the homogeneous 
boundary value problem (2.5) for the system (2.12), we take the functional space 


(2M—1) ( 


G= 1((0, T); W, 


ook 0, 2)) as the base space for the fixed point theorem 
treatment. 
For every veéeG, we construct a N-dimensional vector valued function u 


defined as the unique solution of the boundary value problem (2.5) for the linear 


pseudo-parabolic system 


+ he(x, t, vy, Voss V Sut? (2.15) 
x 


with a parameter O € A <1. It can be easily seen that all conditions of 


Theorem 2.1 are available, so u(x, t) is uniquely defined and u(x, t) 


(2M) 


2 (0, g)). 


ew ((0, 05 W 
The correspondence of v to u defines a functional mapping Ty :G>G of 
the base space G into itself, where 0 <¢ A€ 1 is a parameter. For every 
véG, the image Tv =u belongs to ZCG. Since the imbedding mapping 
ZC,» G is compact, for every 0€ A4¢ 1, the mapping ty :G%7* 2 GG is com 
pletely continuous. 
Let M be a bounded set of G. For any ve MCG and any O¢€ Keck <r 


there are Tyy = Uy and Tyv = uy - The difference vector w= Uy - Uy satis- 


fies the linear pseudo-parabolic systems 


M 
+ = Sate 
) Vy Aw Ne AB(x,t,v, +V pane ai 
x x x 


(-1 


+ (A-X)B(x,tyv,-.-5V ome Ue on * (A-K a(x,tyv,...5v aes 
x Ax x 
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It follows immediately that the estimation 
So ; 
\| wy us ll, < c| A-X f (2.16) 


holds,which means that for any bounded subset M of G, the mapping qT) :M>G 
is uniformly continuous for O0< A< 1. 

When A= 0, for any ve G, Tov = Uy is a fixed vector. 

Now we turn to consider the a priori estimations of the solution of the 
boundary value problem (2.5) for the nonlinear pseudo-parabolic system 


(-1) a + A(x,t)u = AB(x,t,u,u_,...,uU Ju 
t 2M x 
KOOL xX x 


) (2.17) 


+ save 
Ag(x,t UU, 


with parameter O< A <1. 


Taking the scalar product of the vector u with the above system (2.17) 


2M 
x 


and integrating the resulting relation in the rectangular domain Q,(0< t<T), 


we have 


M 
(<1) "ff. (a sus a, )axat + ff, (au... Au )axdt 
Q, xen % a, ee oe 


= Mfg (u oy? BU ny) dxdt + fo (u OM? g)dxdt. 
t x x t x 


Since B is semibounded, there is 


2 
If, (a oye Bu oy laxdt <b flu | : 
Q, eu eM eM Ly (Q . ) 


For the last term of the above equality, we have 
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i + ahi (g, e)dxdt 
aM Lp(Q, ) Set 


1 
IH, (u aw g)dxdt < > lu 


2 2 2 
< cai ll ofr te) : Ne aw a ea) % ACL 


By the procedure similar to that used in previous section, we have the estimation 


relation 


sup |l u(*, t) |] < Ki £, |l + ¥Il }, (2.18) 
Ostet? woo) poh 0 NL (Gy) wh™0,8) 


where K_ is a constant independent of the parameter O¢iA¢1. It follows that all 


5 
possible solutions of the nonliear problem (2.17), (2.5) are uniformly bounded for 
0 <A<1 inthe base space G = L((0, T); Paina cr 2)). 


Therefore the boundary value problem (2.5) for the nonlinear pseudo~parabolic 


1 eM 
system (2.12) has at least one global solution u(x, t)€é ws (0, 7): ws ) 


(0,2)), 


Theorem 2.2. Suppose that the nonlinear pseudo-parabolic system (2.12) and the 
poundary conditions (2.5) satisfy the following assumptions. 
(1) A(x, t) is a N *N_ symmetric positively definite matrix and has bounded 


derivative ALG, t) with respect to t. 


(2) Bix, t, u, ul, ) is a semibounded matrix valued continuous func~ 


xe U oM-1 
x 


tion of variables (x, t) € Qe and u, Uysstes Woy y & rR. 
a 


(3 BUX, te. uy Uses ) is a N-dimensional vector valued continuous func- 


> oM-1 
x 

tion satisfying the relation 

2M~1 


| a(x, t, u, Up seres u eich | g Kf » Ju | + fox, t)3;, (2.14) 
x k=0 x 


where f.(x, t)é L(Qq) and K, is a constant. 


0 
(4) uy (x) é wo, 2) satisfies the homogeneous boundary conditions (2.5). 
Then the problem (2.12),(2.5) has a unique global vector valued solution u(x, t) 
€ ay eM 
WY (Co, ws WO (0, 2)). 
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The uniqueness of the solution can be obtained by usual estimation of the 
difference vector valued function of two given generalized global solutions. 

The results of the classical global solutions and the smooth global solu- 
tions of the boundary value problems (2.5) for the nonlinear pseudo-parabolic 
system (2.12) can be obtained by the similar way. 


In the case of the system 


} (2.19) 


= f{u, Users U 


ai x 


2M 


with special right hand side (2.3), the boundary value problem (2.5) can be dis- 


cussed by the method used above. Similarly we have the following result. 


Theorem 2.3. Suppose that the system (2.19), (2.3) and the boundary conditions 
(2.5) satisfy the following conditions. 
(1) A(x, t) is a Nx N symmetric positively definite matrix and has bounded 
derivative A (x, t) with respect to t. 
(2) F(py> Pyoters Puna? is M+ 1 times continuously differentiable with re- 
spect to all its variables Por Pyorr > Pug & Rr, Gly» Dy ores Py-1) is M 
times continuously differentiable. The Hessian matrix H of the function F is 
semibounded, i.e., for any NM-dimensional vector & & pn gE = (EQ? 
(m= 1,..., M; 2 = 1,..., N) such that 

N M 2 N M 


oF 


ho Qe Ree os 
j,221 m,s=l BE OP rsa jm 


: N 
where b is a constant for Po» Pyotres Py € R. 
(3) h(u) is a N-dimensional continuous vector valued function satisfying the 


relation 


where C and d are constants. 


(u) P(x) é Wl2) (9, 2) satisfies the homogeneous boundary conditions (2.5). 
2 
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Then the problem (2.19), (2.3), (2.5) has a unique global vector valued solution 


u(x, t) € WCCO, pT); Wl (0, &y), 


§3,. Systems of Pseudo-hyperboliec Type. 

In the study of the practical problems in physics, mechanics, biology etc., 
such aS the forced vibration of plane boundary layer, the transfer of the bio- 
electric signal in animal nervous systems, the linear and nonlinear equations 
with the principal part Ung Be of pseudo-hyperbolic type often appear. A 
lot of authors have paid much attention to consider various problems for the 

[23-28] 


linear and nonlinear pseudo-hyperbolic equations . In [7,29], the quasi- 


linear systems of pseudo-hyperbolic type of higher order 


M 
ay gt (-1) Au om = fix, t, u, Ustres Uys u,) (3.1) 
aA x 
with the special right hand side 
(3) 
+1 oF 
f.= J (-1)" DY ( ip ) + By JES LAB oN (3.2) 
3 m=0 mj 
are considered, where u and g(x, t, u,..., u M? u) are the N-dimensional 
x 


vector valued functions, A is aN * N symmetric positively definete constant 
matrix, Fu, Users U iM ) is a smooth non-negative function and g is the 
term of lower degree. The generalized global solutions and the classical global 
solutions of the periodic boundary problems and the initial value problems for 
the systems (3.1) with special right hand side (3.2) are obtained. 

In this section we are going to consider the boundary value problems for the 
nonlinear systems of pseudo~hyperbolic type of higher order. First of all we 
will talk about the linear case for the use Of further investigation. 

Suppose that in the rectangular domain Qn the general linear pseudo- 


hyperbolic systems 
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2M aM 


(-1)Mu., + TD & (s,t)u +) BL(x,t)u = f(x,t) (3.3) 
Bet eek ark, eo K ouek 


and the boundary value conditions 


u (Os t) =u (es t) =0 (k = 0, 1,..., M-1), 

».¢ x 

u(x, 0) = Y(x), 

u(x, 0) = W(x) (3.4) 


Here we assume that the coefficient matrices A(x, t) and B(x, t)) “ee 05 


1,..., 2M) are measurable and bounded in Que Ag (x, t) is aNxN_ positively 


definite matrix and By(*s t) is a symmetric positively definite matrix having 


bounded derivative Boy (% t) with respect to t. The N-dimensional free term 


vector valued function f(x, t) is quadratic integrable in Qy- The initial 


vector valued functions ¥(x) ¢€ a ik 


(0, 2) and p(x) e€ Wy°’(0, 2) and they 
vanish together with their derivatives of order up to M- 1 at the ends of the 
interval [0, Q]. 

Taking the scalar product of the vector 4 2M, and the linear system (3.3) 
and integrating in Q@,(0 <t<T), we get 


2M 
M 
(<1) ff. (u ,u,,)axat + J ff, tu > ALU oy )dxdt 
Q, Pau ut k=0 a, Pau bs oo Re 


2M 
+ J) Sf, da Bu Jaxdt = ff. (u , f)dxat. (3.5) 
k=0 Qe co e : ss a oe 
Using the boundary relations 
oa p(0, t) = uy o(%, t) = 0 (k= OF Dye. M.oeT) (3.6) 
x t x t 


obtained directly from the homogeneous boundary conditions (3.4), we have 


M L 2 Ly, (M)y 2 
(-1) Sfp (a ny 2 Upy laxat = Su, Ct) - len 
Qo eM? ott Ee L(0,2) 2 L,(0,2£) 
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Since Ay Oss t) is positively definite, there is a, > 0, such that 


2 
ff ta » Ad(x, t)u Jaxat > a flu | : 
QM,” “0 ee on eM, L,(Q,) 


Because B.(x, t) is symmetric positively definite and B.,(x, t) is bounded, 


0 Ot 
there is 
)dxat 


Sf, (u Bou 
a, re 0 xo 


ul 


1 
7 Ig (Opa Bat ay le axes Ie (a oye BopY oy )axat 
t x x te “xX x 


(2M) ,,2 2 
Ly fa oy (> st) Me - 19 = CoH orl 
2 Pol om Ly( 0,2) 1! IIn(0,2) al om (a, ) 


If Bop (% t) is a non-positively definite matrix, By (xs t) can be non-nega-~ 
tively definite. Hence it can be proved that the equality (3.5) may be replaced 


by the inequality 


2 2 
He tile (0,2) + agilu awl (Q ) + boll om! ty (0,2) 
< Calla y WE cg) tle ole cg) + Hell? + lu? + Hehe oo yh 
3 tiltg(a) | eb, (@,) we) 0, ) or 2) | L9(a,)! 


By the similar way, we can obtain the following theorem. 


Theorem 3.1. Suppose that the linear pseudo-hyperbolic system (3.3) and the 
boundary value problem (3.4) satisfy the following assumptions. 


1 Ay (x, t) is a NxN positively definite matrix. 


2 By (xs t) is a Nx N symmetric positively definite matrix. When By (x, t) 
t 


is non-positively definite, Bots, +) is symmetric non-negatively definite. 


3) Matrices A(x, t), B(x, t) (k = 0, 1,..., 2M) and By (x, t) are all 
t 


measurable and bounded in Qn: 
4) f(x, t) dis quadratic integrable in Qn: 


(M) 
pee 


5 P(x) € wo, 2), wx) ew 0, 2) and they vanish together with all 
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of their derivatives of order up to M-1 at the ends of the interval [0, 2]. 
Then the boundary value problem (3.4) for the linear pseudo-hyperbolic system 


(3.3) has a unique generalized global vector valued solution u(x, t) ¢€ Z 


= wi) (0, Ts). wD (0, LA WY (C0, T); WM, LIA we?¢C0, T); L,(0, 2)) 
There is estimation 
sup |lu(-,t)l + sup |lu,(-.t)]] 
O<t<T Ww") (0,2) ostst * 0000.0 
+ |jull + full 
wh) cot); wh (0,2)) 1 (Qq) 
< kK {ll¢l + [lvl + [lal ki (3.7) 
a wl (0,8) Ww) (0,2) La (Qq) 
Now we turn to consider a nonlinear pseudo-hyperbolic system 
(4"5 + A(x,t,u,u u u, ,u u Ju 
tt Fe OMT ch er Me 2M 
x x t xt 
= f(x,t,u,u, ) (3.8) 


Suppose that A = A(x, t, p, q) = A(x, t, Po» Pyovee ) 


> Pom? Gor Gperrs> Aya 
is a positively definite matrix valued function of variables (x, t)e Qn and 

3M vector variables Py (k = 0, 1,..., 2M-1) ana dy (h=0,1,...,M-1) of 
dimension N. For the sake of brevity we assume that N-dimensional vector valued 
function f(x, t, p,q) is the term of lower degree of the system (3.8), it 


2M M 
means that for (x, t) € Qn and peR N: aeR - 


eee) te lee 
fl < XK p,| + a,| + f(x, t) (3.9) 
2 K=O k n=0 h 0 


where fo(x, t) é Lo (Qp)- 


We construct the solution of the boundary value problem (3.4) for the non- 


linear pseuto-hyperbolic system (3.8) also by the method of the fixed point 


Hechntand, hee wate: Gated ae a, 2)) aw) (on) 5 WEL) (9 ,0)) 


col 
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as the base space. Now we define the functional mapping Ty : G>*> G of the base 
space into itself with parameter O¢ A € 1 as follows. For every v eG, we 


take u= Tv satisfying the following linear pseudo-hyperbolic system 


+ A(x, t, v, Vises 


tt : Ss Vee 


= ui Ge bs Veg Weaseva'y Vv 


= v 2MeL? veo soy M ) (3.10) 


epne 


and the boundary conditions (3.4). 

By the compactness of imbedding Z c,G and the estimation relation (3.7), 
it can easily seen that for every O<¢ A¢1, the mapping qT) is completely 
continuous and for any bounded subset M of G, the mapping Ty :M>+G is 
uniformly continuous with respect to O¢A¢€l. 

In order to prove the existence of the solution for the problem (3.8), (3.4), 
it remains to get the uniform boundedness for A in G of all possible solu- 
tions of the boundary value problems for the nonlinear pseudo-hyperbolic system 


with parameter O¢ A< 1 


(-1) uy, + A(x, t, Pp, au oy = Af(x, t, Pp, a). (3.11) 
x tt 
Making the scalar product of vector U,, and the system (3.11) and then inte- 
x t 
grating the resulting reaction in & (0 €t€T), we can obtain that all possi-~ 


ble solutions of problem (3.11), (3.4) are uniformly bounded in G for 


OgAgl. 


Theorem 3.2. Suppose that the nonlinear pseudo-hyperbolic system (3.8) and the 
boundary value preblem (3.4) satisfy the following assumptions. 

(1) Ax, t, Por Pyoret> Powys Gg» Gporers Qy_1) is a NX N positively defi- 
nite matrix valued continuous function of variables (x, t) € Qn and 3M 
vector variables p(k =O, 1,..., 2M-1) ana q,, (2 =05 ly wweG Mood). s6f 


dimension N. 


(2) f(x, t, Por Pyotres Powiy? Agr Geers Qy_y) is a N-dimensional vector 


Nonlinear Evolutional Systems 455 


valued continuous function, having the properties (3.9). 


(3) P(x)e aaa 2) and W(x) eE wD, 2) are two N-dimensional initial 
veetor valued functions, vanishing together with their derivatives of order up 
to M-1 at the ends of the interval [0, 2]. 
Then the problem (3.8), (3.4) has a unique generalized global solution 
u(x, t) € Z. 

Similarly we can obtain the results for the boundary value problems of the 
pseudo~hyperbolie systems (3.1) with special right term (3.2). Also by the simi- 


lar methods, we may obtain the results for the classical and smooth global solu- 


tions for the above mentioned problems. 
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